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The idea of the course is to provide notions of topology and geometry to mathematical
physicists, as well as present concrete applications of such notions to pure algebraists and ge-
ometers. The idea is not to fall in a too abstract presentation, and to anchor it into examples
taken from physics. I propose to start from the basics and grow in complexity to reach higher
grounds which are much more intricate. We first introduce differential calculus on R™ and then
we turn to differential geometry, in order to later understand Poisson geometry. The last part of
the course deals with the applications of differential and Poisson geometry to Hamiltonian me-
chanics and quantization of such classical systems. We cover canonical Hamiltonian formalism
under constraints, as well as the BRST formalism. These two last chapters can be understood
as a mathematical interpretation and a reading guide to the well-known book of Henneaux and
Teitelboim on gauge theories | ].

I propose to follow a physically informed mathematical path, as I am convinced that physical
ideas provide fertile ground for mathematical invention and, on the other hand, that geometry
is a very natural and adapted framework shedding light on physical theories. Mathematical
physicists often find their inspiration in problems and objects set up by theoretical physicists,
on which they draw to develop interesting and useful mathematical objects. The latter may
be somewhat ‘generalizations’ of the former, but they need not encode exactly the physics that
inspired them. Theoretical physics is a playground for mathematical physicists who use nice
and insightful results to develop fruitful mathematical theories. This course will follow the same
line of reasoning: drawing on physical examples to present useful mathematical objects.
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would not use this convention for summation other than space-time coordinates which are such
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up and one index down, as in 5; We also widely use the rationalized Planck units, where:
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1 Differential calculus on R"

This chapter is dedicated to the study of smooth functions, vector fields and differential forms
on the euclidean vector space £ = R". A function f : R" — R that is infinitely differentiable is
called smooth and the set of all such functions is denoted C*°(R™). It is an infinite dimensional
real vector space, and since the product of two smooth functions is always smooth, it is actually
an algebra over R. Vector fields are derivations of this algebra, while differential 1-forms are
their dual objects.

1.1 Tangent vectors and vector fields on R"

In this section we generalize the notion of tangent vector to a curve. The idea is the following:
assume n = 3 and that we represent the trajectory of a physical object in space by a parametrized
(differentiable) curve v : [0,1] — R3. For every to € [0, 1], the velocity vector ¥(to) is often
represented as a tangent vector to the curve which has the following properties:

1. it is a 3-dimensional vector based at y(tp);

2. it is tangent to the curve and points towards the future, i.e. towards the points (1), for
small £ > tg;

3. its norm is the velocity ||¥(to)|| of the physical object at time ¢.

The direction and the norm of the tangent vector are somewhat ”“internal” informations because
they can be represented by an abstract vector Xp(,) based at the origin of an abstract 3-
dimensional space, and which points in the same direction as 4(t9) and has the same norm. The
base point at which the velocity vector is defined however is an external information since it
depends on the curve 7.

Hence, an abstraction of the velocity vector and of the data contained in the three items
above can be equivalently represented by a couple (v(tp), X (ty)) of the product space R3 x R3.
The first R? is the "position space” (or configuration space): it is the space in which the trajectory
~ of the physical object takes values. The second R is the "velocity space”: for any given point
r € R3 (of the position space), The curve vy : ¢ — R? encoding the trajectory of a physical
object defines a path in the position space. When ¢ varies in [0, 1], the direction and the norm
of the tangent vector of v varies, which in turn defines a path X : ¢ — X, ;) in the velocity
space. Thus, the path t — (y(t), X,()) defines a curve in R? x R? which contains every data
on the physical position of the object and its velocity.

Another way of looking at tangent vectors is the following: let ¢y €]0, 1], then the tangent
vector 4(ty) acts on any smooth function f € C*(R?) by:

st0)() = 12 ) (L)

In particular, if f is a function locally constant at v(tg), then 4(tp)(f) = 0. What is not apparent
on this equation is that, although the right hand side involve -, the left hand side only depends
on the velocity vector at the point (¢p). Any other curve 7 : [0,1] — R3 such that n(tg) = v(to)
and such that 7(tg) = (to), satisfies W(to) = W(to)- This implies that we can forget
about the dependency on the curve and look at elements of the tangent space as linear maps
sending functions to real numbers: for any given point z € R? and any vector X, € R3, pick up

a parametrized curve v : [0,1] — R3 and ¢y €]0, 1[ such that v(¢y) = z, and that 4(ty) = X,



Figure 1: Usually we represent a path and its tangent vectors on the same drawing. The tangent
vector 4(t) is based at the point (¢) but this is not rigorous, mathematically: the norm and the
direction of 4(t) characterizes the tangent vector, and the base point is an external information
reminding the reader that the tangent vector is attached to the point ~(¢).
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Figure 2: The figure on the left represents the path v in the ”position space” R"™, and the figure
on the right is a possible representation of the path X : ¢ — X, of velocity vectors tangent
to the curve =, in the "velocity space” R™ (to determine the exact form of this path, one has
to compute every 7(t)). For each ¢ € [0,1], the vector X, has the same norm and the same
direction as (t). The path t — (v(¢), Xy()) in the abstract product space R" x R™ contains
the same data which is represented in Figure 1.

then X, defines a linear morphism X, : C*°(R?) — R via Equation (1.1). Due to the properties
of the time derivative, one can show that this action satisfies the following properties:

XeA f 4 pg) = A Xo(f) + 1 Xe(g) (1.2)
X:(fg9) = Xu(f)g(x) + f(2)X(g)

for any f,g € C®(R?) and A\, € R. The first equation characterizes the fact that X, :



C>®(R3) — R is a linear morphism, whereas the second equation implies that X, acts as what
we call a derivation at x. Actually, we will see that the action of the vector X, on a function f
can be identified with the directional derivative of f in the direction X, evaluated at the point
x (see below).

Generalizing this observation to n-dimensional vector spaces gives the following definition:
the tangent space to R™ at a given point z is the vector space of linear morphisms that are
derivations at z, i.e. all the maps X, : C*°(R") — R satisfying Equations (1.2) and (1.3); it is
denoted T, R™. The following Lemma says that every directional derivative is a derivation at x:

Lemma 1.1. Let v € R" and x € R™. The linear morphism D, 5 : C*°(R") — R defined by:

Dy (f) f(z +tv)

t=0

T dt

is a derivation at x, i.e. D, , € T,R".

Ezercise 1.2. Prove this Lemma, using Equation (1.1).

Let eq,..., e, be the standard basis of R"™. We denote by

x associated to the basis vector e; by Lemma 1.1:

8 -
oxt

the directional derivative at
X

0
o a:i €q,T
xX

The notation is such that the action of B?Ci precisely coincides with what is expected from such

x
a directional derivative:

0 af
=22

xT

From the definitions of such elements, we deduce the following Lemma:
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X

dent, and there is a one-to-one correspondence between vectors v of R™ and directional derivatives

Dy -

Lemma 1.3. The n directional derivatives at the point x are linearly indepen-

4 9
v =1"¢; — Dy =1"

’ oxt

T

Proof. This result can be shown as follows: pick up a set of scalars Aq,..., A, and assume that

19t
gives \; = 0. Also one notices that the assignment v —— D, , is a linear morphism. This shows

0
ozt |,
the linear map v —— D, , is injective. This proves that there is a one-to-one correspondence
between R™ and the space of directional derivatives at x. O

T 01 = (. Thus in particular, applying it to the i-th coordinate function z’ : R» — R
T

that differential derivative decompose as  , = vt . Finally, this result is used to prove that

The following proposition explains why this is also true for derivations at x:

Proposition 1.4. The n directional derivatives 6%1 at the point x form a basis

9
B
xX xX
of T,R™. In particular it means that directional derivatives at x and derivations at x are in
one-to-one correspondence, and that T,R"™ is a n-dimensional vector space.



Proof. We know by Lemma 1.1 that directional derivatives are derivation at z. This, together
with Lemma 1.3, implies that the assignment v —— D, ; is an injection from R" into T;R". We
need only show that it is surjective. It can be proven by assigning, to each derivation X, at z,
a vector v so that its i-th coordinate coincides with X (z): v = X,(z%)e;. Then, showing that
D,, = X is just a matter of using Taylor’s series expansion (the Hadamard Lemma). For a
detailed proof, see Proposition 3.2 in | ]. O

Thus, any tangent vector X, at x decomposes in this basis as:

. 0
X, =X,

e (1.4)

T

where the X! are real numbers, and result from applying X, to the i-th coordinate function
z' : R — R, that is to say: ' '

X, = X (2"
The vector v = Xle; of R" which has the same coordinates as X, then induces a directional
derivative D, , that precisely coincides with X;:

X, = Dy

2€i,T

The one-to-one correspondence between directional derivatives at x and derivations at z is
summarized by the following sequence of operations:

0

ot
X

;0
Xo = Xq ozt
x

_ v=X,e; ———— Dy ="

=X,

Here, v* = X! by construction. This sequence also describes the canonical isomorphism between
R™ and T, R"™. We will often identify R™ with its image under the canonical bijection v — D,, ,,
and will either use the notation (z,X;) or the notation X, for a tangent vector in T,R",
depending on how much emphasis we wish to give to the point x.

Example 1.5. In relativity, if z* are coordinates of a point particle in space-time, then the four-
velocity, often represented by its coordinate U* = % (where 7 is the proper time), is a tangent
vector to the world line of the particle.

So far we have used a geometric perspective (tangent vectors to a curve) to determine
algebraic properties that they satisfy: Equation (1.2) and (1.3). Then, we have adopted the
other perspective: we started from all the linear morphisms from C*°(R") to R™ satisfying these
equations, and we have shown that they are directional derivatives. Thus we started from
algebraic properties to come back to the geometric realm. We will see in the following that this
alternance between geometric and algebraic perspectives are central in the discussion. This one-
to-one correspondence actually allows us to transform cumbersome geometric considerations into
easier algebraic computations, and conversely, to find clear geometric illustrations of algebraic
obscure notions. Let us now generalize the notion of tangent vector, to the whole of R™:

Definition 1.6. The disjoint union of all tangent spaces:

TR = | | T.R"
TER?

is called the tangent bundle of R™.



The word ‘bundle’ means that several things of the same kind have been fastened or held
together. We call it a trivial (vector) bundle because it is homeomorphic! to R™ x R™. In the
latter cartesian product, we call the space on the left the base and the space on the right the
fiber. The fiber at x is the tangent space T,R™, which can then be identified with the product
{z} x R™. An element of the tangent bundle is a couple (z, X,), where x is a point in R” and
X, is a tangent vector at x. The projection on the first variable:

7: TR" ——— R"
(v, Xy) —

is surjective, and the pre-image of = through = is the tangent space T,.R™. This defines a short
exact sequence:

0 —— R*"~T,R" — TR" u R" 0
~_

o

This sequence splits, which means that the map m admits sections: continuous maps o : R" —
TR™ such that 7o o = idgn.

Definition 1.7. We call vector fields over R™ the sections of w:
X: R" — TR"
r — (7, Xy)

that are infinitely differentiable (or smooth) in the second variable (see Scholie 1.8). We denote
by X(R™) the R-vector space of vector fields on R™.

Figure 3: On the left hand side, the ‘geometric’ representation of the tangent vectors to a path
in R. On the right hand side, the abstract representation through the tangent bundle of R: over
each point x there is a fiber T, R ~ R, and the vector field, tangent to the path at each point, is
symbolized by a section (dashed curve) of the vector bundle. The ‘height’ of the section in the
fiber over a given point x is equal to the modulus of the tangent vector to the path at x.

By definition, vector fields consist of the assignment to every point x of a tangent vector at
x, denoted X, which is, additionally, required to vary smoothly over R™. We will now explain

"We will actually see later that it is actually diffeomorphic (the notion of equivalence in the category of smooth
manifolds).



what we mean by that. The tangent bundle TR" is trivial, i.e. it is homeomorphic to the

cartesian product R™ x R". We already know a basis on the base: the vectors e1,...,e,; let us
define a basis on the fiber, denoting it by:
0 0
—_— ., (1.5)
Oxt oxn

This notation is consistent with the notation of the basis vectors of the tangent space T,R"™
as in Proposition 1.4, because T,R™ ~ {x} x R™, so that one can makes the straightforward
identification:

0

ozt
xT

n 8 n

Now, given a section X of the tangent bundle, its evaluation at the point x is a tangent
vector X, which can be decomposed on the standard basis of T,,R™ as in Equation (1.4). Using
the one-to-one correspondence (1.6), this gives the following correspondence:

.0
X, — (x,Xx EM’) (1.7)

Then, for every 1 < i < n, this defines an assignment:
X R" R

r — X

This provides us with the following criterion for smoothness of sections of the tangent bundle:

Scholie 1.8. Smoothness criterion for vector fields A section X : R® — TR"™ being
smooth means that the applications:

Xt R® R

r — X

are smooth functions of x (i.e. they are infinitely differentiable).

It turns out that the role of the basis %, ce 8% is not only computational, for the sake of
o)
Oz’
seen as sections of the tangent bundle, through the following assignment: to every point x

0
ox?
still denote by aii these sections, although the reader should remember that, rigorously, they
are not the same mathematical objects as the basis vectors (1.5). Second, this set of sections

forms a basis of the fiber at each point, by Proposition 1.4.

can be

0
9 azl

in the tangent space T, R"™. Because the assignment is canonical, we
x

the presentation, but has an additional very practical scope. First, the basis elements

associates the element

A set of smooth sections that satisfy these two criteria is called a frame. In the present
case, the a(zi are in fact constant sections, and thus are automatically vector fields on R™ by
Scholie 1.8. They provide a basis for the C*°-module of sections, as the following discussion
illustrates. Given a vector field X, Scholie 1.8 says that the functions X are smooth, so that
one can define an additional vector field X* 8‘; on R™. By equivalence (1.7), we observe that
the vector field X and the vector field X* a?:i coincide at every point z. Thus, one can identity
the two vector fields and write: 5

oxt
It turns out that every vector field can be uniquely decomposed in such a way. This is why we
call the functions X the coordinate functions of the vector field X.

X =X

(1.8)



Ezample 1.9. Examples of vector fields (every coordinate functions are smooth):

0 0 0
X =9’z Y_ 44— inR?
Y zax+$e 8y+ p) in
Y = 3ysin(t)§x + x3y823t9§; + arctan(:c)gt in R
h <
7 016 when z <0 _—
e v5- whenz >0
E = J:zaal in R", is called the Euler vector field
x
Examples of objects which are not vector fields:
10 0 x 0 10
1. e =z— 2. ! . . — 4.t3 —
¢ T or ’x‘ax” y—10z’ "ot

The first object differs from the vector field Z on tlhe negative semi-axis, and this actually makes
a huge difference: although the function x — e~z is smooth on the right of 0 (its limit is zero),
it explodes in the left of 0. This function is not smooth at 0, let alone continuous: that is why
the object defined in item 1. is not a vector field. In contrast, to avoid this problem, we have
imposed on the object Z to vanish for negative values of x, so that it becomes a well-defined
vector field. The object in item 2. is not smooth at zero because the absolute value function is
not a smooth function (although it is continuous). The third object is not a vector field because
xT

if £ # 0 then the function y — T explodes at 1. The fourth item is not a vector field because
it is not differentiable in 0.

Ezample 1.10. In quantum mechanics (where space time is R*, say), one can write the wave
function @ in polar form: ¢ = \/ﬁeis , where p is a positive smooth function over R* and
where S is a real-valued smooth function (over R*). The probability density is p = 1T1) and
the probability current is denoted j = £VS, where V (nabla) symbolizes the gradient (with
respect to spatial coordinates). In coordinate notations this reads: j = ?:1 % g fz a?:i; the sum
is made over spatial dimensions only. Since the function .S is defined all over space-time and is
supposedly smooth, for each fixed time ¢, the probability current is a vector field (on the space
R3). Representing the time with the fourth coordinate z#, the 4-vector pa%{ + j defines a vector
field over space-time R*. Using the Schrodinger equation, one can show that the divergence
of this 4-vector vanishes, which can be interpreted as a continuity equation for the probability
current.

Ezample 1.11. Pick up a solution of the heat equation % = Au in a homogeneous material of
thermal conductivity & (it is a real number then). Assume that this solution is smooth in the

four variables (x,y, z,t), or equivalently (z', 22,23, 2%). Then, for each time ¢, the heat flow

defined as q = —kVu = — Z?:1 k 3;2 a?ci is a vector field on R? (or at least the part of R? where

the material is). It indicates at every point of space in which direction the heat flows.

It is important to notice at this point that, when z varies over M, the direction and the
norm of the tangent vector X, varies (it can even vanish at some point !). Hence one sees that
a vector field has no ”direction” per se, but it is assigned one direction at each point of R"™.
Tangent vectors at « were directional derivatives at x; what would be the similar perspective
for vector fields?

For every function f € C*°(R"), the assignment  — X, (f) defines a function from R" to
R . We call this function X (f) and it satisfies, at every point:

X)) = Xulf) = Xi oL )

10



Figure 4: Example of a vector field with two points where it vanishes: one from which the vector
field ‘flows out’, and one where it ‘flows in’.

In particular, if f is a constant function, X (f) = 0. Because X is smooth, the coordinate
functions X* : x —— X are smooth functions of z, as are the derivatives gg{i. Then, the
function X (f) is a smooth function. Then the vector field X can be seen as an endomorphism

of the (infinite dimensional) vector space C*°(R"), also denoted X:

X: C®R") —— C®(R")

— X(f) = X' ==
f (f) =X
This is consistent with the remark that the vector field X can be written as X* 8‘; as explained

in Equation (1.8). From this discussion, one sees that the vector field X can be seen as a
directional derivative in the direction of X or, said differently, along the integral curves of X,
i.e. those paths v in R” such that X is always tangent to v: at each time t, X4y = ¥(¢). A
vector field being a family of tangent vectors indexed over the points of R”, they inherit the
derivation property of tangent vectors Equation (1.3).

A vector field X induces a derivation of the algebra of smooth functions C*°(R"), i.e. an
endomorphism of the (infinite dimensional) vector space C*°(R"™) that satisfies the following
identity:

for every f,g € C*(R") X(fg)=X(f)-9+f X(g) (1.9)

where - symbolizes the multiplication of function in C*°(R™). While Equation (1.3) was valid
pointwise (because we were working with tangent vectors, defined at a point), Equation (1.9)
is valid independently of the point. We denote by Der(C>(R")) the space of all derivations of
C>°(R™). Conversely, one can show that any derivation of C*°(R") is a vector field, in the sense
of Definition 1.7:

Proposition 1.12. Vector fields on R™ are in one-to-one correspondence with derivations of
C>®(R™):
X(R") ~ Der(C*(R"))

11



Proof. We have shown that every vector field is a derivation, and we just need to show that a
derivation is a vector field. Let X € Der(C(R")) and define a section of the tangent bundle
X :R" — TR" by:

Xo(f) = X(f)(2)

This equation makes sense because X(f) is a smooth function, and the right hand side is its
evaluation in x. The object X, is then a derivation at x, i.e. an element of T, R"™. One needs
only to prove that the assignment z — X is smooth. This is shown for example in Proposition
4.7 in | ] and in Proposition 8.15 in the 2012 edition. O

This proposition is important because it shows that there is a correspondence between the ge-
ometric perspective (vector fields on R™) and the algebraic perspective (derivations of C*°(R")).
We have said that passing from one point of view to the other allows to make sense or make
things easier. Let us illustrate this strategy by showing that the algebraic perspective is adapted
to define a Lie bracket on the space of vector fields X(R"):

Definition 1.13. A Lie algebra is a (real, possibly infinite dimensional) vector space g, equipped

with a bilinear operation [.,.] called the Lie bracket, which satisfies the following identities:
skew-symmetry [z,y] = —[y, 2]
Jacobi identity [z, [y, 2]] = [[=, y], 2] + [y, [z, 2]]

for every x,y,z € g

Remark 1.14. The Jacobi identity is often written under the following, equivalent but more
symmetric, form:

[1:’ [ya Z” + [ya [2733]] + [Z, [m,y]] =0

The form presented in Definition 1.13 is useful because it makes clear that "the Lie bracket is a
derivation of itself”. Here, by derivation of g we mean any endomorphism § : g — g such that:

§([z,y]) = [6(x),y] + [2,6(y)]

Then, notice that to every element x of a Lie algebra (g,[.,.]), we can associate a derivation of
g via the adjoint action of x on g:

ad: g ——— Der(g)

x —— ady 1y — [z, Y]

The Jacobi identity ensures that ad, is a derivation of g, for every x. The image ad(g) C Der(g)
forms what is called the space of inner derivation of g, sometimes denoted inn(g).

Ezample 1.15. One can always equip an associative algebra (A, -) with a Lie algebra structure,
by setting:

[a,b]=a-b—b-a
for every a,b € A. In particular, the space of n x n matrices M, (R) (equivalently, the space

End(F) of a n-dimensional vector space) is an associative algebra, so that we can define a Lie
bracket on it.

Vector fields are derivations of the (infinite-dimensional) space C*°(R™). Derivations are
special cases of endomorphisms. However, the composition of two vector fields is not a derivation
of C*(R"), as the following computation shows:

X(Y(f9) = X(Y(H g+ FY(9) = X(Y(F) g+ [ X(¥(9) + (X()Y(9) + X (@)Y (f))

12



The latter parenthesis prevents the composite X oY to be a derivation of C°°(R™). Hence,
the space of derivations of C*°(R™) is not stable under composition. However, inspired by
Example 1.15, let us define the following operation on the space of vector fields:

[(X,Y](f) = XY (f)) = Y(X(S)) (1.10)

The right-hand side is a smooth function so the left-hand side is a smooth function as well,
but one needs to show that the bracket [X,Y] is still a derivation of C>°(R™), that is to say:
the space X(R™) ~ Der(C>°(R™)) is stable under the action of this bracket. The proof of the
following proposition is left as an exercise:

Proposition 1.16. The R-vector space X(R™) equipped with this operation is a Lie algebra.

Ezercise 1.17. Prove that Equation (1.10) defines a Lie bracket, i.e. that it is bilinear (with
respect to real numbers), skew-symmetric, and that it satisfies the Jacobi identity. By expanding

the Lie bracket, prove that the Lie bracket of two vector fields is still a vector field (i.e. a
derivation of C*(R™)).

Figure 5: Metaphorical picture of the bracket of vector fields. If one follows for small times first
the integral curve of Y, then the integral curve of X, one arrives at the point x1. Whereas, if
one had followed the integral curve of X first, and then that of Y, one arrives at the point .
The Lie bracket [X,Y] is the vector field whose integral curve links 1 to 9. This discussion
can be made rigorous if one makes the time of walking along integral curves tend to 0. See for
example page 47 of | ], where however the last equation is wrong: the
sign should be the opposite, as consequently should be the vector field [X, Y] on figure 10.

A subtle remark has to be made here. We have seen that every vector field can be decomposed
on the basis of vectors 82,» . However, this basis does not form a basis of the R-vector space X(R"),
which is actually infinite dimensional as a real vector space. More precisely:
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Scholie 1.18. Algebraic characterization of X(R") The space X(R"™) is, at the same time:

1. an infinite dimensional R-vector space;

2. a C°(R™)-module of finite rank.

The notion of module over a ring is the generalization of the notion of a vector space over a
field. Given a ring (R, o), we say that a vector space F is a R-module” if there is an action - of
R on E which satisfies the following axioms:

r-(c+y)=r-x+r-y (r+s)-x=r-y+r-y

r-(s-xz)=(ros)-x lprz=x

where 7,s € R, x,y € E, and where 1p is the identity of the ring. The reader can check that
these axioms are the same axioms that the scalars have to satisfy when acting on a vector
space. In our case, the field is R and the ring is C*°(R™). Then, when we say that X(R")
is a R-vector space we understand that vector fields can be added, and multiplication by real
scalars is well-defined. When we say that X(R") is a C*°(R™)-module, we mean that vector fields
can be added, and that multiplication by smooth functions is well-defined. Notice that, since
constant functions can be identified with real scalars, the fact that X(R") is a R-vector space is
a consequence of the fact that it is a C*°(R™)-module.

Now, the dimension of a vector space is the minimal number of independent vectors that
generate the space (using only multiplication by real scalars and addition). The rank of a
module is the maximum number of elements which are linearly independent under the action of
the ring. In our case, every vector field X decomposes on the elements % as X = X* 8‘;’;, where
the X* are smooth functions (we see the module structure emerging). Moreover, those constant
sections are linearly independent over C*°(R") because by definition the identity X° (Zi =0
implies X* = 0. Thus, X(R") is a C*°(R")-module of rank n. What is crucial in the present
discussion is that the generators of a module need not coincide with a basis of the underlying
vector space, because the multiplication with a ring element generate much different elements
than the multiplication with a scalar. Indeed, one can explicitly compute how the ring of smooth
functions C*°(R"™) acts on a vector field X via multiplication: let f € C*(R"), then we define
the vector field fX to be the unique vector field whose coordinate functions are fX*, where

here we understand the product of two functions. In other words:

0
ozt

fX=(f-X9

so that (fX)’ = f- X' where - symbolizes the multiplication of function in C°°(R"™). Pointwise,
this vector field satisfies (fX), = f(z)X5. We see how the structure of C*°(R™)-module only
needs n-generators to be defined.

However, X(R"™) is an infinite dimensional vector space. This can be shown by contradiction.
Assume there exists a finite number of vector fields X7, ..., X, which form a basis of X(R") (as
a real vector space), that is: every vector field X would be uniquely written as X = Y 7_; A\ X,
where the A; are real numbers. Then, given a smooth function f, there exists real scalars
[y -, pp such that fX : 30 s Xs. On the other hand, multiplying > %_; \s X5 by f gives
fX =351 fAsXs. By unicity of the decomposition, fAs = us for every s = 1,...,r, which is
impossible most of the time because f need not be constant. The demonstration may be a bit
too much abstract. The idea of the proof is that a finite number of elements cannot form a set

2 Actually, in full generality we only require E to be an abelian group. A vector space is an abelian group with
respect to the addition.
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of generators for all the vector fields, because multiplication by any function offers much more
freedom and variability that can be encoded by a mere finite dimensional vector space.

The Lie algebra structure on X(R") is defined on top of the vector space structure. Thus,
Scholie 1.18 explains why X(R"™) is a real Lie algebra of infinite dimension, although only a
finite number of constant sections 8‘; is needed to generate all the vector fields (using the ring
multiplication). This additionally explains why the Lie bracket is bilinear with respect to the

scalars, but not with respect to the smooth functions. More precisely, since every vector field
o)

can be decomposed on the frame 575, a small computation shows that the Lie bracket of X and
Y reads:
X,Y] = (X(v') - V(X)) A (1.11)
’ oxt

where we recall that X* and Y*? are the i-th coordinate functions associated to X and Y,
respectively. The Einstein summation convention has been used. Then, for any smooth function
f eC®R"):

(X, fY]=f[X,)Y]+X(f)Y (1.12)

where the term on the right hand side has to be understood as the multiplication of the function
X(f) with the vector field Y. Equation (1.12) shows that the Lie bracket defined in Equa-
tion (1.10) is not linear with respect to the functions, as expected since it should only be linear
with respect to real numbers.

Remark 1.19. We conclude this section by introducing an alternative notation for the constant
vector fields %, that may also be denoted 0;:

0

8Z' = -

oxt
The position of the index ¢ is indeed at the bottom because one should formally consider the
fractional notation a:aci as a fraction of fractions: %, where the index i is at the top of the

denominator, at the place occupied by the element (é Since the latter fraction can be written
as %—g, and that the element c¢ is at the bottom, this justifies that we place the index i at the
bottom of the notation 0;. I emphasize that keeping track of the position of indices is central in
differential geometry when we work in coordinates. Moreover the above informal reasoning will
have some relevance later in the text. Using Equation (1.11), we deduce that the commutator

of two vectors of the frame vanishes:
[05,0;] =0 (1.13)
1.2 Cotangent vectors and differential 1-forms on R”

Now let us turn to the elements dual to tangent vectors and vector fields. Given some point
x € R™ we call the cotangent space and we write T;R™ the dual of the tangent space at z:

TIR" = (T,R")*

Elements of this dual space are called cotangent vectors at x. They are linear forms on T,R"
and there is a canonical bijection between (R™)* and TR"™: since a basis of T,R" is given by the

vectors 0|, = , using Equation (A.11) one obtains a dual basis of TR"™ whose elements

2
oz |,
are denoted dz'|,. In particular one has:

da'| o (9lz) = 65 (1.14)
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Thus, for any tangent vector X,, one has dz|,(X,) = XZ. In particular, one observes that it
is as if the tangent vector X, had been fed with the coordinate function z’ : R® —— R that
associates a point to its i-th coordinate:

dz'|.(Xz) = Xa(z")

One can now extend the notion of cotangent vectors to the one of covector fields, following what
has been said in Section 1.1.

Definition 1.20. We define the cotangent bundle T*R"™ to be the union of all cotangent spaces:

T*R" = | | T;R"
TeR”™

It has several properties: it is a trivial vector bundle over R", i.e. it is diffeomorphic to
R™ x (R™)*. As expected from the definition of cotangent spaces, the fiber or T*R™ is (R™)*,
the dual space of the fiber of TR™. Points in T*R"™ are couples (x,&,), where £, is a notation
for cotangent vectors at z; they decompose on the basis of T;R" as §x7idm‘i|x, where the &, ;
are the coordinates of &, (they are real numbers). The projection on the first variable, denoted
7 : T*R™ — R", admits sections:

Definition 1.21. We call covector fields — or differential 1-forms — over R™ the sections of 7:

¢ R" —— T'R"

x —— (2,&;)

that are infinitely differentiable (or smooth) in the second variable (see Scholie 1.22). We denote
by QY(R™) the R-vector space of covector fields/differential 1-forms on R™.

Since the cotangent bundle is trivial (i.e. it is diffeomorphic to a cartesian product), one
can define a standard basis on its fiber. The fiber R" of the tangent bundle is already equipped
with a standard basis: the generators 0; = %. The dual basis would form a basis of the fiber
(R™)* of the cotangent bundle; let us denote this basis by:

det, ... dz"

and we call it the dual coframe to the given frame. This notation is consistent with the notation
of the basis vectors of the cotangent spaces. Indeed, since T;R"™ ~ {z} x (R™)*, we can make
the following identification:

da'|, € T;R" —_— (z,dz’) € {z} x (R")* (1.15)

Thus, the basis vectors dz!,...,daz" can also be seen as constant sections of the cotangent
bundle: the differential 1-forms daz’ associates, to every point z, the cotangent vector dz‘|, via
the above correspondence. Every cotangent vector &, defined at the point x can be decomposed
on the dual basis defined in Equation (1.14) as &, = &, ;dz?|,. Then, because of the injection of
TXR™ into T*R", the one-to-one equivalence defined in Equation (1.15) defines an equivalence:

&z A (377 fazdxz)

where Einstein summation convention has been used. Then, for every 1 < ¢ < n, this defines an
assignment:

&: R —— R

T ———&ia
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A priori the coordinate functions &; of a random section £ are not smooth, unless the section
is smooth, i.e. unless it is a covector field. As for vector fields, this actually provides a first
criterion for smoothness of covector fields (see Scholie 1.22).

Furthermore, this enables us to understand how sections of T*R’ act on vector fields. Recall
that we have the following identity, by definition of the dual basis on the fiber of T*R™:

By construction, the constant sections da’ are C*°(R")-linear: dz'(X79;) = X7dz'(9;) = X"
Then, given a section £ of T*R" and a vector field X, one has:

§(X) = &X7da'(9)) = & - X' (1.16)

where the Einstein summation convention has been used, and where - symbolizes the multiplica-
tion of function in C*°(R™). The term on the right of Equation (1.16) is a product of functions,
thus the term on the left is a function as well. Evaluating both terms in a point = gives:

where the term in the middle is a sum of products of real numbers. A priori the function
§(X) @ x — &(X,) is not smooth, unless £ is a smooth section of T*R", i.e. unless it is a
covector field. This observation provides the second criterion for smoothness of covector fields:

Scholie 1.22. Smoothness criteria for covector fields A section € : R® — T*R" being
smooth means:

1. that the components functions &;:
L RP— R
r fz,i
are smooth functions of x (i.e. they are infinitely differentiable);

2. or that, equivalently®, for every vector field X, the function:
EX): R" — R
r —— &(Xa)
is smooth.

Example 1.23. An example of a covector field in R?:
¢ = (2zy cos(x) — 2y sin(z))dx + 22 cos(z)dy

We will see in Section 1.3 that such a differential 1-form is actually the differential of the function
f(z,y) = 2%y cos(z).

Ezample 1.24. A physically oriented example consists of the connections A,. Actually they
correspond to a differential 1-form (taking values in a Lie algebra) A = A, dz".

3The equivalence of the two criteria is shown by noticing that: 1. the second one is implied by the first one
using Equation (1.16) and smoothness of vector fields, and 2. the first one is implied by the second one if one
picks up X = 9; for every 1 <i < n.
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Hence there are at least two way at looking at covector fields (= differential 1-forms): one
is to see them as smooth sections of the cotangent bundle, and in that case they are smooth if
and only if item 1. of Scholie 1.22 is satisfied. Another way of looking at covector fields is to see
them as being linear morphisms on the space of vector fields, landing in the smooth functions,
that is to say:

OYR™) ~ Hom (X(R"™),C®(R™)) (1.17)

The homomorphisms here have to be understood as homomorphisms of C*°(R")-modules. More
precisely, in that case, a covector field £ can be seen as a linear morphism:

§: X(R") —— C*(RY)
X — §(X)

The fact that this map lands in the smooth functions for every choice of vector field is precisely
the content of item 2. of Scholie 1.22. Although the latter perspective is often the most used,
the former one is useful to have a glimpse of the geometrical meaning of differential 1-forms.

What is the meaning of covector fields/differential 1-forms? An explanation can be the
following: a differential 1-form £ : R® — T*R" defines, at every point z, a linear form &, :
T,R™ — R on the tangent space at . As a map from a n-dimensional space to a 1-dimensional
space, the kernel of this linear form is an hyperplane H, of T,R", that is: a n — 1-dimensional
subspace. This hyperplane separates the n-dimensional space T,R™ in two (n-dimensional) open
half-spaces. The linear form additionally defines a ‘positive’ half-space H and a ‘negative’ half-
space H : the former consists of all tangent vectors X, such that &;(X;) > 0, while the latter
consists of all tangent vectors X, such that &,(X,) < 0. The hyperplane H, is a separator
between these two half-spaces since £, |g, = 0. Since the covector &, is a linear morphism from
T.R™ to R, its level sets are (n — 1)-dimensional affine subspaces defined as follows:

Hx,t - {Xx ’é.w(Xm> - t}

for every t € R. The notation is consistent with the definition of H, because H,o = H,. In
particular, the positive half-space and the negative half-space are union of level sets:

Hf =] Hey and H, = Hey
t>0 t<0

The level sets define a partition of T, R™ by parallel affine subspaces. The main point here is
that a linear form is entirely described from its level sets. Smoothly varying the linear form &,
then has the consequence of smoothly changing its level sets and in particular: their inclination
and their respective distance. Thus a differential 1-form can be seen as a smooth assignment, to
every point x, of a partition of T, R™ by parallel affine subspace. Smoothness of this assignment
means that the partition (of the fiber R™) smoothly varies when the base point varies.

These hyperplanes have a geometric significance: let 5# be the vector field corresponding to
¢ through the musical isomorphism 4 (where we assume the metric to be the euclidean metric
on R™). Then the hyperplane H, = Ker(¢,) defines the tangent space to the transversal to the
integral curve of .f#. In other words, the tangent vector §ﬁ is orthogonal to H,. The distance
between the hyperplanes is an alternative — though equivalent — measure of the length of £ %: the
hyperplanes are closer to one another at the points where 5# has a small modulus, and they are
more distant to one another at the points where f# has a bigger modulus.

Before moving to the next section, we would go for a quick excursion through the realm of
vector bundles (over R™). The idea of a vector bundle is the following: given a k-dimensional
vector space, R¥ say, we attach a copy of such a vector space at each and every point of the
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Figure 6: Visual representation of the geometrical meaning of differential forms. When the base
point varies smoothly, the partition of the tangent space by (n — 1)-dimensional affine subspaces
varies smoothly: the inclination and the relative distance of the affine hyperspaces is smoothly
modified. The hyperspace H, (resp. H,) is orthogonal to the tangent vector 55; (resp. 55), and
can be seen as the tangent space to the transversal to the integral curve of 5# at z (resp. y).

space R™. This form an enormous space denoted E for example, that we require to be sufficiently
well-defined (to be clear: it should be a topological space, i.e. a space along with a topology
of open sets). The topology on E is chosen so that at least locally, in the neighborhood of any
point, say U, E looks like U x R¥. Trivial vector bundles are precisely those that have this
structure globally, i.e. those of the form R x R¥. It turns out that every vector bundle defined
over R™ has this property. The precise statement is the following;:

Definition 1.25. A (trivial) vector bundle of rank k (over R™) is a topological space E together
with a surjective continuous map 7 : E — R™, satisfying the two following conditions:

1. for every x € R™, the preimage 7 '(z) C E is a k-dimensional vector space, called the
fiber of E at x and denoted E,;

2. there exists a homeomorphism ® : E — R™ x R* (called a trivialization of E), making
the following triangle commutative:
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Figure 7: Wherever it makes sense, the kernel of the differential d¢ defines the tangent space to
the transversal to the vector field 5#.

E ¢ R" x RF
\ /
RTL

where pry : R™ x R¥ — R is the projection on the first variable, and such that for every
y € R", the restriction of ® to Ey is a linear isomorphism from E, to {y} x R¥ ~ Rk,

Remark 1.26. The second item means that for every u € E, one has the following identity:
m(u) = prio ®(u)

Notice that, in full generality (i.e. on a smooth manifold), the second item should hold only
locally (see e.g. Chapter 5 of [Lee, 2003], Chapter 10 in the 2012 edition). The fact that R™ is
contractible implies that every vector bundle is trivial, and that we wrote this second item from
the global perspective.
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One should really think of a vector bundle as a bunch of vector spaces stacked together and
labeled by points. The set underlying any vector bundle is the disjoint union of its fiber:

E=|]| E

z€R™

There is a natural topology on a disjoint union, that we call the ‘disjoint union topology’: it is
the finest topology that makes the injective functions ¢, : F, — FE continuous. More precisely,
with respect to this topology, U C E is open if and only if ¢ }(U) is open in E, for every z € R™.
Assuming that every E, is homeomorphic to R* with its standard topology, the disjoint union
E = |, crn Es equipped with its disjoint union topology is then homeomorphic to the product of
topological space R x R*, where R" has the discrete topology and the product has the product
topology. Hence, the disjoint union underlying every vector bundle over R" is homeomorphic to
R™ x R* with respect to topologies that we do not like though (because we are not interested in
working on R™ with the discrete topology). What additional property does a vector bundle have
then, that the mere underlying disjoint union does not have? The answer is that it is equipped
with a ‘vector bundle topology’ — certainly coarser than the disjoint union topology — such that
there is an homeomorphism between E = | | cp» F, equipped with its vector bundle topology
and R™ x R¥, but here R” has its standard topology (which is not discrete!). This is why a
vector bundle is much more than its underlying set, the disjoint union of all its fibers.

A section of a vector bundle E (over R™) is a continuous map o : R — F satisfying the
following identity:
m oo = idrn

In other words, o(z) € E, for every x. A section can be symbolically represented as a n-
dimensional surface in F, that is projectable onto R™. Given a section o, if the map ® o o is
smooth we call o a smooth function. The space of smooth sections of E then consists of smooth
functions from R™ to F and is denoted I'(E) (sometimes, also denoted I'(R", E) or C*°(R", E)).
As was explained in Scholie 1.18, these spaces are real vector spaces of infinite dimension, and
C*°(R™)-modules of finite rank, k to be precise, as is shown by the following paragraph.

Assume that we have k smooth sections o1, ..., 0 that are fiberwise linearly independent,
i.e. for every z, the vectors o1(z),...,or(x) form a basis of F,. Then, we call such a family a
frame for E. Since every vector bundle over R" is trivial, one can pickup constant orthonormal
frames, i.e. for every 1 < i < n, the smooth map ® o o; : R” — R™ x R¥ is constant, and thus
defines a vector f; € R¥, so that fi,..., fi forms a basis of R¥. Under an intelligent choice of
sections, this basis can be made orthonormal. A frame forms a set of generator of the sections of
E, with respect to the C*>°(R"™)-module structure on I'(E). That is why the rank of this module
coincides with the number of vector in the frame, which is the same as the dimension of the
fiber: k.

Famous examples of vector bundles are the tangent bundle TR" (with fiber T,R" ~ R™)
and the cotangent bundle T*R" (with fiber TR"™ ~ (R™)*). Smooth sections of TR™ are vector
fields and smooth sections of T*R" are differential 1-forms:

X(R™) = I'(TR") and Q'(R") = I(T*R"™)

A frame for TR" is the family of constant vector fields 01,...,d,, whereas a frame for T*R"
(what we had called a coframe) is made of the constant covector fields dx', ..., dx™. Moreover,
drawing on the material presented in Section A.1, one can construct the following other vector
bundles:
A"TR, = | | AMTLR" and AN TRy, = | | ATTIR®
z€R™ z€R™
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The notation is transparent: the fiber at a given point x is the m-th exterior power of T,R"
(or T¥R™, respectively). These are trivial vector bundles (as is every vector bundle over R").
Smooth sections of A™TR,, are called m-multivector fields, whereas smooth sections of A™T*R,,
are called differential m-forms, and are denoted as follows:

X™(R") = T(A™TR") and Q™ (R™) = T(A"T*R")

In particular X°(R?) = QY(R") = C®°(R") ~ X"(R") ~ Q*(R"), and X(R") = X(R").
When m > 1, a frame for A™ TR" consists of the constant sections 0;, A...A0;,, , whereas a frame
for A T*R™ is given by constant sections of the form dz?* A.. . Adz'™ for 1 < iy < ... < i, < n.

Let us now find criteria for smoothness of sections of A®*T*R"™. A (not necessarily smooth
but at least continuous) section 1 of A" T*R"™ decomposes on this basis as:

n= Z Miyoin, dz™ A ... A dztm (1.18)
1<i1<...<im<n

We denote the coordinate functions in the basis dz®* A ... A dz*™ where we assume that 1 <
i1 <...<ipm <nasn;, , . However, usually the Einstein summation convention (in which the
indices i vary from 1 to n and are not ordered) is much more practical. To use it, one needs to
do a bit of gymnastics. First define the following functions:

1

for every 1 < ’L.l < ... < Zm <n Nit.oiin — ﬁﬁzlzm

Then, for every choice of non-ordered indices i1, . .., i, € {1,...,n}, there is a unique permutation
0 € Sp such that i5(1) < iy2) < ... <ig(m). In other words, the permutation o rearrange the
indices so that they come in order. For such a permutation, we define the function 7n;, ;. as
follows: (—1)7
Mirciim = (1) iy 1) iy = m! iy (1) v ()
Then one can write under Einstein summation convention:
0= Niy..im dz'' A ... Adztm (1.19)

Ezercise 1.27. By using the antisymmetry of the wedge product, prove that Equation (1.19)
gives back Equation (1.18).

The section 7 is at least continuous so the functions 7;, ;, are continuous functions on R"
and, as for covector fields (see Scholie 1.22), they are smooth if and only if 7 is a smooth section,
i.e. if and only if n € Q™(R™) (n is a differential m-form). Another criterion for smoothness
of n is obtained by using Equation (A.17); when fed with m vector fields, n gives the following
continuous function:

(X1, Xm) = iy, TN A dx ™ (X, X))

XX o Xp, Xp
Xp Xt
= Niy..i,, det e e e (1.20)
Xi"L71 ;‘r’;ﬂfl
Xpmo X X Xim

Since the X; are vector fields, Scholie 1.8 implies that their coordinate function are infinitely
differentiable, which implies that the above determinant, as a product of smooth functions of
x, is a smooth function over R™. Then, it implies that n(Xi,...,X,,) is a smooth function if
and only if the coordinate functions 7;,. ;. , i.e. if and only if n is a differential m-form. The
situation can be summarized as follows:

22



Scholie 1.28. Smoothness criteria for differential m-forms A section n : R™ — A™T*R"”
being smooth means:

1. that the coordinate functions n;,. ;. are smooth functions of x;

2. or that, equivalently, for every vector fields X1, ..., Xy, the continuous function n(X1, ..., Xm)
defined in Equation (1.20) is smooth.

FEzercise 1.29. For any given choice of m indices j1, ..., jm € {1, ...,n}, show that Equation (1.20)
applied to 0;,,...,0;,, gives:

77(3j1, R ajm) = mlnj . g, = (_l)gﬁjd(l)...ja(m)
where o is the unique permutation of m elements such that j, 1) < jy2) < .-+ < Jo(m)-

The properties of the wedge product on the exterior algebra A® T*R"™ are transported to

the differential forms. So in particular da’ A do/ = —da? A dx', and for any n € QF(R") and
p € QYR™) , the object n A is a differential k + I-form, and:
nAp=(=)"uAn (1.21)

This turns the graded vector space Q°*(R™) into a (graded) commutative graded algebra.

1.3 Differential forms on R” and the de Rham complex

Scholie 1.22 shows us that an obvious family of covector fields would be those induced by smooth
functions. For every f € C*°(R™), let us define the covector field formally denoted df, by the
following identity:

df (X) = X(f) (1.22)
The left hand side is a smooth function by item 2. of Scholie 1.22, as is the right hand side.
We call the covector field df : X(R"™) — C*°(R") the differential of the function f. Not
every covector field is the differential of a function. For example, there is no smooth function
f : R? — R such that the globally defined covector field ¢ = zdy —ydx would be the differential
of'. Those covector fields that are of the form df for some smooth function f, and thus satisfy
Equation (1.22), are called exact differential 1-forms. Recall that the basis vectors of the fibre
of the cotangent bundle are denoted dz’; this is not a coincidence, because dz' is the differential
of the coordinate function z* : R” — R, and its action on a vector field gives:

dz'(X) = X (a') = X*
which is the i-th coordinate function of X.

Ezercise 1.30. Show that the covector field defined in Example 1.23 is actually an exact differ-
ential 1-form by finding a function f from which it is the differential of.

Let us now compute the coordinates of df for some given f, by applying Equation (1.22) to
every generator 0;:
of

Hence, the covector field df decomposes as follows in the dual coframe:
aof .
df = D dz'
In other words, the coordinate functions of df coincide with the components of the gradient of
f. This is not a coincidence, because we have the following result:

“In polar coordinates (r,8), this covector field reads r2d, from which we understand that it cannot be written
under the form df.
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Proposition 1.31. Given a smooth function f € C°(R"), there exists a unique vector field on
_—
R™, denoted grad(f), such that:

df (X) = g(grad(f), X) for every X € X(R™)
where g is the standard euclidean metric on the fiber of TR™.

Since the tangent bundle is trivial, it is diffeomorphic to the cartesian product R™ x R™. The
metric g appearing in the statement of the proposition is the Euclidean metric defined on the
fiber. Thus, on the basis vecors 01, ..., 0y, it satisfies g(0;,0;) = 1 if i = j and 0 otherwise.
Although it is not apparent in the proposition, the metric does not depend on the base point.
The metric is bilinear so, for X = X'9; and Y = Y79, two vector fields on R", one has:

9(X,Y) = g(X'0,YI0;) = X'V 9(0,,0;) = S X'V
=1

Notice that we did not use the Einstein summation convention in the rightmost term because
the two indices are both exponentiated. It can alternatively be written under this convention
as X'Y;, given that we lowered the second index via the formula Y; = g;; Y.
Remark 1.32. Proposition 1.31 is a particular case of a much more general result that states
that a pseudo-Riemannian metric on a manifold M defines an isomorphism between T'M and
M.

Let us now turn to the question of ‘dualizing’ the Lie bracket, so that we obtain an operator
on T*R" that encodes it. Let us first rewrite Equation (1.10) using exact differential 1-forms:

df ([X,Y]) = X(df (Y)) = Y (df (X)) (1.23)

for every X, Y € X(R"). Although this equation is satisfied for exact covector fields, it does not
mean that it is satisfied for all covector fields:

(X, Y]) £ X(£(Y)) - Y(E(X)) (1.24)

We would like to measure ‘how far’ a given vector field £ is from satisfying Equation (1.24). This
can be done by passing the term on the left-hand side to the right-hand side, so that we can
evaluate the difference between X (£(Y)) — Y (£(X)) and £([X,Y]). To this end, we set (formal
notation) d¢ to be the obstruction of a covector field & to satisfy Equation (1.24):

d§(X,Y) = X(£(Y) - Y (£(X)) - (X, Y1) (1.25)

A covector field satisfies Equation (1.24) if and only if d¢ = 0, when evaluated on any two vector
fields. We call such covector fields closed differential 1-forms. In particular, exact forms are
closed.

Notice that since the right-hand side of Equation (1.25) is a smooth function, the object on
the left-hand side formally noted d§(X,Y) is a smooth function as well. Then, since d§(X,Y") =
—d¢(Y, X), d¢ defines a skew-symmetric operator that, when fed with two vector fields X and
Y, gives a smooth function d¢(X,Y’) whose evaluation at the point z reads:

d¢ . X(R") x X(R") ——— C*(R")
(X,Y) ———d{(X,Y) 1z r— X, (E(Y)) — Yo (§(X)) — &([X, Y]
This is consistent with the definitions of the objects so far, because e.g. &£(Y) is a smooth
function, on which the derivation at x, X, : C>°(R™) — R, acts, hence the term X, ({(Y)) is

a real number. Although the Lie bracket of two vector fields is not C*°(R™) bilinear, one can
check that the map d¢ is.
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Ezercise 1.33. Prove that d§ is C°°(R") bilinear, i.e. that d§(fX +gY,Z) = f-d§(X,Z) 4+ g -
d¢(Y, Z) for every f,g € C*°(R") and X, Y, Z € X(R"), and vice versa with respect to the second
variable.

Then, it is sufficient to know how d¢ acts on the couples of basis vectors (0;,0;) to know
how it acts on any couple of vector fields. Using Equation (1.13), Equation (1.25) becomes:
o5  0&

Ozt Ox

The fact that d€(0;,0;) = 0 is consistent with the fact that d¢ is a skew-symmetric operator.
The observation made in Equation (1.26) induces the following result:

d&(0;, 05)

(1.26)

Proposition 1.34. Given a differential 1-form &, the skew-symmetric operator dé can be seen
as a section of the vector bundle N*T*R"™, and reads:

— 1 9&; 8‘5@) i j
d¢ = 5 <6l‘i D dz' N dx (1.27)

where the Finstein summation convention (on the two indices i and j!) has been used.

Proof. When one applies the right-hand side of this formula to two vector fields X and Y, one
obtains:

1008 06N i, i 1 8@_8&-) i % dod — dud @ da
5 (&ni (91:j)dx Ad? (X,Y) = 5 <axi i (de' @ do! — da’ @ dz')(X,Y)
_1 851_85%’) Xi.yi_ xJ.yi
_2<8xi zI (- YY)
_ i 9§ j_( ia§j> J
= (X axi) v/ (Y25 )X

= X(& Y)Y (& X)) =& - X(Y) +¢& - V(X))
=X (E(Y)) - Y (X)) - &([X,Y])

Where the symbol - has been used to symbolize and emphasize the product of two smooth
functions. Since indices which are summed over can be relabelled at one’s convenance, we have
done this between the second line and the third line. The two supplementary terms added on
the right in the fourth line compensate the addition of the terms &; - X (Y7) — &; - Y/(X7) which
were necessary to form the terms X (&; - Y7) — Y (& - X7). Passing from the fourth line to the
fifth and last line used Equation (1.11). O

Remark 1.35. The right hand side of Equation (1.27) contains redundant terms, since:

0 0\ j__<6£j_8&-> j z_<0&_3@‘) i A da
< D axj> dz' Ndr?) = i D dz? Ndz' = 927 Bai dz? Ndz

The factor % precisely compensates such redundancy, so that (1.27) can be rewritten:

= (859' - a&)dxi/\dxj (1.28)

7 J
1<i<j<n dz* Oz

Since the bivectors dz? A da’ for i < j form a family of generators of A2 T*R?, the coordinates

functions of d¢ in this basis are the ggi — g%, and not one-half of it.
X X

FEzercise 1.36. Using Equation (A.19), check that applying Equation (1.27) or (1.28) to the
couple (0;,0;) (beware of the range of the sums!) gives back Equation (1.26).

25



From Proposition 1.34 we deduce the very important (always true) observation:
Corollary 1.37. Exact differential 1-forms are closed.
Proof. We have already seen a proof of such a result by comparing Equations (1.23) and (1.25),

but let us use here a more computational approach. Let £ be an exact differential 1-form. Then
there exists f a smooth function on R™ such that £ = df. In particular it means that & = 0; f.

Then:
1 ( o2 f % f

®=5\owiow ~ awiow
Thus, £ is a closed form. O

>d:1ci/\dazj:O

Remark 1.38. We will see later that in the three-dimensional space R?, Corollary 1.37 is equiv-
alent to the following identity:

curl(grad(f)) =0

Now that we have an explicit formula for the operator d§, one may ask: which closed differ-
ential 1-forms are also exact? That is to say: which covector fields £ satisfying Equation (1.24)
are actually the differential of a function f, i.e. are such that £ = df? Drawing on Proposition
1.31, this question has an equivalent interpretation in terms of vector fields: which vector field X
on R™ such that CT;I(X ) = 0 (whatever that means in dimension higher than 3) can be written
as the gradient of a function f7 Indeed, the standard euclidean metric g on the fiber of the
tangent bundle defines an isomorphism g between the fiber of TR™ and T*R"™ (see Section A.2).
The following Lemma is a particular case of Poincaré’s Lemma:

Lemma 1.39. (Part of) Poincaré Lemma FEvery closed differential 1-form defined on R"
(for n > 2) is an exact form. That is to say, for every & € Q1 (R™) such that d¢€ = 0, there exists
a smooth function f € C*°(R"™) such that § = df.

Proof. Let ¢ = &;dx® € Q'(R™), then define the following function:
1
flz) = / € (t)dt
0
This function is smooth because the £; are smooth functions by Scholie 1.22. Differentiating

f at a given = with respect to the k-th variable, and seeing the function x — &;(tz) as the
composite function x — tx — &(tx), one obtains:

1 ,
0f(@) = [ onla'eitta)ar
1 . 1
:/ 5,’€§i(t:):)dt+/ 'O (&i(tx))dt
0 0
1 1
:/ gk(t;c)dtJr/ 2"10,&i(tw)dt
0 0
1 1
= / & (tz)dt + / ta' 0 (ta)dt
0 0

L d
Z/O 5 (t(tz))dt
=1-&(z) —0-&(0)

Here we have used the convention that O (&;(tx)) is the derivative in the k-th variable of the
function & — &;(tx) evaluated at x, whereas Ji;(tz) is the derivative of the function £, eval-
uated at tx. This explains why a factor ¢ appears on the third line. To pass to the fourth line
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we used Equation (1.26), whose left-hand side is zero because £ is closed. Thus, we obtain that

Opf = &, so that df = ¢&. O

Remark 1.40. Actually, Poincaré’s Lemma is more general: it applies to every differential p-
forms, and does not necessarily assume that they are defined globally but only on star-shaped
open subsets of R™.

Remark 1.41. When R® = R3, using the one-to-one correspondence between the fiber of the
tangent space and the fiber of the cotangent space, Lemma 1.39 is equivalent to saying that
every irrotational vector field X (i.e. such that (ﬂi(X ) = 0) is conservative (i.e. it is the
gradient of a function f).

Let us recall what we have so far: we have shown that for every smooth function, there is
a differential 1-form df satisfying Equation (1.22). We have additionally shown that for every
differential 1-form &, there is a differential 2-form d¢ satisfying Equation (1.25). Additionally, by
Corollary 1.37, every exact differential 1-form is closed, and by Lemma 1.39, every closed form
is exact. Recalling that C>®°(R") = Q°(R"), we can summarize the situation by the following
sequence of spaces:

QOR") —2— QLR") —4— Q2(R") (1.29)

Given Equations (1.23) and (1.25), the map d can be understood as the dual of the Lie bracket:
whereas the Lie bracket is a bilinear map from X?(R") to X!(R"), the map d : £ — d¢ is a
linear map from Q! (R") to Q2(R").

We have also seen that there is a strong relationship between the map d and the gradi-
ent of a function and the curl of a vector field. For example, we have seen that the identity
65?1(@( f)) = 0 is a reformulation of Corollary 1.37. How does the divergence of a vector field
enters in the picture? The same question arises for the Laplacian of a function. We are tempted
to extend the sequence (1.29) to the right to account for those operators. This is will be the
topic of the rest of this subsection. We need first to introduce a few abstract material:

Definition 1.42. A chain complex (of vector spaces) is a graded vector space E = (E;)icz
equipped with a family of linear morphisms d = (d; : E; — Eiy1)icz:

d_3 d_o d_1 do

E,Q Efl EO a

da

Ey Ey

such that diy1 od; = 0. We call the linear operator d the differential of the chain complez.

Remark 1.43. In general we do not bother writing all the indices on the maps d; and we write
d instead, being understood that d|, = d;. In that case dj11 o d; = 0 becomes:

d’> =0

Moreover, the graded vector space may be graded above or below, or may be only posi-
tively /negatively graded, etc.

Let us now show how the sequence (1.29) can be extended to the right:

QR —4 QYR —2 Q2R —L L, o (R —L QR —2 0
(1.30)
where all vector spaces of degree higher than n, on the right, are understood to be null vector
spaces. Recall that each Q™ (R™) is the space of smooth sections of the vector bundle A" T*R™.
It admits as a set of C*°(R")-linearly independent generators the elements:

{d:c“A.../\dxim ‘ 1§z’1<z’2<...<im§n}
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Drawing on what has been said in the discussion following Scholie 1.22 — in particular Equal-
ity (1.17) — one can equivalently see Q™ (R"™) as the space of alternating m C°°(R")-multi-linear
forms on X(R"™) taking values in the smooth functions:

Q™(R") ~ Hom (X™(R"),C>*(R"))

The homomorphisms here have to be understood as homomorphisms of C*°(R™)-modules. It

means that for any given smooth section n € Q™(R™) and any family of vectorfields Xi,..., X,
the element n(X,...,X,,) is a smooth function. This is a smoothness criterion for differential
p-forms.

We have defined the linear morphism dy : Q°(R") —— QY(R") in Equation (1.22), and we
have defined the linear morphism d; : Q'(R") —— Q?(R") in Equation (1.25). In both case
we have written df or d¢ but it should be rigorously understood as dpf and di£ if one wants
to establish a differential whose notation is consistent with Definition 1.42. In the following
we will write d instead of d,, because the latter notation is too cumbersome. Generalizing
Equation (1.25) to any number of vector field m > 1, let us define the linear map d : Q" (R") —
QmFTL(R™) (should be understood as d,, then) from its action on any section € Q™(R"):

m+1
(X1, Xy X)) = Y (D)7 X (n( X1, .., Xy oo X)) (1.31)
i=1
+ Z (*1)Z’+j7]([Xi7Xj]7X17"°7)/57"'))/(\]'7"',Xm+1)
1<i<j<m+1
where the notation (X7,.. .,)/(\i, ..., Xm+1) means that the vector field X; has been removed

from the list of vector fields. In other words, for 2 <7 < m:
(X17 s )/Eia e 7Xm+1) = (Xla s 7Xi*17Xi+17 <o Xm+1)

whereas for i = 0 we obtain (Xa,..., X;+1) and for i = m + 1 we obtain (X1,...,X,,). Ina
similar fashion we have:

([Xi)Xj]ale o 75(\% v 7Xj) s 7Xm+1) = ([XivXj])Xla o 7Xi*15Xi+la HE 7Xjflan+la .. 'aXm+l)

with similar exceptions for ¢ = 0 and j = m + 1. First notice that both terms on the right are
smooth functions: n(Xq,... ,)/(\Z-, ...y Xm+1) is a smooth function, on which the vector field X;
acts; and one can check that there are only m vector fields in the term 7 ([X;, X;], X1, ..., X, ..., )/(\j, ..
making it a smooth function too. Thus, the right hand side is infinitely differentiable, which
make the left-hand side infinitely differentiable.

FEzercise 1.44. Check that Equation (1.31) gives back Equation (1.25) when m = 1.

Let us now give a formula for dn in the basis of generators dz’. To do this, evaluate Equa-
tion (1.31) on m given constant sections taken out of 0y, ..., dy, so that the last term involving
the Lie bracket vanishes by Equation (1.13).

Proposition 1.45. The action of the operator d : Q*(R") — Q**Y(R") on a differential m-
form n =mn;,.i dz’t A...Adz'™ is given in local coordinates by:

dn = 0;(niy i) dz' Adz™ A .. A dxtm (1.32)

where Einstein summation convention is assumed.

28



Proof. Write n = n;, i, dz" A...Adz'™, where Niy..i,, 15 @ smooth function by Scholie 1.28 and
where Einstein summation convention on contracted indices is assumed. Let 0;,,...,0;, ., play
the role of Xy,..., X;,41, then Equation (1.31) gives:

m—+1
dn(0j,, -, 0jn) = > (=1 710, (0(051, - 0y - Djnin))
k=1
+ > D (105,,05), 0500105, 0y, D)
1<k<I<m+1 T
m—+1 )
_ k—149. gt -1 gThk41 Im41
= Z (-1) ﬁjk(m! mlmlméji.. 5Jk léjkil'.'éjmil)
k=1
m—+1
k; 1
=ml Z 9y 77]1-~~jk71jk+1~~jm+1) (1.33)

where Exercise 1.29 justifies that m! pops out, and where we passed form the second line to the
penultimate one by using Equation (1.20). Since the top left hand side of Equation (1.33) is dn
evaluated on 0j,, ..., 0;,, ., the same Exercise 1.29 implies that it is equal to (m+1)! (dn);,...jnss -
Thus we have:

(m+1)! (dn)j1~-jm+1 = m! Z (_1)k_18jk (nj1~~~jk71jk+1~~~jm+1)

Multiplying on the left and on the right by dz/* A ... A dxs=1 A dai% A dzie+1 AL A daim+
and contracting the indices, this implies that dn reads:

1 mtl . , _ A ,
dn = —] (=) 20 (M1 o odmss) ATTEA LA =1 A dad® A dadset A LA dadm
m+1,=
1 mtd . . . . .
= Z 0, (nj1~-~jk—ljk+1-~~jm+l) dx?* ANdx?t AL AN dTIEL A dTIR A LA dedmtt
m+ b0
= 05, (M1 rdistordmer) AB7E A d?E A LA da? =8 N da? Y AL da? (1.34)

where we have used Equation (1.21) between the first line and the second line, and where we use
Einstein summation convention on repeated indices. But then, they are dummy indices and it
does not change anything that we write the m indices j1,...,5k—1, Jk+1s- - - Jm+1 &S 115« -, tm,
and ji as 4, at the condition that they appear contracted with themselves in the formula. That
is to say, Equation (1.34) can alternatively be written as:

dn = 0i(ni, i) dz' Adz™ A .. A dxtm
which is the required result. O
FEzercise 1.46. Check that Equation (1.32) gives back Equation (1.27) when m = 1.

Proposition 1.45 allows us to prove the following proposition in a very elegant way:

Proposition 1.47. The C°°(R")-linear morphism d : Q*(R") — Q*TYR") is a differential,
i.e. dod=0.
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Proof. We know already by Corollary 1.37 that d2f = 0 for any smooth function. Then, let
n = Niy..i, A A ... Adetm € Q™(R™) be a differential m-form, for m > 1, and apply twice
Equation (1.32):

d*(n) = d(0i(Miy...iy) dz' Adz™ AL A da:im)
= 8jai(7]i1,,.im) da? A dr’ AN dz" VANPIAN dz'm

But the element 0;0;(1;,..i,,), symmetric under a permutation ¢ < j, is contracted with an
element dxd Adx* Adz"™ A...Adz"™, which is skew-symmetric under a permutation ¢ <> j. Thus
their contraction is zero. d

Remark 1.48. There is an alternative proof, much more computational, that relies exclusively
on the expression of the differential given in Equation (1.31). This proof ressembles the proof
that one could invoke to show the consistency of the Chevalley-FEilenberg differential in the
cohomology theory of Lie algebra (recall that the space of vector fields is a Lie algebra!). Doing
this alternative proof is a very good training to understand how differential forms interact with
vector fields.

Thus, the graded vector space of differential forms Q*(R") = (Q™(R")),_, _ , equipped
with the differential d is a chain complex. We call it the de Rham complex and the differential
d is called the de Rham differential. It is bounded below and above and it is understood in this
complex that for every m < —1 and every m > n, d,, = 0 (see sequence (1.30)). We conclude
this subsection by stating a unicity result that we do not prove, but which is worth knowing:

Proposition 1.49. The de Rham differential is the unique C*°(R"™)-linear morphism d : Q*(R") —
Q*TY(R™) which satisfies all three following properties:

1. on smooth functions (i.e. 0-forms), df (X) = X(f);
2. dod=0;
3. for every n € QF(R™) and p € QY(R"):

d(n A p) = (dn) A p+ (=1)"n A (dp) (1.35)
Proof. This is Theorem 12.14 in | ]. See also the paragraph at the top of page 313
to understand the equivalence between our definition of the de Rham differential and Lee’s
definition. O

Remark 1.50. Notice that Equation (1.35) implies that d is a graded derivation of the com-
mutative graded algebra (Q2°*(R™), A), turning it into a differential commutative graded algebra,
abbreviated cdga (notice the inversion of the letters in the abbreviation).

Example 1.51. The vector calculus identities. In three dimensional euclidean space R?, Proposi-
tion (1.47) will translate under an unexpected form. Recall what we said in Remark 1.38: that
exact 1-forms are closed translates as the following identity:

curl(grad(f)) =0

Let us explain this identity from the perspective of differential forms. We saw in Proposition 1.31
that the gradient of a function f is the image through the musical isomorphism § : T*R" — TR"
of the differential df via the formula:

grad(f) = (df)*
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Let us pursue this analogy.

Assume we work in three dimensional euclidean space R3 with standard coordinates z, v, 2
(so that, for this discussion, z is a coordinate and not a point). We will not use Einstein
summation convention either. Let & be a differential 1-form: § = {,dz + §,dy + £.dz. Then
Equation (1.28) tells us that:

_ agy_(%x> (‘952_3@> (351_%)
df—(a$ Dy dx N dy + By 9, dy Ndz + 95, D dz N dx

We recognize the coordinates of the curl of the vector field et = gxa% + fya% —+ fZ%. Since d&

is a 2-form, one only needs the Hodge star operator x : Q%(R3) — Q!(R?) and the musical
isomorphisms to reconstruct the desired relation:

(xd&)* = curl(€F)
Equivalently, for every vector field X, one has:

cwrl(X) = (xd(X*))*

Next, pick up a differential 2-form 7 = n,ydx A dy + ny.dy N dz + n..dz A d,. Let write n,
instead of 7y, 1, instead of n,. and 7, instead of 7., for a reason that will soon be transparent.
The differential of this 2-form is a 3-form, which, under some simple permutations of dz, dy and
dz, can be written as:

oy Ony 077Z>
dn = — dr Ndy Nd
g (836 + oy + 0z TNy Az

We recognize, in the parenthesis, the divergence of the vector field (*77)# = 771% + 77y8% + nZ%.
Then, we have the following identity:

K dn = div((xn)*) (1.36)

The left-hand side is indeed a smooth function because x(Q23(R?)) = Q°(R3?) = C>*(R3). Equiv-
alently, for every vector field X, one has:

div(X) = «d * (X) (1.37)

Notice that Equation (1.36) is equivalent to Equation (1.37) because in dimension 3, Equa-
tion (A.28) tells us that x x n = n for any 2-form 7.

Now let us check that the vector calculus identities in R? amount to d®> = 0. Let f be a
smooth function on R3, then:

curl (grad(/)) = curl((df)?)

— (% d((drh)")?
— (xd(df))*
=0

To pass from the second line to the third line, we used the fact that # and b are inverse to one
—_— ——

another. We thus obtain the infamous identity curl(grad(f)) = 0. Since the Hodge star operator

and 4 are isomorphisms, we conclude that:

— <—>

curl grad(f)) =0 <« d&f=0
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Now, turning to the next identity: let X be a vector field on R3. Then:

div(curl(X) ) = div((xd(X"))¥)

Since the Hodge star operator is an isomorphism, we deduce that:
Y S b
d1V<curl(X)) =0 <= dod(X")=0

. . . —% % . —%
Hence, the two most famous vector calculus identities curl o grad = 0 and div o curl = 0 are
nothing but Proposition 1.47 applied to R3. Thus, since on R? with the euclidean metric x~ = x,

we have the following commutative diagram:

—_—
grad

C>(R3) (RS —ul, y(R3) v, coo(R3)

R

00— QOR3) —4— QNR3) —4 5 O2(R3) —4— Q3(R3) ——— 0

1.4 De Rham cohomology and Maxwell equations

Let (E,d) be a chain complex of vector spaces. Then every map d; : E; — F;;1 has a kernel
and an image. We say that an element € Fj; is closed when d;x = 0, whereas it is exact when
x = d;j_1y for some other element y € E;_1. Since d> = 0, we have the infamous result:

Proposition 1.52. In a chain complex (E,d), every exact element is closed.

The converse (that every closed element is exact) is in general not true, and actually those
closed elements that are not exact carry important informations on the problem. That is why
mathematicians have defined the following central notion in modern mathematics:

Definition 1.53. Let (E,d) be a chain complex (of vector spaces). We define its cohomology
as the graded vector vector space H® = (Hi)ieZ’ where for each i € Z, the space H' is called the
i-th cohomology group of E and is defined as the quotient:

i Kel‘(di)
- Im(d;_1)

We say that that the chain complex is exact — equivalently, that it is a resolution — if H* = 0
for every i € Z.

Remark 1.54. While in our context, the cohomology groups H® are vector spaces, the word
‘group’ is widely used because the notion of cohomology applies to much more general objects
than complexes of vector spaces. In any case, a vector space can be seen as an abelian group,
with respect to the vector addition.

32



Elements of H' are equivalence classes of vectors of E;. For every element = € Ker(d;) C E;,
we write [z] the corresponding equivalence class in H. We call [x] the cohomology class of x.
It has the following meaning: in cohomology, x is identified with every other closed element
' € E; that can be written as follows:

¥ =x + di_ly

for some y € E;_;. In such a case we say that  and 2’ are cohomologous and we write [x] = [2/].
Therefore, any closed element x whose cohomology class is zero, i.e. such that [z] = 0 € H?,
is exact. To every cohomology class § € H', there exist an infinite number of representatives,
i.e. those closed elements z € E; such that [z] = 6, because = 4+ dy would be another valid
representative. A priori, there is no better choice of representative, except in certain cases (as
we may see later).

The cohomology of the de Rham complex is called the de Rham cohomology. We write the
cohomology groups of the de Rham complex as H’p(R™). Lemma 1.39 has shown that closed
1-forms are exact. That is to say, that H},(R") = 0. This is actually much more general:

Proposition 1.55. The de Rham cohomology of R™ satisfies:

4 R ifi1=0
H n(R") ~
an(®") {O otherwise
Proof. This is a consequence of Poincaré’s Lemma, which states that the de Rham cohomology

on every star-shaped open set (of a smooth manifold) is trivial (except for the 0-th cohomology
group). See Theorem 15.11 in | ]. O

What kind of objects span the 0-th group of de Rham cohomology H3r(R™)? We have the
following situation:

0 — QR —4— QYR") —4— .

Then HgR(R") = Ker(dp). Since dp is the morphism associating, to every function f, its
differential, one deduces that df = 0 if and only if f is a constant function. Then HJx(R") =
{constant functions on R"}, which is indeed a one-dimensional space. Another simple example
sits at the other side of the chain complex: we know that Q" (R"™) is one-dimensional and spanned
by the standard volume form w = dz! A... Adz". Since d(Q2"(R")) = 0, Proposition (1.55) tells
us that there should be a differential n — 1-form v such that w = dv. There are several actually:
for example 21 dz? A ... Adz™ or, more generally, those of the form (—1)*tzy dz' A... AdzF~I A
de* LA LA dam

Let us now apply all this machinery to Maxwell equations. They are equations that the elec-
tric field £ and the magnetic field B should satisfy. Recall what they are (in three-dimensional
space):

div(E) = p (1.38)
div(B) =0 (1.39)
curl (E) +%§ =0 (1.40)
curl(B) — %f =7 (1.41)



We have used the rationalized Planck units, where:
C:47TG:h:€0:k‘B:1

Although E and B are usually considered as vector fields, the discussion in Example 1.51
has shown that using the musical isomorphisms allow us to adopt a much more synthesized
perspective. However, from the knowledge we have of the differences between the respective
behavior of the electric and the magnetic field, we expect that they would not carry the same
degree as differential forms. Let us be more specific.

Let M be Minkowski space, i.e. R* equipped with a metric N of signature (3,1) — the
indices ranging from 0 to 3, corresponding to the coordinates t,x,y and z. In other words:
noo = —1, and n;; = +1 for 1 < i < 3. The other components of the metric vanish. The volume
form would then be w = dt A dx A dy A dz. The order is important here because if we had
taken t to be the fourth coordinate, then the corresponding volume form dx A dy A dz A dt would
be minus w. This would have repercussions on the definition of the Hodge star operator. The
electric and magnetic fields are 1-forms and 2-forms on R?, respectively:

E=FE,dc+Eydy+ E.dz (1.42)

and
B =B,dyNdz+ Bydz Ndx + B, dx N\ dy (1.43)

b b
So, in particular, £ = E and B = % (B A dt). We define the field strength as the following
differential 2-form on M:
F=B+FEANdt

In particular, this 2-form decomposes on the canonical frame dz* A dz¥ of the vector bundle
A2 T*M, as:

0 -E, —E, —E.
E. 0 B, -B,
E, —B. 0 B,
E. B, —-B, 0

1
F = §FW dxt A dz”, where Fu, = (1.44)

<

The current density j can be merged with the charge density p into a 4-vector J = p% + j
Using the musical isomorphism 4, we transform this 4-vector into a differential 1-form J called
the current:

J=—pdt+ jydr+ j,dy + j.dz

This allows us to have synthesized Maxwell equations:

Proposition 1.56. Geometric Maxwell equations Equations (1.39) and (1.40) are equiva-
lent to the Bianchi identity:
dF =0 (1.45)

whereas Equations (1.38) and (1.41) are equivalent to:

xdxF =J (1.46)

Proof. Equation (1.45) contains two terms:

dF = dB + dE A dt (1.47)
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because d*t = 0. Let us focus on the first term dB, using Proposition (1.45), and deleting the
terms containing dx A dx, dy A dy or dz A dz:

dB = 0, By dx Ndy Ndz + 0yBydy Ndz Ndx + 0,B, dz N dx A dy
+ OBy dt Ndy N dz + 0y By dt ANdz AN dx + 0,B, dt \Ndx A dy
:div(é)dm/\dy/\dz—l—athdy/\dz/\dt—|—atBydz/\d:n/\dt—i—athdx/\dy/\dt

On the other hand, the second term of Equation (1.47) can be written as:

dENdt = OyEydy N\ de Ndt + 0. E, dz Ndx A dt
+ 0, Eydx N\ dy Ndt + 0.Eydz Ady A dt
+ 0y E.dx N\ dz Ndt + OyE. dy Adz A\ dt
= (0:Ey — OyEy)dx N\ dy Ndt + (OyE, — 0,Ey)dy A\ dz A dt
+ (0:E; — 0z E)dz A dxz A dt

Writing dB + dE A dt = 0, one obtains the following identity:
0= div(B) dz Ady Adz + (8Bs + 0,B= — 0., )dy A d= A dt
+ (0By + 0.B, — 0, ) dz N du A dt+ (0B + 0, By — 0, By )du A dy A dt

Thus, each term in parenthesis is equal to zero, and we obtain Equations (1.39) and (1.40). O

Exercise 1.57. Using the fact that the volume form is w = dt A dz A dy A dz in our convention
for Minkowski space, show that:

0 B, B, B
-B, 0 E, —E
CPw=|_5 _B 0 B
-B. E, —E, 0

and prove Equation (1.46). Beware of the timelike direction dt that satisfies (dt,dt) = —1 in
Minkowski space.

The Bianchi identity (1.45) implies that the field strength is a closed 2-form. We have seen
in Proposition 1.55 that the de Rham cohomology is vanishing, except for zero forms. Then, it
means that F'is an exact form, i.e. there exists a differential 1-form A such that:

F=dA (1.48)
Using the musical isomorphism # on the 1-form:
A=A, dxt = -Vdt+ Apde + Aydy+ A, dz (1.49)

it gives a vector field on M that is written A = V% + A, where V' is the scalar potential and

A is the vector potential. To keep this analogy in mind, we often call the differential 1-form
A a potential for F. Obviously, in the case where the 2nd group of de Rham cohomology is
not zero (this does not happen in R™ but could happen on other smooth manifolds), it may
not be possible to find a vector potential for F. That is why Equation (1.45) is a topological
condition. The physical information is contained in Equation (1.46): it is a necessary condition
to the existence of a potential A for F'.
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FExercise 1.58. Check that Equation (1.48), with the potential A = =V dt+ A, de+ A, dy+A. dz
is equivalent to the two equations:

E = —grad(V) — %‘f (1.50)
B = curl(A) (1.51)

— — . . 3
Where curl and grad are considered to be the usual operators in R”.

Reinjecting Equation (1.48) in Equation (1.46), one obtains the following identity:
*dxdA=J (1.52)

We will see later that xd x d is (in Minkowski space) the d’Alembertian operator OJ = g—; — A,
so that one may show that Equation (1.52) is equivalent to the following two equations:

AV + gtdiv(ii) =—p (1.53)
OA + grad (div(fl) + i’;) _7 (154)

Under the assumption that E and B are related to A and V through Equations (1.50) and (1.51),
Equations (1.53) and (1.54) are equivalent to Equations (1.38) and (1.41). Hence we see that
the geometric Maxwell equations are equivalent to the classical Maxwell equations. The Bianchi
identity is a topological condition, automatically satisfied in M (but not on every manifold), so
that the existence of A depends on the possibility of solving Equation (1.52).

The fact that the choice of potential A is fixed, up to an exact 1-form df — because d(A +
df) = dA = F — implies that one can make a specific choice for A that possibly simplifies
Equations (1.53) and (1.54). When we make such a choice, we say that we fix the gauge. Let
us choose the Lorenz gauge®, defined by the condition:

9, AM =0 (1.55)

The notation A* symbolizes the components of the vector field A% so AM = A, A=V,
and A® = A; for 1 < i < 3. Then, Equation (1.55) translates as:

1% o
E + le(A) =0

In this gauge, Equations (1.53) and (1.54) become:

Ol d
<
I Il
<y

Fixing a gauge allows to obtain differential equations that may be easier to solve. There are
several gauges in electromagnetism: the Coulomb gauge, where div(;i) = 0; the Weyl — or
temporal — gauge, where V' = 0. Electromagnetism is one of the simplest gauge theories. Its
straightforward generalization is the Yang-Mills theory, whose study is postponed to a later
chapter.

5From the Danish physicist Ludvig Lorenz, not to be confused with the Dutch physicist Hendrik Lorentz,
to whom we attribute the Lorentz transformations in the theory of relativity, nor with the American physicist
Edward Lorenz, who gave his name to the attractor looking like a butterfly in dynamical systems.
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2 Differential calculus on smooth manifolds

In this Chapter, we will introduce the notion of smooth manifold and, relying on the mathemat-
ical background of the first chapter, develop the machinery needed to study action functionals
and turn to more involved topics. The material presented in Chapter 1 will be central to the
present chapter, because we will soon understand that a smooth manifold is locally like R™. It
means that at least locally, in a neighborhood of a point, we should think of a smooth manifold
as a n-dimensional vector space. The tangent bundle and the cotangent bundle on a smooth
manifold, although defined globally, are thus always locally trivial. Differential forms on a
manifold are thus always locally exact (because de Rham cohomology on R™ is almost trivial).
Integration of differential forms, though, needs considering the global structure of the manifold.
That is why it is often used to probe the topological structure of the manifold, e.g. in topological
field theories.

2.1 Smooth manifolds

We emphasize in this presentation the role of functions on manifolds. There is indeed a deep
relationship between a manifold, and the algebra of functions on this manifold. One should
consider that defining a smooth manifold M from its topology and additional properties satisfied
by the open sets is actually equivalent to characterizing what are smooth functions on this
manifold M. This point of view illustrates the equivalence between the geometrico-analytic
point of view, and the algebraic point of view:

Geometry Algebra

M —— C®(M)

A smooth manifold is a particular case of a topological manifold which, in turn, is defined
as follows:

Definition 2.1. A topological manifold of dimension n is a topological space M (i.e. a set
equipped with a topology of open subsets), that is:

1. Hausdorft, i.e. points can be separated by neighborhoods: for every pair of points x,y € M,
there are disjoint open subsets U,V C M such that x € U and y € V;

2. second-countable, i.e. there exists a countable basis for the topology of M ;

3. locally euclidean, i.e. every point of M has a neighborhood that is homeomorphic to an
open subset of R™.

The first property is a minimal assumption to avoid pathological cases that are not fit to
do analysis. The second property means that the topology is generated by a countable family
of open sets. This axiom is desirable as in (non necessarily Hausdorff) second-countable spaces,
compactness, sequential compactness, and countable compactness are all equivalent properties.
In non-compact Hausdorff spaces, second-countability can then be interpreted as a weaker ver-
sion of countable compactness:

Proposition 2.2. Let M be a locally euclidean Hausdorff topological space, then M is second-
countable if and only if M is paracompact — i.e. every open cover of M has a locally finite open
refinement — and has countably many connected components.

Proof. See Proposition 2.24 and Exercise 2.15 in | ] O
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This consequence is crucially needed to define partitions of unity, which are central to define
integration on smooth manifolds and metrics on a manifold. The last property of Definition 2.1
means, more precisely, that for every point x € M, there exists an open neighborhood U of z
and an open subset UcC R"™, together with a homeomorphism ¢ : U — U from U onto its
image. We call the pair (U, ¢) a chart or coordinate chart on M. At the cost of translating the
image of the map ¢ in R™, one can always send x to 0 € R™. We then say that the chart is
centered at x; every chart can be made centered at = by substracting the vector ¢(z). Denoting

by 2!, ..., 2" the standard coordinates centered at 0 on R”, we often define by abuse of notation
the composite functions z* o ¢ with the same letters z'. We then call the continuous functions
xb, ..., 2" local coordinates at x. We define an atlas for M to be a collection <7 of charts whose

domains cover M. Let us now give three pathological examples illustrating why we need the
three assumptions in Definition 2.1.

Ezample 2.3. The ‘line with two origins’ is second-countable and locally euclidean, but not
Hausdorff. It is obtained as the quotient of the union of the two horizontal lines {(z,y) €
R%|y = 1} and {(x,y) € R?|y = —1} (with their respective subspace topology) under the
following relation: (x,1) ~ (x,—1), whenever z # 0. Due to this very particular choice of
quotient, the two origins cannot be separated by neighborhoods.

Ezample 2.4. The ‘long line’ is Hausdorff and locally Euclidean but not second-countable. It
consists of segments [0, 1] glued one after the other, but uncountably many times (contrary to
the real line). The ‘long ray’ is the cartesian product L = w; X [0, 1] equipped with the order
topology that arises from the lexicographical order on L. The long line is obtained by putting
together a long ray in each direction (positive and negative).

Ezxample 2.5. The ‘figure eight’ is Hausdorff and second-countable but not locally Euclidean at
the origin.

Ezample 2.6. Let f : R® — RF be a continuous function. The graph of f is the subset of
R” x R*:

L(f) = {(z,y) eR" xR* |y = f()}
Equipped with the subspace topology, it is a topological manifold. Indeed, denoting the projec-
tion on the first factor pry : (z,y) — x, we set p = prl\p(f). Then ¢ is a continuous surjective
map that has a continuous inverse: ¢~ !(x) = (x, f(z)). Then it is a homeomorphism, and
(T(f),¢) is a global coordinate chart, turning I'(f) into a topological manifold of dimension n.

The fact that topological manifolds of dimension n are locally homeomorphic to R™ implies
that we may be able to do differential calculus on it. For instance, given a continuous function
f:M — R and a chart (U, ) on M, one could consider the composition fo ¢! : U — R,
which is a real-valued function whose domain is an open subset U of a Euclidean space. Then
it would make sense to say that f is smooth if and only if for every chart (U, ) on M, fo et
is infinitely differentiable. However, this definition is not stable when passing from one open
set U to another open set V, for the following reason: let (U, ¢) and (V,v) be two charts
whose underlying open sets U and V are overlapping; then, the transition map ¢ o ~" is a
homeomorphism from ¢(UNV') to o(UNV), both open subsets of R”. However, this map is not
necessarily smooth, and this has the following consequence when we write f over the intersection
unv:

foyp™t=fop lo(poy)
Then, even if f o ¢~! and f oy ~! are both differentiable, it does not imply that the function

@ o 9~! is, which is a bit problematic regarding the derivation rule of composite functions:
Ok(goh) =", 0k(h")d;(g) that one should expect in differential calculus.

To solve this issue, one should restrict the choice of coordinate charts adapted to the topo-
logical space M and pick up only a sub-family of those, that are ‘compatible’, i.e. such that the
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Figure 8: Two overlapping charts (U, ¢) and (V, ) are smoothly compatible if the map o' :
eUNV) — (U NV) is a diffeomorphism. A smooth atlas is a collection of smoothly

compatible charts covering M.

transition functions between two charts of that family are smooth. More precisely, two charts
(U, ) and (V,1)) are said to be smoothly compatible if either U NV = ) or the transition map
oyt UNV) — (UNV) is a diffeomorphism, i.e. a smooth homeomorphism from
e(UNV) toy(UNV), whose inverse is smooth as well. An atlas o7 is called a smooth atlas if
any two charts in &7 are smoothly compatible with each other. Obviously a given (topological)
atlas on M can give rise to several smooth atlases if, for instance, two families of charts covering
M are smoothly compatible within the families, but not between them. Given a smooth atlas
&/ on M, one says that a chart is smoothly compatible with the atlas, if this chart is smoothly
compatible with every chart comprised in /. The union of all compatible charts to a given
smooth atlas o7 then defines a smooth atlas that is said maximal: it is not contained in any
strictly larger smooth atlas. Such a smooth atlas is always very large since it contains every
possible choice of smoothly compatible charts on the topological manifold M. Alternatively,
one can work with equivalence classes of smooth atlases: two smooth atlases &/ and &' are
considered equivalent if every chart of &7 is smoothly compatible with .&7’. That allows working
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on a manifold with a single smooth atlas, consisting of only a few and practical charts, with the
implicit understanding that many other charts and differentiable atlases are equally legitimate.
Then, maximal smooth atlases are distinguished representents of their respective equivalence
classes of compatible smooth atlases. Lemma 1.10 in | | provides some understanding
of the relationship between maximal smooth atlases and equivalence classes of smooth atlases:

Lemma 2.7. Let M be a topological manifold of dimension n.

1. Every smooth atlas for M is contained in a unique mazximal smooth atlas.

2. Two smooth atlases are equivalent if and only if their union is a smooth atlas.

In particular, this shows that there may exist non-equivalent maximal smooth atlases for a
given topological manifold M. Then, we can now define the central definition of this subsection:

Definition 2.8. A smooth structure on a topological n dimensional manifold M is a maximal
smooth atlas o/. A smooth manifold of dimension n is a pair (M, /) — often only written M,
omitting <&/ — where M is a topological manifold of dimension n and </ is a smooth structure
on M.

Remark 2.9. The smooth structure is an additional piece of data added to a topological manifold
M. Most topological manifolds have uncountably many different smooth structures, but there
exist topological manifolds that do not admit any smooth structure.

Ezample 2.10. The vector space R" is a smooth manifold, when equipped with the chart
(R™,idgn): the smooth structure consists of all the charts on R™ that are compatible with
the first one.

Ezercise 2.11. Check that the following charts on the 2-sphere are smoothly compatible:

U = {(z,y,2) € S*|z >0} (resp. U, for z < 0)
Uy+ ={(z,y,2) € $*|y > 0} (resp. U, for y <0)
Ul = {(z,y,2) € S2 |z >0} (resp. U for z < 0)

and thus induce a smooth structure on S? (the smooth atlas of every chart compatible with the
above three charts). This kind of charts can be generalized to every n-sphere and defines the
standard smooth structure on the n-sphere.

It turns out that if the dimension of the topological manifold M is higher than or equal to 1,
then it has uncountably many distinct smooth structures (see Problem 1.3 in | ]). Thus
we would like a notion of equivalence of smooth structures that mimic the topological equivalence
of homeomorphic topological spaces: for this reason we introduce the notion of diffeomorphism.
Let M, N be smooth manifolds, and let f : M — N be any map (of sets). We say that f
is a smooth map if for any x € M, there exist smooth charts (U, ¢) containing = and (V)
containing f(x) such that f(U) C V and the composite map 1o fo@~!
sense (i.e. infinitely differentiable) from ¢(U) to ¥(V). The smooth map f is a diffeomorphism
if it is bijective, and its inverse f~! is smooth as well. The coordinate map ¢ of a smooth chart
(U, ¢) is a diffeomorphism onto its image ¢(U). While homeomorphisms define an equivalence
relation between topological manifolds, diffeomorphisms define an equivalence relation between
smooth manifolds. This relation allows to probe inequivalent smooth structures, for there exist
topological manifolds admitting several smooth structures that are not diffeomorphic to one
another. Finally, it is always useful to have the local variant of the former notion: f: M — N
is called a local diffeomorphism if every point x € M has a neighborhood U such that f(U) is
open in N and f : U — f(U) is a diffeomorphism (onto its image).

is smooth in the usual
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Ezample 2.12. The euclidean vector space R™ has a unique smooth structure (up to diffeomor-
phism) unless n = 4, in which case R* admits an uncountable number of non-diffeomorphic
smooth structures, and these are called exotic R*. See [ , p- 37] for more details on this
deep and exciting topic.

Example 2.13. The situation for the spheres is a bit more complicated. The following table
shows how many smooth types, i.e. smooth-structures up to diffeomorphism, a n-sphere admits:

Dim. [1]2|3| 4 |[5|6| 7 89|10 11 |12 |13 | 14 15 16 | 17 | 18

19

20

Types |1 1|1 |>1 11282 8| 6 [992| 1 | 3 | 2 |16256| 2 |16 | 16

523264

24

The n-spheres whose smooth structure is not diffeomorphic to the standard one are called exotic
sphere. It is not known yet how many types the 4-sphere possesses.

A smooth map f: M — R is called a smooth function on M. The set of smooth functions
on a smooth manifold M is denoted C*°(M). It is a commutative associative unital R-algebra.
The definition applies locally as well: any open set U of M inherits a smooth structure by
restriction of the atlas to U (this can be seen by applying Lemma 1.23 in | | to U); then
we note C®(U), or Q°(U), the space of functions on the open set U C M. Not every function
in C*°(U) descend from a function in C>°(M): for example ]0,1] is a smooth manifold, whose
smooth structure is inherited from its embedding in R, but there are functions on ]0,1[ that
do not descend from functions on R, e.g. f: 2z +— ﬁ Thus we see that C*°(U) is not a
subalgebra of C>°(M). Rather, the assignment U — C°°(U) which associates to any open set
a commutative associative unital R-algebra is what is called a sheaf of (commutative associative
unital) R-algebras over M. There is a deep relationship between smooth manifolds and their
algebras of functions. As for finite dimensional vector spaces, where the dual space E* is an
alternative characterization of a given vector space E, we expect some sort of duality between
a smooth manifold M and its space of smooth functions C*°(M). There exists such a result in
operator algebra:

Theorem 2.14. Gel’fand duality For every arbitrary unital commutative C*-algebra A there
exists a compact Hausdorff topological space X such that A is equivalent to the algebra of complex-
valued continuous functions on X: A ~ C(X). More precisely, there exists an equivalence of
categories between the (opposite) category of unital commutative C*-algebras and the category
of compact Hausdorff topological spaces.

The idea is not to understand this theorem but to see that for any given algebra of a certain
type, there exists a geometric space such that this algebra plays the role of a subalgebra of
functions — or operators — on this space. We expect this result to hold as well for smooth
manifolds, that is to say: to any commutative, associative algebra with unit over R with some
additional property, one can associate a smooth manifold, in the sens of Definition 2.8. Using a
metaphor with physics, the algebra of functions would be considered as ‘physical observables’,
and the associated smooth manifold would be what ‘could be observed’ by using these functions.
It is thus meaningful that, given a different choice of observables, then what could be observed
would change, and thus the associated manifold. There exists such a correspondence in algebraic
geometry, between a choice of a commutative ring R, and its associated set of points that we
call the spectrum of R: it is the set of prime ideals of R and is denoted Spec(R). Then, the
ring R is considered as playing the role of the ring of functions on Spec(R). Then a scheme is
a topological space X admitting a covering by open sets U;, such that each U; is the spectrum
of a given ring R;.
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We can define a smooth manifold using the same kind of ideas. Let us start from a commu-
tative, associative algebra with unit over R denoted % which will play the role of the algebra
of smooth functions C>°(M) on the manifold M yet to define. Drawing an analogy from finite
dimensional vector spaces, for which the dual of the dual of F is E (this is not true anymore in
infinite dimension), we define M — also denoted |¢’| — to be the ‘dual’ of ¢, i.e. the set of all
R-algebra homomorphisms to R:

|€| ={z:¢ — R, f— z(f) is an R-algebra homomorphism }

To this set we can associate an algebra of ‘physical observables’ %7, i.e. the R-algebra of objects
[ :|€| — R associated to some f € € via the formula f(z) = x(f). It turns out that € is

surjective onto %7, but not injective because there may be some non-trivial element f € € which
satisfies z(f) = 0 for every x. Since we want the elements of ¢ to be in one-to-one correspondence
with the physical observables on M = ‘So” |, we require € to satisfy the additional assumption

that:
ﬂ Ker(z) =0
z€|F|

This condition is equivalent to saying that every element of ¥ ‘observe’ at least something — for
if z(f) = 0 for every x € ‘Cg ‘, the element f could not be used as a physical observable. Then,
under this assumption, one can show that % becomes canonically isomorphic to the algebra of
‘observables’ %. Equipping the set |<€’ with the weakest topology for which all such functions
are continuous turns M = |<5] into a Hausdorff topological space. Then, € can be identified

through its isomorphism with % as a subalgebra of the algebra of continuous functions on M.

At this point, one would expect that the algebra % represents smooth functions on M.
However this claim is still far from reality. A naive postulate would be to additionally require
that € be locally isomorphic to C*°(R™) i.e., by assuming that there exists an open cover of M
with a family of open sets U;, M = J; U;, such that the restriction of € to each Uj; is isomorphic
to C*°(R™) as a R-algebra. This would be the algebraic way of saying that the manifold M
is locally like R™. However, this is mathematically not sufficient or does not define a smooth
manifold as we understand it. The precise condition that one should require on € is much more
subtle and very close to mathematical notions that are commonly used in algebraic geometry.
Since it is not the topic of the current course, I refer to | | for precise statements:

Theorem 2.15. There is an equivalence of categories between the category of smooth manifolds
and the category of complete geometric commutative associative unital R-algebras.

Geometry Algebra
M — C®M)
% ¢

What should be remembered from this discussion, is that there exists a canonical one-to-one
correspondence between smooth manifolds and commutative associative unital R-algebras satis-
fying additional specific conditions mirroring the topological and differential properties charac-
terizing smooth manifolds. This bijective correspondence will be used frequently when we study
gauge theories and constraint surfaces, and ultimately will be the fundamental characterization
of graded manifolds in graded geometry.

2.2 Vector bundles, pushforwards, pullbacks

In this section we are interested in smooth maps, and there associated pushforwards and pull-
backs. Most notions that we have seen in Chapter 1 will be understood as the ‘local’ versions of
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the objects presented in the present section. We have seen that over R™ a vector bundle is always
trivial. This property will only be observed locally for vector bundles over smooth manifolds:

Definition 2.16. A vector bundle of rank k over M is a topological space E together with a
surjective continuous map m: E — M, satisfying the two following conditions:

1. for every x € M, the preimage 7 *(x) C E is a k-dimensional vector space, called the
fiber of E at x and denoted E,;

2. for each x € M, there exists a neighborhood U of x in M and a homeomorphism @y :
71 (U) — U xRF (called a local trivialization of E over U ), making the following triangle
commutative:

d
cl U x RF

m(U)

where pry : U x R¥ — U s the projection on the first variable; and such that for every
y € U, the restriction of @y to Ey is a linear isomorphism from E, to {y} x RF ~ RF,

The space E is called the total space of the bundle, M is called its base, and w is called its
projection. If E is a smooth manifold, w is a smooth map, and the local trivializations can be
chosen to be diffeomorphisms, then E is said to be a smooth vector bundle. If there exists a
local trivialization over all of M (called a global trivialization of E), then E is said to be a
trivial bundle. In this case, E itself is homeomorphic (resp. diffeomorphic if E is smooth) to
the product space M x RF.

Every point x of M admits a tangent space T, M, whose definition is straightforward since it
does not depend on the neighboring points of z: the tangent space to M at a given point x is the
vector space of linear morphisms that are derivations at x, i.e. all the maps X, : C*°(M) — R
satisfying Equations (1.2) and (1.3). The tangent bundle of the smooth manifold M is the
disjoint union of the tangent spaces at each point:

T™ = | | .M
xeM

It can be equipped with a natural topology and a natural smooth structure, making it into a
rank n smooth vector bundle over M (see Lemma 4.1 in | ]). Similarly, the cotangent
bundle it the disjoint union of the cotangent spaces at each point, i.e. the spaces dual to the
tangent spaces: T M = (T, M)*. It can be showned that it is a smooth vector bundle of rank
n (see Proposition 6.5 in | D-

A local section of a vector bundle F over an open set U C M is a continuous map o : U — F
such that:
moo =idy

A global section is a local section defined over the whole manifold, i.e. such that U = M. When
E is a smooth vector bundle and o is a smooth map, we say it is a smooth section. Vector fields
and differential 1-forms are smooth sections of the vector bundles TM and T*M, respectively.
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Figure 9: A (smooth) vector bundle is locally trivial, i.e. in the neighborhood of every point,
there is an open set U, over which the pre-image 7~!(U) is homeomorphic (resp. diffeomorphic)
to U x R¥,

Some are defined only locally, while other are defined globally. The space of vector fields on an
open set U is noted X(U) while the space of differential 1-forms on the same open set is denoted
QL(U). A vector bundle always admits a smooth global section: the zero section, that has the
particularity that it sends every point € M to the zero vector in the fiber E,. A set of k local
sections o1,...,0, of E over U is called a local frame of E over U if for every x € U, the vectors
o1(x),...,0r(z) form a basis of the fiber E,. It is called a global frame if U = M, and it is
called smooth if the sections o; are smooth sections of the smooth vector bundle F.

Proposition 2.17. A smooth vector bundle is trivial if and only if it admits a smooth global
frame.

Remark 2.18. Unless explicitly said, in the following we will always assume that vector bundles
and their sections are smooth.

The space of smooth local sections of E over U is denoted I';(E) or I'(U, E); it is an infinite
dimensional R-vector space but a C°°(U)-module. If there exists a smooth local frame on U —
this occurs U is an open set trivializing F, i.e. satisfying the second item of 2.16 — then one
observes that the frame plays the role of independent generators of I'yy(E), with respect to the
action of C*°(U). One can always find such a frame in the neighborhood of every point, turning
the assignment U — T'(U, E') in what is called a locally free and finitely generated sheaf (it is
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actually what is called a C*°-module, because I'(U, E) is a C*°(U)-module for every U). Pushing
the idea further, C°°(U) can be seen as the space of local sections over U of the trivial bundle
M x R. In the same manner that a smooth manifold can be defined by its algebra of functions,
a smooth vector bundle can be defined through its space of sections. This fact is a central tenet
of the general duality between geometry and algebra. The category of real vector bundles on M
is equivalent to the category of locally free and finitely generated sheaves of C*°-modules on M.
This is the well-known Serre-Swan theorem which, in modern language, can be expressed as:

Theorem 2.19. Serre-Swan There is an equivalence of categories between smooth vector bun-
dles of finite rank over a smooth manifold M and finitely generated projective (equivalently:
locally free) C*°-modules over M.

Geometry Algebra
E «—— TI(-E)
Proof. Tt is explained in Chapter 11 of | ] O

Smooth sections of the vector bundle A" T*M = | |, c)s N T M are called differential m-
forms. They can be either locally defined or globally defined. The de Rham differential acts on
these differential forms via Equation (1.31), and it induces the same notion of closedness and
exactness of differential forms. For any open set U, the m-th de Rham cohomology group is:

_ Ker(d: Q™(U) — Q™t1(U))

where we understand that Q~(U) = Q"1 (U) = 0. Since a smooth manifold is locally Euclidean,
it means that in the neighborhood of every point, the cohomology groups are trivial except at
level 0 (see Proposition 1.55), because a small enough open set is homeomorphic to R™. However,
globally, the de Rham cohomology of a smooth manifold has no reason to be trivial. On the
contrary, it is often not trivial because it contains information on the topological structure of
the manifold, as the following examples show:

Example 2.20. The de Rham cohomology of the n-sphere S™ satisfies:

i an R ifi=0o0ri=n
Hip(S )2{

0 otherwise
Example 2.21. The de Rham cohomology of the n-torus T™ satisfies:
Hip(T") = R()
In order to define local frames of the tangent and cotangent bundles, one needs to introduce
the notion of pushforwards, and pull backs. First, let us define the following important notion:

Definition 2.22. A morphism of vector bundles, or bundle map, between smooth vector bundles
E (over M) and E' (over N) is a pair (1, ) of smooth maps ) : M — N and ¢ : E — E’,
making the following square commutative:
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and such that the restriction to the fibers ¢, : E, — E{Z)(p) is a linear morphism of vector
spaces.

When N = M and 1 = idys, the above diagram reduces to a triangle:

E—>E’

N

Since both E and E’ are smooth vector bundles over M, for every smooth section o the composite
¢oo defines a smooth section of E’. Then, fiberwise linearity of ¢ implies that, for every smooth
section o of E, and every function f € C*°(M), one has:

Forgetting about the point z, this equation reads: ¢ o (fo) = f(¢ o o). Thus, vector bundle
morphisms over the same base manifold are morphisms of the corresponding sheaves of sections
that are C*°-linear. This is actually an alternative characterization of vector bundle morphisms
over a smooth manifold. This is a consequence of the Serre-Swan theorem:

Proposition 2.23. Let E and E' be smooth vector bundles over a smooth manifold M. Then a
map of sheaves ® : T'(—, E) — I'(—, E') is linear over C>°(U) for every open set U if and only
if there exists a smooth bundle map ¢ : E — E’ over M such that ®(c) = ¢ oo for all smooth
section o.

Let us provide an example of such a vector bundle morphism, that will become central in
the following parts fo the course:

Definition 2.24. Let M be a smooth manifold. A Lie algebroid over M is a smooth vector
bundle A, together with:

1. a Lie algebra structure [.,.]a: T'(A) @ T'(A) — I'(A) on the space of sections,

2. and a vector bundle morphism p: A — TM called the anchor,

such that the following Leibniz rule holds:

[a, fbla = fla,b]a + p(a)(f) b (2.1)

for every a,b € I'(A) and f € C>®(M).

A Lie algebroid is a generalization of the tangent bundle, since Equation (4.86) is resembling
Equation (1.12). Indeed, the tangent bundle is a particular case of a Lie algebroid, where the
anchor is the identity map. Lie algebroids also generalize Lie algebras since a Lie algebra is
a Lie algebroid over a point. As Lie algebras are infinitesimal counterparts of Lie groups, Lie
algebroids are infinitesimal counterparts of Lie groupoids. These objects are widely used in
mathematical physics nowadays.
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Ezample 2.25. The space of endomorphisms of R" is denoted End(R") or gl,,(R). By Exam-
ple 1.15, it is a finite dimensional Lie algebra, with respect to the commutator of endomorphisms
[M,N] = M o N — N oM. This Lie algebra additionally defines an infinitesimal Lie algebra
action on R” via the following Lie algebra homomorphism:

il (R) —— X(R")

d
M — XM:(a;,f)»—>£ f(x - exp(tM))
t=0
where, on he right-hand side, the group element acts from the right. On the basis (E; ;)i<i j<n
of gl,,(R) this homomorphism then reads at the point x:

ﬁ(Ei,j)x = XEi,j,x = IZ@
where the z* are the coordinates of the point z. These data are sufficient to define a Lie algebroid
over R” via the following data: A = R"™ x g[,,(R) (it is a trivial vector bundle); [.,.]4 is defined
on the constant sections as the bracket on gl,(R) and then it is generalized to every smooth
sections by the Leibniz rule (4.86); the anchor map is defined on the frame of constant sections
(Ei,j)lgi,jgn of A by: 8

(2
p(Eig) =a'5

Then the infinitesimal action of gl,,(R) on R™ straightforwardly translates in the data contained
in a Lie algebroid. More generally, the action of a Lie algebra g on a manifold M can be encoded
in what is called an action Lie algebroid M x g.

Remark 2.26. One could have defined the infinitesimal action of gl,,(R) on R™ as a left action,
but in that case we need to add a minus sign to have a Lie algebra homomorphism:

M —— Xy (2, f) — —% t_of(exp(tM) - x) (2.2)

and the basis vectors E; j are sent to —a/ 6‘;, which is not very practical. If the minus sign

had not been present, we would have a Lie algebra anti-homomorphism g — X(M). The
choice of a minus sign or, more conveniently, a right action, comes from the following facts
(that we summarize very sketchily): to any smooth manifold M, one can associate its set of
diffeomorphisms, denoted Diff (M). This space can be equipped with an infinite dimensional Lie
group structure whose local charts are modeled over the infinite vector space X(M).

Then, the left invariant vector fields over this Lie group form a Lie algebra 0iff(M), in
bijection with the space of vector fields on M. However, the choice of Lie bracket on X(M),
as defined in Equation (1.10), corresponds to minus the Lie bracket on 0iff(M), and we write
X(M) ~ 0iff(M)°P. This can be explained by the fact that the diffeomorphisms act on M from
the left, and thus the induced linear map between the Lie algebras of Diff(M) and X(M) is an
anti-homomorphism (because the vector field associated to a given diffeomorphism is obtained
without involving the minus sign appearing in Equation (2.2)). More generally, a left action of
a Lie group G on the manifold M is equivalent to a group homomorphism G — Diff(M). This
group homomorphism induces in turn a Lie algebra homomorphism g — 2iff(M), and thus a
Lie algebra anti-homomorphism from g to X(M). However, a right-action of a Lie group G on
a manifold M is equivalent to a Lie group homomorphism G — Diff (M )P, where Diff (M )P
is the Lie group modeled on Diff (M) but with multiplication from the right. Then in that case,
the Lie algebra homomorphism g — 2iff(M)° is equivalent to a Lie algebra homomorphism
g — X(M). For more details on these questions see Section 3.3 of these lecture notes.
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Ezercise 2.27. By using the Jacobi identity on I'(A) and Equation (4.86), show that the anchor
map is a Lie algebra homomorphism from I'(A) to X(M). That is to say, it satisfies the following
equation:

p(la,bla) = [p(a), p(b)] (23)

for every smooth sections a,b € I'(A).
Here is another important example of a vector bundle morphism:

Definition 2.28. Let M, N be smooth manifolds. For every smooth map F : M — N we
associate a vector bundle morphism F, : TM — TN called the pushforward, defined on each
fiber T, M as:

Fi(Xa)(f) = Xo(fo F)
for every f € C*(N) and X, € T, M.

The pushforward is a vector bundle morphism sending tangent vectors on M to tangent
vectors on N:

M — N

Given a point x € M (resp. y € N) and a trivializing neighborhood (U, ) centered at = (resp.
(V,v) centered at y), then the matrix of the linear morphism Fi : T, M — Tp(,;)N at x is the

Jacobian of the smooth map v o Fo ™! :~ﬁ — V at o(x), where U = ¢(U) is an open subset
of R™ centered at 0 (and respectively for V):

R, = (8”’ 2Foy ) (@(ﬂf))) (2.4)

‘/I:Z
g 1<i,j<n

In the above formula, the coordinates ! in the denominator denote the standard coordinates on
U. Notice that the numerator (o Fop~1) can alternatively be written 1/ o F o o', where 17
is a smooth function on V' and denotes the j-th component of 1) with respect to the standard
coordinates on V.

The pushforward Fj is then the best linear approximation of F' at the point z. The rank of
the Jacobian matrix at x characterizes this smooth map at this point and is called the rank of
F at z. If the rank of F' is constant for every point of the smooth manifold M then we say that
F has constant rank and denote it by rk(F'). We have the following conventions:

1. if rk(F) = dim(M) at every point (i.e. F is injective everywhere), then F' is called an
immersion;

2. if rk(F) = dim(N) at every point (i.e. F is surjective everywhere), then F is called a
submersion.

In both cases, these properties are partly independent from the fact that F' being injective,
surjective of bijective. For instance, when dim(M) = dim(N), F' is a (local) diffeomorphism if
and only if it is an immersion or a submersion. However, F' needs not be a global diffeomorphism:
for that it should be either injective or surjective.
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Remark 2.29. The pushforward admits several other notations: dF' because it is the differential
of the map F (so that when N = R, we retrieve the usual differential of functions), T'F to
symbolize that it is a map between tangent spaces, etc.

Lemma 2.30. Given two smooth functions F': M — N and G : N — P, the pushforward of
the composite Go F' : M — P preserves the order:

(GoF).=G.oF,

Be aware that although tangent vectors always behave well under pushforwards, it may not
be the case for vector fields, i.e. sections of the tangent bundle. This phenomenon actually
exists for every vector bundle morphism, so we will study this problem in the general setting.
Let E (resp. E’) be a smooth vector bundle over the smooth manifold M (resp. N), and let
(1, ¢) be a vector bundle morphism from F to E’. Let o be a smooth section of F, then under
the action of ¢ it becomes a map ¢(¥'#) : Im(t)) — E’ defined on the subset Im(¢)) C N by:

o9 (P(x)) = p(o())

There may be several obstructions to the fact that o(¥%) forms a smooth section of E’. This
can be seen in several situations: 1) local sections should be defined on open sets, but if the
smooth map 1 is not open (i.e. if ¢)(U) is not necessarily open while U is open) then Im(t) may
not be even open in N, so that the map o(¥*®) could not be qualified as a local section of E’; 2)
if 4 is not injective then ¢ can send two conflicting informations to the same point of N: take
x,y € M such that z = ¢(z) = ¥(y), but then for any choice of smooth section o, how would
be defined ¢(¥9)(2)? As ¢(o(x)) or as ¢(o(y))?

These problems can be explicitly solved if one introduces the notion of pullback bundle,
that would be introduced as an intermediary bundle between E and E’. Given a smooth map
v : M — N, and a vector bundle E’ over N, one defines the pullback bundle of E' along
1, denoted ¥'E’, as the vector bundle over M such that the fiber over the point z € M is
(W'E, = qup(x)' Thus, as a set, the pullback bundle is the disjoint union ¢'E’ = | ], ), quz;(:c)
and the projection map is denoted 'n’ : E{p(x) —— x. Notice that the fact that we have a
disjoint union (and not a mere union) is crucial so that the fibers associated to the pre-image of
the same point stay disjoint in ' E’. Under this convention, the vector bundle morphism (¢, @)
induces a vector bundle morphism (idys, ¢) covering the identity of M:

E4>1/)E’

N S

In that context, any local smooth section o of E induces a local smooth section o143:9) of ' B/
Indeed, since ¢'E’ is a vector bundle over M, if o is defined over an open set U then o(dm @)
stays defined over the same open set U. Moreover, the possible lack of injectivity of ¢ is now
solved: the images of two different fibers of F through ¢ are sent to different fibers of ¢'FE’
so they cannot be confounded. Thus, even though v (z) = v (y), the element o(da:9)(z) is a
vector of the fiber of ¢'E’ over z, while ¢(id3:9)(y) ¢ (w!E’)y. To conclude, the vector bundle
morphism (idys, ¢) : E — ' E’ sends smooth sections to smooth sections.

Now, notice that any smooth section 7 of E’ over some open set U C N defines a map
't p~H(U) — ¢'E’ by the following identity:

(V'7)e = Ty
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This assignment is well defined, and it is easy to see that it is additionally smooth, hence ¥'r is
a smooth section of ¢'E’ over 1~ 1(U). Then, we say that a smooth section o € I'(E) over some
open set U C M and a smooth section 7 € I'(E’) over some open set V' C N containing ¢ (U)
are (1, ¢)-related if we have the following identity over U:

o lidar,¢) — 1/}!7-

In that case, we can consider that the image of the smooth section o through (¢, ¢) is 7.
Obviously, if v is not surjective, o can be related to many sections 7 (that could for instance

differ outside Im(%))). Moreover, not every smooth section of E is related to a smooth section
of E'.

Ezample 2.31. Let M = N =R and let E = E' = R2. Let (z) = 22 and let ¢(z,y) = (z, 2y)
(the latter is indeed linear on the fibers). Be aware that although M = N and E = E’, the
fact that v is not the identity implies that not all smooth sections of E are (i, ¢) related to
smooth sections of E’. Let o : x — (x,sin(z)) a smooth section of F; determine what is the
section ¢4Mm:9) € (' E'). Then, find a global smooth section 7 of E! which is (¢, $)-related
to . Find a smooth section ¢’ of E such that there exist no global smooth section of E’ that
would be (1, ¢)-related to o

To summarize we have the following situation (this diagram should not be understood as a
commutative diagram, but as a metaphor, even though the square on the left is commutative):

E Qb w!El Q’Z) E/
T
YL N id N

Using this construction, we understand that, given a smooth map F': M — N, a vector field
X on M is F-related to a vector field Y on N, if:

F.X=FY

The notion of pullback bundle, as the name indicates, allows to make sense of so-called pullbacks:

Definition 2.32. Let M, N be smooth manifolds. For every smooth map F : M — N we
associate the pullback F* : F'T*N — T*M, defined on each fiber T;,(I)N as:

F*(€p()(Xz) = Er@) (Fu(Xa)) (2.5)
for every §p(y) € T;(x)N and X, € T, M.

The pullback is a vector bundle morphism covering the identity of M:

FT*N—>T*

NS
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Differential 1-forms on N can be pullbacked on M via Equation (2.5) but, contrary to vector
fields that do not behave well under pushforwards, differential forms actually behave very well
under pullbacks. For every covector field ¢ € Q(N), the pullback of ¢ is the unique section F*¢&
of T*M defined at z as in Equation (2.5):

(F")e = F*(§F@))

Note that there is no ambiguity in the definition of F*(§), contrary to the case of the pushforward
of vector fields. This section is smooth because the function (F*€)(X) : 2 —— Ep(y) (Fi(Xy))
is a smooth function of x (it can be seen from the fact that x —— &p(,) is a smooth section
of F'T*N, while # — F.X, is a smooth section of F'TN ), thus it satisfies criterion 2. of
Scholie 1.22.

Thus, the pullback can be extended to a smooth map F* : Q'(N) — Q'(M). We can also
extend F* to smooth functions, for if f € C°°(N), we define, for every x € M:

F*(f)(@) = f(F(x))

More generally, for every differential m-form 7 on N (m > 1), one defines the pullback of 1 to
M from its action on m vector fields Xy, ..., X,, € X(M):

FY0) (X1, Xn) = Fip(F X0, .. P X,0)

where F'n € T'(F' A"™T*N) is the pullback section of F' A™T*N associated to 7, i.e. the smooth
map associating to every point € M the covector np(,). Using this result, one can extend the
pullback as a graded commutative algebra morphism F* : Q*(N) — Q°*(M) from the following
identity:
F(n A p) = F*(n) A F*(p) (2.6)
for any m-form n and p-form g on N. For a proof of this statement see Lemma 12.10 in |
]. Then, the pullback somehow defines a dual version of a smooth map:

Geometry Algebra
M —_— C>(M)
F-M—N ——— F:Q%N)— QM)
In this correspondence the pullback is actually characterized by the following algebraic property:

Proposition 2.33. The pullback F* : Q*(N) — Q*(M) of the smooth map F : M — N is
a morphism of differential graded commutative algebras from (Q*(N),dn) to (Q*(M),dyr). In
particular, it commutes with the respective de Rham differentials dyy on M and dy on N:

dMOF*:F*OdN

Proof. The fact that F* is a morphism of graded commutative algebra is transparent in Equa-
tion (2.6). For m =0, let f € C>°(IN) and let X be a vector field on M. Then, one has:

F*dnf)(X) = FldNf(F.X) = F.X(f) = X(f o F) = X(F*f) = dy F*(f)(X)

where the third term is an explicitation of the second, as the action of the section F,X €
['(F'TN) on f is understood to be the expected one: z +—— X, (f o F(x)). Now let m > 1,
let n € Q™(N) be a differential m-form on N, and let Xi,..., X,,11 be m vector fields on
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M. One can easily check that on their respective pullback bundles, F'dyn = dyF'n and
[F. Xi, F\ X;] = F[X;, X;]. From this, we deduce:

(F*(dym) (X1, .., Xme1) = Fldyn(Fu X1, ..., FiXony1) = dNF'n(Fu X1, ..., FuXmi1)
m+1
=Y (-)T'RX(F'n(RXy, ..., BX, . FoiXmp))
=1

+ Y (V)T ([FX FXG) B X B RXG, L B X )
1<i<j<m+1 W
- * 1342 ]
= (—1)171Xi(F*(T])(X1,...,Xi,...,Xm_;,_l))
i=1
+ (=) R ) (X6, X5), X1y oy Xy Xy ooy X1

H
JA
A
<.
AN
3
+
—

O

Since pullback goes the other way around compared to F', contrary to pushforwards, com-
position of pullbacks is not the pullback of the composite maps:

Lemma 2.34. Given two smooth functions F': M — N and G : N — P, the pullback of the
composite Go F : M — P reverts the order:

(GoF) =F* oG

Remark 2.35. The correspondence between geometry and algebra can be further exploited to
describe Lie algebroid morphisms. Without entering into much details, a morphism of Lie
algebroids ¢ : A — B is a vector bundle morphism that is additionally a Lie algebra morphism
on sections, and which is compatible with the anchor map. This complicated condition can
be equivalently stated as the following: a Lie algebroid morphism is a morphism of differential
commutative graded algebra @ : (Q®*(B),dg) — (Q2°(A),d4), where (Q°*(A), d4) is the so-called
Lie algebroid cohomology. This one-to-one correspondence was originally found by Vaintrob
[ ], and is still valid for higher Lie algebroids.

Pushforwards and pullbacks allow to define smooth local frames on the tangent and cotangent
bundle. Let x € M and let (U, ) be a trivializing chart of the tangent bundle (and then, by
duality of the fiber, of the cotangent bundle as well) centered at x. We denote by x!,..., 2" the
standard coordinates on U centered at 0 (because ¢(z) = 0), and by abuse of notation they also
denote the composite function z% o . Then one can define:

1. a local smooth frame of TM over U from the constant vector fields a(zi on U = p(U), via
the push-forward of ¢ 1: U — U. This time the pushforward is well defined because
p : U — U is a diffeomorphism. For brevity, we denote the induced local smooth frame

on U by the same notation 31, ..., a% and we call it the coordinate frame;

2. a local smooth frame of T*M over U from the constant covector fields da? on U = o(U)
via the pull back of ¢. We denote this local smooth frame on U by the same notation
dz', ... dz"™ and we call it the coordinate coframe.

Both frames are well-defined because they are constant sections. In order to differentiate the

frame on U C M and the one on U C R"™, we write 8‘21-
y

(resp. dx'|,) to indicate the former,
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8.
0 |y

a smooth global frame for the tangent bundle is said parallelizable. The only spheres that are
parallelizable are S', S* and S”.

Ezxample 2.36. For every 1 < m < n, the exterior algebra of the cotangent space at each point
defines a smooth vector bundle:

and

(resp. dx'|,(,)) to indicate the latter, for every y € U. A manifold that admits

AT R, = | | AMTR”
TER"™

Then a smooth local frame consists of the sections dz* A ... Adzx'™ for 1 <i; < ... < iy <n.
It is not a global frame because the coordinates functions x* are only defined locally.

Now let us understand how the coordinate functions of vector fields and of differential forms
transform under a change of local coordinates. Assume that there exists another compatible
chart (V1) centered at x so that V = (V) and &%, ..., 2" are the standard coordinates on V
centered at 0. Then, under the change of coordinates 1) o =1 : U — V, the constant sections

6% transform as:
o 4, 0
= e (27)
y oy
0
= @ o o p ers
©(y)
I(1p o 1) 0
—wm( oo w5 )
P(y)
A ot 0
= M) (o) 2 (2.9

Y

for every y € U N'V. We pass from the first line to the second line by using Lemma 2.30, and
from the second line to the third by Equation (2.4). Then the push-forward () ~!). is linear so
that we obtain the fourth line.

Remark 2.37. Usually the term % (¢(y)) is denoted %"’g ? (y), because it is transparent and

for practical purposes. We will pick up this convention from then on.

A vector field X € X(UNV) decomposes as X* 8?:2' with respect to the coordinate functions '
of ¢, and X7 -2 with respect to the coordinate functions z’* of 1. Then Equations (2.7)-(2.8)

ox'J
show that:

s
19 __ 7
Xy = O (y) X,
We observe that under a change of coordinates z* — %, the coordinate functions of the vector
field transform in the opposite way than the constant sections 8‘;:
0 g | OxJ 0
oz’ oz't| Oz’ (y)@
y y y
. 9l .
i no__ i
Xy Xy = O (y)X,

The first line has been obtained from Equations (2.7)-(2.8) by inverting the Jacobian matrix
9z
ozt *

Since the coordinate functions of vector fields transform in the opposite way than the way
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in which the canonical frame of the tangent bundle transforms, we say that these coordinates are
contravariant. Changes of coordinates impact also the way differential forms transform, since
for any covector field £ = &; dz* = £} dz”, by using Equations (2.7)-(2.8), one has:

9
ozt

B Ox'I 0

ox"
= o0 W | g

= %(ZJ) §y.i

gy,’i = gy

Y Y

Here, we consider that the coordinates z* and 2/ are those on U N'V. Thus, we observe that the

coordinate functions of differential 1-forms transform in the same way as the constant sections
g .

ort”
0 o | 8$j( )i
Ozt oz | = 0z B
y y y
oxl
b —————  Ei= o)

Since the coordinate functions of differential forms transform in the same way as the way in
which the coordinate frame of the tangent bundle transforms, we say that these coordinates are
covariant. In general the position of the indices indicates when it is a covariant (at the bottom)
or a contravariant (at the top) coordinate. The names ‘contravariant’ and ‘covariant’ come from
the fact that the pushforward functor, assigning to any smooth manifold its tangent bundle
and to any smooth function its pushforward, is a covariant functor, while the pullback functor,
assigning to any smooth manifold its algebra of functions and to any smooth function between
manifolds its pullback, is a contravariant functor.

2.3 Submanifolds in differential geometry

The notion of pullback and pushforward allows to define various kinds of subspaces in a smooth
manifold, that can be additionally equipped with a distinguished smooth structure that turn
them into submanifolds. Since it is a very subtle topic, I strongly advise the reader to refer to
[ ] and to | | to get a much more clear understanding of the notions discussed in
the present section. Also, I refer to | ] in order to deepen one’s understanding
of the differences between the various exposed notions and their relationship with diffeological
manifolds. There are three main kinds of submanifold objects:

{embedded submanifolds} C {weakly embedded submanifolds} C {immersed submanifolds}

An immersed submanifold of a smooth manifold M is a subset S, equipped with a smooth
structure (i.e. a topology composed of smoothly compatible charts) such that the inclusion
t: S — M is a smooth map (with respect to the respective smooth structures on S and M)
and an immersion. It does not mean that the topology on S is the subspace topology, and
in general it will not be! There may exist various non-diffeomorphic smooth structures on the
subset S such that the inclusion ¢ is an immersion. A famous example of an immersed manifold
is the figure eight:

Ezample 2.38. Let v :] — 7, 7[— R? be the smooth map defined as:

v(t) = (sin(2t), sin(t))

The image of v, denoted S, is the locus of points (z,y) defined by 2 = 4y?(1 —y?). This subset
can be equipped with a topology of open sets defined as follows: a subset U C Im() is open if
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and only if y~1(U) is open in the topology of N. This implies in particular that any subset of the
form (sin(2t),sin(t)) for ¢t €] — ¢, €[ is an open set of S. The map vy~ then turn these open sets
into smooth open charts, that are smoothly compatible by construction. Then, S is a smooth
manifold, but its smooth structure does not descend from the smooth structure on M for the
following reason: in the subspace topology, a neighborhood of 0 in S has the shape of a cross,
and is not homeomorphic to any region of euclidean space, while in the manifold topology, there
exist neighborhoods of the origin that are homeomorphic to an open one-dimensional segment.
The inclusion map ¢ : S — M being an immersion since (t) never vanishes, the subset S
equipped with its smooth manifold structure is an immersed manifold of M.

A
y( F)

Figure 10: The image of the path + is a subset of R? that has the shape of a ‘eight’. In particular
it is not simply connected, and at the origin it looks like a crossroad (as a set), although as a
topological space, an open neighborhood of the origin is an open set of dimension 1, of the form

’}/(] -6 ED

Example 2.39. Another example consists of any irrational curve on the 2-torus: pick up an
irrational number o € R\Q and define S to be the subset of T? induced by the slope of slope «
(it can be understood visually by using the well-known identification between T? and a square).
The topology of the irrational curve is so that connected open line segments are open, while
the subspace topology does not allow this because the irrational curve is dense in T?. Thus,
the submanifold smooth structure does not descend from the ambient smooth structure so the
submanifold is not embedded but merely immersed.

Let us now turn to embedded (or regular) submanifolds of a smooth manifold M: they are
subsets S such that the subspace topology of M defines a canonical smooth structure on S (see
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Theorem 8.2 in | |). This property is a consequence of the fact that these submanifolds
are modeled locally on the standard embedding of R* into R™. More precisely, let U be an open
subset of R™, then a k-slice of U is any subset of the form:

{(a;l,...,a:k,xkﬂ,...,x”) eU ‘ il = ekl an :c”}

for some constants ¢**1, ..., ¢". Clearly any k-slice is homeomorphic to an open subset of R”.

Let M be a smooth manifold, and let (U, ) be a smooth chart on M. If S is a subset of U such
that o(S) is a k-slice of U = ¢(U), then we say simply that S is a k-slice of U. A subset S ¢ M
is called a k-dimensional embedded submanifold of M if for each point & € S, there exists a
smooth chart (U, ¢) for M such that = € U, and U N S is a k-slice of U. Equivalently, S is a
k-dimensional embedded manifold in M if every point € S is in the domain of a coordinate
chart (U, ¢) such that:

e(UNS) =pU)N{RF x 0} (2.9)

The definition of embedded submanifolds is a local one, so that we can summarize it under the
following Lemma:

Lemma 2.40. Let M be a smooth manifold and let S be a subset of M. Suppose that for some
k, every point x € S has a neighborhood U C M such that U NS is a k-dimensional embedded
submanifold of U. Then S is a k-dimensional embedded submanifold of M.

Ezample 2.41. The figure eight (Figure 10) is not an embedded submanifold because, although
any point of the figure eight outside the origin belong to a 1-dimensional slice, there is no open
set U C R? containing the origin such that the intersection of U and the figure eight is an
embedded submanifold of U (i.e. a one-dimensional slice of U).

Ezample 2.42. Let M and N be smooth manifolds of dimensions n and k, respectively, and let
F : M — N be a smooth map. Let us call the graph of F the following subset of R* x R™:

Gr(F) = {(y,;c) ERFxR" |y = F(x)}

Indeed, Lemma 8.6 in | | shows that locally this graph is embedded. Hence, by
Lemma, 2.40, it is an embedded submanifold.

A nice characterization of embedded submanifolds is obtained through the observation that
the slice property carried by embedded submanifolds is equivalent to being locally the level set
of a submersion:

Proposition 2.43. Constant rank level set theorem Let M and N be smooth manifolds,
and let ' : M — N be a smooth map with constant rank equal to k. FEach level set of F is
a closed embedded submanifold of codimension k in M. In particular, a subset S of M is an
embedded submanifold of M of codimension k if and only if every point x € S has a neighborhood
U in M such that UN S is a level set of a submersion U — RF.

Proof. See Chapter 8 in [ ]- O

Remark 2.44. We say that a submanifold S of M is closed if its complement is open in M. The
level set of a submersion is a closed embedded submanifold. From this we conclude that any
embedded submanifold is locally closed in M.

A straightforward and very useful corollary of Proposition 2.43 relies on the following notions.
If F: M — N is a smooth map, a point x € M is said to be a regular point of F if the push-
forward F : Ty M — Tp,) N is surjective; it is a critical point otherwise. A point y € N is said
to be a reqular value of F if every point of the level set F'~!(y) is a regular point, and a critical
value otherwise. Finally, a level set F~!(y) is called a regular level set if y is a regular value; in
other words, a regular level set is a level set consisting entirely of regular points. Than, one has:
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Theorem 2.45. Regular level set theorem Fvery regular level set of a smooth map is a
closed embedded submanifold whose codimension is equal to the dimension of the range.

Proof. This is Corollary 8.10 in in | . O

Figure 11: The image of .S through the map ¢ : U — R"
is an open subset of R¥ x {0}. Thus the preimage is a closed embedded submanifold of U.

Example 2.46. An alternative argument to show that the figure eight is not an embedded sub-
manifold is that the figure eight is the zero level set of the smooth function:

F: RP— R
(z,y) ——— 2® —4y*(1 — y°)

This function does not satisfies the latter part of Proposition (2.43) because at (0,0) € S it is
not a submersion.

Example 2.47. Let R™ be the configuration space, with the corresponding coordinates ¢*. We
call the cotangent bundle P = T*R" the phase space, with coordinates ¢* and p; (the latter
are linear forms on the fibers). Then a constraint is a smooth function ¢ : P — R. The
0-level locus of a set of constraints ¢1,..., ¢, is a subset ¥ of P that we call the constraint
surface. Usually, physicists assume that the constraints satisfy a so-called regularity condition
that often take the form that for each point x € 3 there exists an open neighborhood U such
that only 7/ constraints ¢;,,. .. , ¢i, are functionally independent over U, making ¥ N U an
embedded submanifold of U of codimension 7 (as a level set of the constant rank smooth map
(Giry---s0i,) : P — RT/). Then by Proposition 2.43, the constraint surface is an embedded
submanifold of dimension 2n — /. For more details, see Chapters 1 and 2 of |

].

Associated to immersed submanifolds and embedded submanifolds, there exist corresponding
notions of maps: injective immersions and smooth embeddings. An injective immersion between
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two smooth manifolds S and M is an injective smooth map F' : § —— M that is additionally
an immersion, i.e. such that the pushforward Fy : TS — TM is injective (we can consider
that F, takes values in T'M because F' is injective). In particular, an injective smooth map
is an immersion if and only if it has constant rank. A topological embedding F : S — M is
a continuous map that is a homeomorphism onto its image, where the topology on the image
F(S) is the subspace topology induced from the smooth atlas on M. A smooth embedding
is a topological embedding that is smooth and of constant rank (then it is automatically an
immersion). Obviously not every injective immersion is a smooth embedding (not even on its
image), however here are two cases where it happens:

1. § is compact

2. F is proper (i.e. F~!1(K) is compact if and only if K C M is compact)
because in both cases the map F' : S —— M is closed (see Proposition 7.4 in | ).
Moreover, immersions locally behave as smooth embeddings, but not globally (hence justifying

that the figure eight is the image of an immersion and not an embedding). See Lemma 8.18
in [ | for more details.

Proposition 2.48. Immersed submanifolds are precisely the images of injective immersions
and embedded submanifolds are precisely the images of smooth embeddings.

Proof. See Chapter 8 in [ ]. O

Ezercise 2.49. Define the following three open subsets of R:

A,:}—oo,—g[, Aoz}—g,%—g[, A, = +g,+oo[

Denote by A their disjoint union so, in particular, A =R — {-%,%}. Let f: A — R? be the
smooth map defined on each subset as follows:

sty ot >

1 1 _
f|A_ = (—er T+ 5 ’eCE I+2> 5 f|A0 - (tan(l‘),tan(l’)), f|A+ — <e 1*57_6 z—5

Prove that f is an injective immersion (with respect to the standard smooth structures on A
and R?). Draw a conclusion about the image of f, and determine the tangent space of Im(f) at
the point (0,0).

Now let us study in more details the difference between immersed and embedded submani-
folds. Notice that if one had chosen another parametrization for the figure eight in Example 2.38,
we would have inherited a totally different topology. Another, alternative smooth map defining
the figure eight (as a set) can be chosen to be :

n(t) = ( — sin(2t),sin(t))

and the path corresponding to n would be the symmetric image of that with respect to v with
respect to the vertical axis (see Figure 10). The open sets would not be the same either, because
for example the image of v(] — ¢, €[), although a connected open set with respect to the topology
induced by 7, would not be open in the topology induced by 7, for its preimage would consists
of two disjoint intervals, and the origin ¢ = 0 (closed point). Then it seems that, although
the subset S is uniquely defined as the level sets of the points (x,y) satisfying the equation
2? = 4y(1 — y?), it admits several — a priori non-equivalent — smooth structures. The above
argument shows that the map ! o+ :] — 7, 7[—] — 7, 7[ is not a smooth map, not even
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a continuous one. However, if one would have a diffeomorphism 1 from | — 7, 7[ such that
n = v o1, we would certainly conclude that the two smooth structures on S can be considered
as ‘equivalent’. This is not the case, but this equivalence property is worth extending to every
immersed submanifolds.

Definition 2.50. Immersed submanifolds Ny 5 M and Ny 3 M are called equivalent when
there exists a diffeomorphism ¢ : Ny — No making the following diagram commutative:

Ny

This is an equivalence relation on the set of immersed submanifolds of M, and thus each
equivalence class has a unique representative (S,.4,¢) where S is a subset of M with a given
smooth structure A such that the inclusion ¢ is an immersion. We emphasized the presence of
the maximal atlas A because it will turn out to be central in the discussion. For example, as
seen above, there are two possible atlases for the figure eight to be an immersed submanifold,
which are not equivalent because the map 7 o~y ~! is not continuous. Thus, the figure eight
admits several non-equivalent smooth structures making it an immersed submanifold. More
generally now assume that there exist two injective immersions Ny EL M and No &2 M whose
images coincide S = Im(y1) = Im(p2). What is the condition on ¢ and @92 for Ny and N,
to be equivalent? Obviously, if ¢; and 9 are smooth embeddings (i.e. if S is an embedded
submanifold), then a diffeomorphism between N; and N satisfying the commutative triangle is
Oy L6 1. This solution work for smooth embeddings because they have the following property:

Definition 2.51. Let N and M be smooth manifolds. A smooth map F : N — M will be
called smoothly universal if for any smooth manifold N' and any smooth map H : N' — M
such that H(N') C F(N), there exists a smooth map G : N' — N making the following triangle
commutative:

NLM
G

| H

N

Remark 2.52. This kind of maps is also called initial morphism elsewhere [ ].
The name comes from the fact that such maps are initial in the categorical sense |

].

Since smooth embeddings are homeomorphisms onto their image, the following consequence
holds: the topology on an embedded submanifold S C M is unique and is the subspace topology
of M on S. Then, the smooth structure on M induces a unique smooth structure on S. In
other words, embedded submanifolds carry a unique smooth structure inherited from that of
their ambient manifold, such that the inclusion map is a smooth embedding (this is the content
of Theorem 8.2 in | ). This is not the case for immersed submanifolds, because the
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underlying set of an immersed submanifold S may admit different smooth structures making
the inclusion map ¢ : S — M an immersion. Indeed, not every injective immersion is smoothly
universal as the following discussion shows: given N, N’ F and G as in the Definition (and
assumming that F is an injective immersion), one naive idea would be to use F~! to lift the
smooth map G to H. However, the smoothness of the map H then crucially depends on the
smooth structure of N and the properties of the smooth map F' or, said differently, if F/(N) is
an immersed or an embedded manifold. In the latter case, one can always define the map H as
the composite F~! o G, which is a smooth map because F is a diffecomorphism onto its image.
However, when F(N) is an immersed submanifold, although well-defined the map H = F~1o G
needs not be a smooth map with respect to the smooth structure on N. For example, although
the two paths v and 7 define the same subset S — the figure eight — in R?, the map 1o~y ! is
not continuous. This is the content of Scholie 1.31-33 in | ], which contain a nice
discussion on this topic. In particular Theorem 1.32 states that the lift G is smooth if and only if
it is continuous, thus showing that not having the smoothly universal property has tremendous
consequences. This justifies the following definition which, for Molino [ |, goes back
to Pradines | I:

Definition 2.53. An injective immersion N F M that has the smoothly universal property
is called a weak embedding. The image of such a map in M is called a weakly embedded
submanifold.

Remark 2.54. The authors in [ | notice that a map having the smoothly
universal property is necessarily injective. If the inclusion of a subset .S C M has this property,
then they call S a diffeological submanifold. In that case the smooth structure on S is unique.
Weakly embedded submanifolds are precisely those diffeological submanifolds such that the
inclusion map is an immersion, as can be seen from the following example: the cusp S = {(z,y) €
R?|z? = y3} is a diffeological submanifold of R? but not a weakly embedded submanifold.
See | | for details.

We deduce from the above discussion that smooth embeddings are weak embeddings, while
injective immersions need not be. Hence the following sequence of inclusions:

{smooth embeddings} C {weak embeddings} C {injective immersions}

As for Proposition 2.48, weakly embedded submanifolds correspond to the images of weak em-
beddings (some authors call them regularly immersed submanifolds). By construction, they are
immersed submanifolds, but need not be embedded submanifolds. Weak embeddings possess
a universal property making the smooth structure of a weakly embedded manifold unique, up
to the equivalence given in Definition 2.50. More precisely, assume that a weakly embedded
submanifold S of M is obtained via a weak embedding ¢1 : Ny — M — which is a smooth
map with respect to a maximal smooth atlas 4;, and assume moreover that .S admits another
weak embedding @9 : No — M with respect to a smooth structure Ay on No. Then, by the
smoothly universal property of weak embeddings, both maps ¢! o @s : (Na, As) — (N7, A1)
and cp2_1 oy : (N1, A1) — (N2, Az) are smooth. Being injective and inverse to one another,
they define a diffeomorphism between (Ni,.A;) and (N2, A2), thus showing that the two smooth
structures are equivalent in the sense of Definition (2.50):
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Weakly embedded submanifolds can then be considered as those submanifolds that have the
right amount of regularity so that they carry only one possible smooth structure making the
inclusion map an immersion. We will now give more details on their geometric properties and
explain why their smooth structure — although uniquely defined by that of M — is not necessarily
induced by the subspace topology. Given a subset S of a smooth manifold M and a point x € S,
we denote by C,(S) the (smooth) path connected component of = in S, i.e. the set of points that
are reachable from x by smooth curves contained entirely in S (here, a smooth curve is a smooth
map v : R — M). Then a weakly embedded submanifold is characterized by the following
property, that mimick Equation (2.9), but only at the level of path connected components:

Proposition 2.55. Let M be a smooth manifold and let S be a weakly embedded submanifold
of M of dimension k. Then for every x € S, there exists a coordinate chart (U, ) centered at
x such that:

p(C(UNS)) =U)N{R" x 0} (2.10)

Proof. See Propositions 3.19 and 3.20 in | ] O

Mg T

Figure 12: Assume that S is a weakly embedded submanifold of M that is additionally dense in
M. Then, although SNU consists of an infinite number of disjoint ‘plaques’, the path component
of z € S in U is connected (by definition). Then its image through ¢ : U — R™ is an open
subset of R* x {0}.

Once again, we see why the figure eight is not even a weakly embedded submanifold: at
the origin, the path-connected component forms a cross shaped set, which does not have the
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slice property of Equation (2.10). An example of a weakly embedded manifold which is not an
embedded manifold is any leaf of the Kronecker foliation of the torus:

Example 2.56. Let T = R2/ZQ be the torus and let X = C% + O‘a% be a vector field on T such

that &« € R — Q. Then the integral curve of X through any point (z,y) is a dense subset of
T, that is a weakly embedded submanifold. Indeed, any open neighborhood U of (z,y) € T
intersects infinitely many times the leaf through (x,y) (because it is dense). However, the set
of points of U which are path-connected to (x,y) satisfy Equation (2.10) when U is taken to be
sufficiently small. More generally it has been shown by Stefan in 1974 that leaves of (possibly
singular) foliations are weakly embedded submanifolds, see | ] for a thorough
discussion on this question.

Let us conclude this section by a rather useful result, which is a variation of Proposition 2.55
for immersed submanifolds. Although immersed submanifold do not admit the local structure
of embedded or weakly embedded submanifold as a level set of a constant rank smooth map,
there exist local distinguished coordinates characterizing open sets of immersed submanifolds:

Proposition 2.57. Let N NV be an immersed submanifold of M and let x € N. Then
there exists a connected open neighborhood V' of x in N and a coordinate chart (U, ) centered
at F(x) such that:

p(UNF(V)) =¢U)N (R x {0}) (2.11)
Proof. The proof can be found in the discussion on page 131 of | ] and complemented
by Proposition 1.35 of | ] O

Condition (2.11) emphasizes that the image in M of some connected open neighborhood of
every point of S is embedded in M. Notice the difference with Lemma 2.40 which characterize
embedded submanifolds. Also notice the difference between Equation (2.11) and the one for
weakly embedded submanifolds (2.10) and for embedded submanifolds (2.9). We see that in
each case the condition is stronger and stronger as we climb the hierarchy of submanifolds:

{embedded submanifolds} C {weakly embedded submanifolds} C {immersed submanifolds}

While conditions (2.9) and (2.10) are necessary and sufficient conditions to define embedded and
weakly embedded submanifolds (see Propositions 3.19 and 3.20 in | ]), condition (2.11)
does not characterize immersed submanifolds, as it is a particular case of the so-called rank
theorem (see theorem 7.12 in | ]). However if the function F' is injective and has
constant rank then it implies that it is an immersion and then that the image is an immersed
submanifold.

2.4 Distributions and foliations

Submanifolds possess their own tangent bundles, but it is often useful to see them as sub-bundles
of the tangent bundle of M. That is why we benefit from the fact that every submanifold —
be it immersed, weakly embedded or embedded — is the image of an immersion, to identify the
tangent space to a submanifold S C M at x € S with the image of the tangent space 7,5 as
the image in T, M of the pushforward of the inclusion map ¢, — or the pushforward of the map
F: N — M defining S:

Tr(z)S = Fu(T:N)

Then, we often identify the tangent bundle of S (in M) with the subbundle of T M whose base is
restricted to S and whose fiber is T,,.5 at any point x € S. This subbundle satisfies the following
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nice characterization:
T8 C {X, € T.M | X,(f) = 0 whenever f € C**(M) and f|s =0}

where the inclusion is an equality (at least) when S is an embedded submanifold (see Proposition
8.5 in | | for a demonstration). However, by Proposition 2.57, one observes that there
exists an open neighborhood V of x in S such that:

TxS = {Xx € TxM ‘ Xﬂ?(f) = 0 whenever f € COO(M) and f|F(V) = 0}

This equality can be explained by the fact that F'(V') is an embedded submanifold of M, and that
T,S =T,F(V). We can go further to conclude that when S is a closed embedded submanifold
generated by a set of smooth functions, the following useful Lemma holds:

Lemma 2.58. Let f1,..., fr € C®°(M) be a set of functionally independent functions and let
S=NL, fl-_l(O) be the closed embedded submanifold obtained as the intersection of the zero-level
sets of each such function. Then the tangent space of S at a point x € S is:

T,S = {Xx eTxM‘Xm(fi) =0 for all 1 gigk}

Proof. The ideal of smooth functions vanishing on S is generated by fi,..., fk. O

Example 2.59. Although the origin in the figure eight is located at the crossroad of two one-
dimensional paths, the tangent space at the origin of the figure eight is considered to be one
dimensional, since it is the pushforward of T'| — 7, 7[ through ..

Ezample 2.60. The inclusion may not hold for weakly embedded submanifolds, as the example
for the Kronecker foliation shows: since every leaf is dense in T, the only function f that vanish
on the leaf passing through z is the zero function, and hence every tangent vector at x satisfies
X:(f) = 0. The tangent space to the leaf is one dimensional, hence strictly included into T, T.
However, if one had replaced the condition f|s = 0 by f|c,(s) = 0 — for any smooth function
f e (), for any arbitrary open neighborhood U of 2 — then the inclusion would have been
an equality for weakly embedded submanifolds, but still not for immersed submanifolds (think
of the figure eight).

The tangent bundle of a submanifold S C M is a subbundle of the tangent bundle of M,
when the base is restricted to S: T'S C TgM. However, assume now that we have a subbundle
of TM defined over the entire manifold M. Then we expect that, under some circumstances,

there may exist a family of ‘parallel’ submanifolds whose tangent bundles are precisely these
subbundle.

Definition 2.61. A (smooth) distribution on M is a smooth assignment’, to every point x € M,
of a vector subspace D, of the tangent space T, M. We say that the distribution D is regular if
the function x — dim(Dy) is constant over M — in that case D forms a subbundle of TM —
and it is said singular (or generalized) otherwise. We say that the distribution is involutive if
the sheaf of smooth sections of D is stable under the Lie bracket of vector fields:

VX, YeI(D) [X,Y]eT(D)

An integral manifold of D is an immersed submanifold S such that T,,S = D, for every x € S.
A distribution D is said integrable if through each point of M passes an integral manifold of D.

SHere, smooth means that for every tangent vector X, € D,, it is always possible to find a locally defined
vector field X such that for every point y in a neighborhood of z, X, € D,.

63



Remark 2.62. Sometimes people define integral manifolds to be those submanifolds that satisfy
the following inclusion 7,S C D,, and then define a mazimal integral manifold of D to be an
integral manifold that is maximal with respect to inclusion; in particular, which satisfies the
equality T,S = D,. On the other hand, an invariant manifold of D would be an immersed
submanifold S such that D, C TS for every x € S. The name ‘invariant’ comes from the fact
that S is invariant under the action of the flows of sections of D.

Remark 2.63. Notice that the function z — dim(D,,), as a map from a topological space into
the integers, is lower semi-continuous, and thus, the rank of the distribution D is locally constant
and, in a vicinity of any given any point x, it can only be higher than or equal to that of D,.

Example 2.64. There exist non-smooth integrable distributions. Let M = R? and let D be the
distribution defined as follows:
{0} ifz#0
Dy = {

(Oy) ifx=0

The corresponding integral manifolds are the points (x,y) when x # 0 and the vertical axis.
The distribution is not smooth because there is no way of extending — as a smooth section of D
— a non-trivial tangent vector defined at the origin (0,0) to a small neighborhood because the
distribution outside the vertical axis is trivial. Although the distribution D is integrable, we
do not consider it forms a singular foliation because it does not satisfy the axioms that we will
soon present.

An integrable regular (resp. singular) distribution corresponds to what is commonly known
as a regular (resp. singular) foliation. We do not want to enter the wide area of foliation theory
for now, so we stick to the regular case and to regular distributions. The following definition
should certainly be sufficient to understand the basic idea: a foliation atlas of codimension p on
M (where 0 < p < n) is an atlas made of charts call foliation charts and that are such that:

1. the image of the domain of any foliation chart (U, ) through ¢ decomposes as a product
of connected open sets p(U) = U’ x U” C R"P x RP

2. the transition function between two foliation charts (U, ¢) and (V) is of the form:
$ 09 (a,b) = (9(a,b), h(b)) € R"P x R? (2.12)
where g : R” — R"7P and h : RP — RP are smooth maps.

Thus the domain U of each foliation chart (U, ¢) is partitioned into the connected components of
the submanifolds o~} (R" P x y), y € RP, called plaques. Being the connected components of the
level sets of a smooth map of constant rank, plaques are connected embedded submanifolds of M
of dimension n — p. The change-of-charts diffeomorphisms defined in Equation (2.12) preserve
the plaques. Then, the union of plaques which overlap amalgamate into an immersed (in fact,
weakly embedded) submanifold of M. Those submanifolds which are maximal with respect to
inclusion are called leaves. More precisely (and we do not have time nor space to detail it here),
two points z,y € M lie on the same leaf if there exists a sequence of foliation charts Uy, ..., Uy
and a sequence of points x = xg,z1,...,Tr = y such that z;_1 and z; lie on the same plaque in
U;. This defines an equivalence relation, so that the leaves of a foliated atlas of codimension p
forms a partition of M by disjoint connected immersed submanifolds of dimension n — p. This
observation justifies the following abstract definition (although one should stick to the idea that
a foliation is a partition of M into leaves):

Definition 2.65. A foliation of codimension p on a smooth manifold M is a choice of maximal
foliation atlas on M of codimension p.

64



Remark 2.66. The immersed submanifolds are actually weakly embedded | |. The
charts defined in the definition are called foliated charts and there exists an atlas for M made of
foliated charts, that are additionally compatible to one another, in the sense that the transition
maps 1) o o~ send slices to slices and preserve their transversal. We call such an atlas a foliated
atlas. See [ ] and [ | for details on foliations.

(a) (b) (c)

Figure 13: Three different foliations of the torus: the vertical one, the horizontal one, and the
last one being characterized by the slope a. When « is an irrational real number, each leaf is
dense in the torus: this is the Kronecker foliation. Picture taken from [ ].

The relationship between distributions and foliations is that maximal (with respect to in-
clusion) connected integral manifolds of an integrable regular distribution form the leaves of a
regular foliations:

Proposition 2.67. Let D be an integrable reqular distribution on a smooth manifold M. The
collection of all maximal connected integral manifolds of D forms a foliation of M.

This statement justifies the name ‘integrable’; since the regular distribution is thus integrable
to a regular foliation, such that the leaves are the maximal connected integral manifolds of the
distribution. However, this proposition does not tell us under which circumstances a regular
distribution D is integrable. First observe that the tangent spaces to the leaves of a regular foli-
ation define an involutive distribution. Thus an integrable distribution is necessarily involutive.
The converse is actually also true, and this is the celebrated theorem of Frobenius (although he
was not the first to state it):

Theorem 2.68. Frobenius Theorem A regular distribution D on a smooth manifold is inte-
grable (to a regular foliation) if and only if it is involutive.

Proof. For more details on this subject, see Chapter 19 in | |, or Chapter 11 in |
], or | | and [ ]. O

Example 2.69. Let ¢1,...,¢, be a set of constraints on a phase space T*R"”, satisfying the
regularity condition of Example 2.47: the constraint surface ¥ is then a 2n — r’-dimensional
embedded submanifold of T*R"™. The vector fields X; = {¢;, . } generate a distribution on T*R"
that is regular of rank r’ on the constraint surface. We say that the constraints are first-class
if the canonical Poisson bracket on T*R"™ of two such constraints vanishes on the constraint
surface, i.e. if we have:

{¢i, 0;} = Ci;* ¢y,
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where the Cijk are smooth functions on T*R"™. If otherwise, we say that they are second-class.
Then, a set of first-class constraints define an involutive, and then integrable, distribution on
Y. The leaves of the induced foliation are immersed (in fact, weakly embedded) submanifolds
in ¥ (and thus in T*R™) of dimension 7/, and correspond to the gauge equivalent physical
configurations.

Exercise 2.70. By using the Jacobi identity satisfied by the Poisson bracket, compute [X;, Xj]
and show that the distribution generated by the X; is involutive (at least) on X.

Now what happens when the distribution is not involutive? It means that there exist
(smooth) sections X,Y of D such that their Lie bracket [X,Y] is not a section of D any-
more. In particular, there is a point x such that the tangent vector [X, Y], does not belong to
D,. Taking the successive brackets of (smooth) sections of D, and evaluating them at the point
x thus may generate a subspace at x that is way bigger than D,. We set Lie(F(D))x to be the
distribution corresponding to the Lie algebra generated by I'(D) under the successive action of
the Lie bracket of vector fields on smooth sections of D:

Lie(T(D)), = D, + Span([Xl,Xg]x, [1X1, Xa], X3las [[X1, Xa], Xs], Xalas - .- ] X; € P(D))

Notice that it may not be a regular distribution, although interesting things happen when it is:

Definition 2.71. Hormander’s condition Let D be a distribution. We say that D is bracket
generating at x if:
Lie(I‘(D))m =T, M

We say that D is maximally non-integrable if D is bracket generating at every point.

The latter notion comes from the fact that Theorem 2.68 can be reformulated as the state-
ment that a distribution is integrable if and only if Lie(I'(D)) = D,. Then, obviously, if at
some point Lie(I‘(D))m is strictly bigger that D,, the distribution will not be integrable. Con-
sequently, the situation where Lie (I’(D))m =T, M at every point can legitimately be considered
as the worst case scenario where D is non-integrable in the worst possible way. However, maxi-
mally non-integrable distribution have a nice property: from the fact that if a distribution D is
bracket generating at a given point x, every point in a small neighborhood of = can be reached
through a so-called ‘horizontal’ path. A horizontal path is a path v : [0,1] — M that is:

1. absolutely continuous on every local coordinate chart, and

2. such that §(t) € D) almost everywhere.

The notion of absolutely continuous paths is often met in the field of control theory under
the following form: assume that Xi,...,X,, are smooth sections of D that are defined in a
neighborhood of v([0, 1]), where «y is up to now only a continuous path. Then it is said absolutely
continuous if there exist m absolutely continuous functions u; € L*([0, 1]) such that the following
equation holds almost everywhere:

A(t) =D uilt) Xi
=1

The functions uy, ..., u,, are called the controls of v with respect to the vector fields X1, ..., X,,.
When the distribution is induced by a physical system, and that D, # T, M, we say that the
system is non-holonomic — joining two points may not be possible if one restricts itself to
horizontal paths only — while if D, = T, M, we say that the system is holonomic — one could
always join one point of the state space to any other through horizontal paths. Then we have
the infamous following result that answer the problem for non-holonomic systems:
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Theorem 2.72. Chow-Rashevskii theorem Let M be a smooth manifold and let D be a
smooth distribution that is bracket generating at a given point x € M. Then, there exists a
neighborhood of x on which every point can be joined from x by an horizontal path.

Corollary 2.73. If D is mazimally non-integrable, every two points of the manifold M can be
joined through a horizontal path.

Proof. See Section 3.2 of | ] O

Exercise 2.74. Check that the distribution D of rank 2 on R? generated by the vector fields

X = % + 1‘2% and Y = % is maximally non-integrable.

N

Bk

Figure 14: Although the distribution D defined in Exercise 2.74 does not contain the vertical
tangent vector %, we can however reach the point (0,0, 1) from (0,0,0) through a sequence of
paths whose tangent vectors are in D at each point.

The corollary give some more insight on the denomination maximally non-integrable: such a
distribution does not have ‘leaves’ per se, and on the contrary, every two points of the manifold
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can be joined though an absolutely continuous path almost everywhere tangent to the distribu-
tion. We will use these notions to explain how Constantin Carathéodory defined a geometric
approach to thermodynamics, and how he deduced the existence of a function called the entropy.
The following discussion is mainly inspired by Chapter 22 of | ].

In thermodynamics, we distinguish between two kinds of physical systems: closed systems
are those that are spatially bounded and that allow heat transfer with the exterior but no matter
transfer of any kind, while open systems are those physical systems allowing both heat and matter
transfers. Although open systems are those that are found in nature, we will restrict ourselves
to closed ones, which are a very practical modelization. To every closed thermodynamical
system is associated a thermodynamical state space, consisting of all its equilibrium states.
Although we may assume that it is a smooth manifold (possibly with boundary), it turns out
that it is often a vector space or a half space. Usually, it admits three types of coordinates:
some empirical temperature 6 or several, depending on the number of reservoir; some intensive
variables corresponding to generalized force such as the pression P or a magnetic intensity; and
extensive variables measuring variations of volume V' or of magnetization, etc. | ]
It turns out that the existence of equations of states — such as the one relating the internal energy
to the thermodynamic variables, see Scholie 2.75 — implies that the intensive variables can be
made dependent on the (then independent) temperatures and on the extensive variables. We will
adopt the convention that paths in the state manifold correspond to reversible thermodynamic
processes.

There are mainly two kinds of thermodynamic transformations: those in which we apply
some work W to the physical system, and those in which there is a heat transfer @ between the
system and the exterior. The corresponding infinitesimal thermodynamic transformations are
denoted dW and §Q), respectively. They are differential one-forms which, when integrated over
a reversible thermodynamic process represented by a path +, gives the total amount of work
and of heat that has been exchanged:

1 1
Q,y:/o 5Q(4(t))dt  and WV:/O SW (4(1))dt

The symbol § not only symbolizes that the objets dW and d(Q) correspond to infinitesimal trans-
formations, but also that they are not exact one-forms. More precisely, the quantity of work and
of heat that is applied to or retrieved from the system depends on the way we apply or retrieve
it (it is process dependent). One family of such processes is fundamental in thermodynamics
for its usefulness: an adiabatic process is a thermodynamic process for which there is no heat
transfer with the exterior, i.e. for which @), = 0. Adiabaticity is a property that is central in
Carathéodory’s reformulations of the first and the second principle of thermodynamics |

|:

Scholie 2.75. Carathéothodory’s first principle of Thermodynamics For a closed ther-
modynamic system, in all adiabatic reversible thermodynamic processes between an initial state
and a final state, the work does not depend on the path chosen. In particular, this implies
that there exists a well-defined function U called the internal energy such that its infinitesimal
variations satisfies:

dU = 0Q + oW

Proof. The proof that the second statement is a consequence of the first can be found in |
J O

The integration of an exact one form over a path = joining two points z and y in a simply
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connected space only depends on the ends points, and not on the path chosen:

U -V = [av = | 50t

This makes the internal energy a state function, i.e. a function on the state space whose varia-
tions only depend on the initial state and the final state of the system — which is not the case
for work and heat transfer. There may be different kinds of work 6W and one of the most used
is the one consisting of increasing or decreasing the volume of a given volume of gas, so that:

W = —pdV + vidug + ...

The (certainly non-exact) differential one-form 6@Q) = dU — W then corresponds to the infinites-
imal heat production or absorption. The kernel of the differential one form a = 4@ defines
a distribution D = Ker(a) such that at every point + € M, D, = Ker(a,) C TpM, and
that for the sake of the presentation we will assume to be regular. This distribution has rank
n — 1 and then the question is: is it integrable or maximally non-integrable? More precisely,
given the equivalence between involutivity and integrability for regular distributions, do we have
Lie(T'(D)), = D, or, on the contrary, do we have Lie(I'(D)) = T, M? There exists obviously
a middle ground: at some point the distribution may be bracket generating while at others it
may not, but we will see that this situation is not met in our context.

If the distribution D = Ker(«) is maximally non-integrable, it means that every two points
of the state space can be joined through a horizontal path, i.e. through a succession of reversible
adiabatic transformations. On the contrary, if the distribution D is integrable, then we can de-
duce some properties of the differential one form §Q. Indeed, one can show that an alternative
form of Frobenius theorem states that the graded ideal Z% = @, <,,<,, I of the graded commu-
tative algebra Q*(M) generated by « — i.e. I} = Span(a) and Ig”izispan(m Ao moi N €
QY(M)) — is actually a differential graded ideal, i.e. it is stable under the de Rham differential:

a1 C I°

For details on this statement, see for example Theorem 1.3.8 and Exercise 1.3.12 in [

]. So, in particular, since da € I2, there exists a one form 7 such that, at
least locally, dae = n A a. One can then show that this identity holds if and only if there exist
two smooth functions f,g € C* such that o = fdg. This observation leads to Carathéodory’s
(partial) reformulation of the second principle of thermodynamics:

Scholie 2.76. Carathéodory’s second principle of Thermodynamics, a.k.a adiabatic
inacessibility Given a closed system, in every neighborhood of any state x there are states
inaccessible from x through adiabatic (reversible) processes. In particular, this implies that there
exists two smooth functions — T called the temperature and S called the entropy — such that the
differential form 6Q takes the following form.:

5Q = TdS

Proof. If, in the vicinity of each equilibrium state, there are other states which are not reachable
through adiabatic reversible transformations, then the distribution D = Ker(«) is not maximally
non-integrable and, the assumption of non-accessibility holding at every point, we deduce that
it is integrable. But then, by the above discussion on integrable distribution of rank n — 1,
we deduce that a = 0@ can be written as fdg or, for the sake of consistency with traditional
notations, Q) = T'dS. The fact that this equality holds globally and not only locally comes from
the fact that the thermodynamic state space is often a vector space, on which the cotangent
bundle is trivial. O
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Remark 2.77. Actually, Carathéodory’s principle is not a faithful second principle, because it says
nothing about the conditions under which the entropy increases. That is why it is necessary to
supplement it with Planck’s principle, stating that adiabatic isochoric processes always increase
the internal energy of a closed system, hence corresponding to an increase of entropy. The only
way that the entropy of a closed system can decrease is when heat is transferred from the system
to the exterior. See e.g. | | and | ] for a discussion on the relationships
between non-equivalent statements of the second principle.

2.5 Orientation of smooth manifolds and integration of differential forms

Now we have enough material to define integration of differential forms on smooth manifolds.
Theoretically one can integrate any differential k-forms, but this relies on advanced mathematics
so we would rather only concentrate on integrating differential n-forms. This is consistent
with what theoretical physicists mostly do in their everyday life. We would proceed as usual:
integration on a manifold M would first be defined locally, because we know how to integrate
differential n-forms in R", and then using a partition of unity we can sum up all the local
contributions to obtain an integral over M. A necessary condition to integrate is to have an
orientable manifold. In this section we assume that the dimension of manifolds and vector spaces
are greater than or equal to 1.

Given a n-dimensional vector space F, we say that two ordered basis e1, ..., e, and €], ... e},

are consistently oriented if the transition matrix from one to the other has positive determinant.
This relation is an equivalence relation. Since R — {0} has two disjoint connected components,
there are only two equivalence classes of consistently oriented ordered bases: either the deter-
minant of the transition matrix is positive and we stay in the equivalence class, or it is negative,
and we change class. We call an orientation on E either of those equivalence classes of those
consistently oriented ordered bases. There is no absolute choice of orientation on a vector space
(except maybe for R™), there are only relative choices: once we have chosen an ordered ba-
sis e1,..., ey, it is a convention to say that every other consistently oriented ordered basis is
positively oriented. A basis that is obtained from ey, ..., e, through a transition matrix with
negative determinant is said negatively oriented.

Ezample 2.78. The vector space R" admits the following standard basis e; = (0,...,0,1,0,...,0)
where 1 is located at the ¢-th position. We say that the orientation defined by this basis is the
standard orientation of R™.

Lemma 2.79. Let E be a vector space of dimension n > 1, and suppose w is a nonzero element
of N"(E*). The set of ordered bases ey, ..., e, such that w(ey,...,e,) has the same sign is an
orientation for E.

Proof. Let e1,...,e, and €}, ..., e), be two basis of E and let B the transition matrix from the
former to the latter: e, = B} e;. Then:

wlel,...,e,) =det(B)w(er, ... en)

sothatey,...,e,and €], ..., €l are consistently oriented if and only if w(e), ..., e}) and w(eq, ..., e,)
have the same sign. O

Thus, choosing an orientation of a vector space E amounts to choosing an element w of A" E*.
One this choice is made, we say that w is a positively oriented n-covector. For example, if the
ordered basis of E is given by ey, ..., e,, the n-covector w = e! A ... Ae™ is positively oriented.
For any real scalar A > 0, Aw is another positively oriented n-covector, while for any real scalar
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1 < 0, pw is said to be a negatively oriented n-covector. This plays some role in the definition of
the Hodge star operator. Indeed, it depends on a choice of orientation of £ because the volume
form w = e Ae? A ... Ae" is given by the choice of an ordered basis e1,es,...,e,. If one had
taken the ordered basis es, e1, e3, ..., e, instead — with reverse orientation, then — the associated
volume form positively oriented with respect to the orientation defined by ez, e1,es, ..., e, would
bew =e2Ael Ae3A...ANe" = —w, so that the Hodge star operator +' associated with w’ would
be the opposite to the one associated with w: ¥ = —x.

Since a smooth manifold is locally euclidean, we can define an orientation locally, at the
level of the tangent bundle. A pointwise orientation on M is the assignment, to every point x,
of an orientation of the fiber T, M. It is always possible to equip a smooth manifold with such
a pointwise orientation, but the difficulty comes from having this orientation varying smoothly
over the manifold. A local smooth frame X, ..., X, of the tangent bundle over some open set U
is said positively oriented if, for every x € U, the orientation of the basis X1 ;, ..., X, ,» coincides
with the orientation of T, M. A pointwise orientation is said smooth if every point of M is in
the domain of an oriented local smooth frame. Given two smooth manifolds M and N of the
same dimension that admit smooth pointwise orientations, we say that a local diffeomorphism
F : M — N is orientation-preserving if, for every x € M, F, takes oriented bases of T, M
to oriented bases of T, )N, and orientation-reversing if it takes (positively) oriented bases of
T M to negatively oriented bases of Tp(,)N.

We want to study how the existence of a smooth pointwise orientation translates at the level
of charts and transition functions. Let M be a smooth manifold equipped with a (non necessarily
smooth) pointwise orientation. Any smooth chart (U, ¢) whose coordinate frame 861 R
positively (resp. negatively) oriented is called a positively (resp. negatively) oriented chart. Any
smooth oriented chart (U, ¢) on M always induce another chart (U, %) with reverse orientation.
Indeed let @ be the composite of ¢ and a reflectional symmetry (which is a smooth map from R"
to R™), then (U, %) has reverse orientation compared to (U, ). Obviously, there exist choices
of pointwise orientations such that some charts are neither positively nor negatively oriented.
However we will see that for smooth pointwise orientations, the situation is really nice. We say
that two smooth oriented charts (U, ¢) and (V, 1) are consistently oriented if the transition map
1 o ¢~ ! has positive Jacobian determinant, i.e. if it is orientation preserving. An oriented atlas
on M is a smooth atlas for which all smooth charts are consistently oriented. M is orientable
if it admits an oriented atlas, and an orientation of M is a choice of a maximal oriented atlas.
The following proposition shows that the existence of a smooth pointwise orientation on M is
equivalent to an orientation on M. Thus, oriented atlases form a subclass of smooth atlases,
where the transition functions are not only diffeomorphisms, but also orientation preserving.
The relationship between the two notions of orientability is actually very simple:

is

Proposition 2.80. Let M be a positive (n > 1) smooth manifold equipped with a pointwise
orientation. Then it is smooth if and only if it induces an orientation on M.

Proof. First, notice that a smooth pointwise orientation on M implies that there exists an open
cover of positively oriented charts. This can be seen as follows: let x € M an let Xq,..., X, be
an oriented frame defined on an open neighborhood of . One can assume that this neighborhood
is a smooth chart (U, ). Then, the induced coordinate frame is either positively oriented, or
negatively oriented, but in that latter case the smooth chart (U, %) is positively oriented. Then
we can find an open cover of positively oriented charts.

Assume that the chosen pointwise orientation on M is smooth and pick up such an open
cover of oriented charts. Then, by Equation 2.2, on overlapping oriented charts, the transition
functions are orientation-preserving. This implies that the open cover of positively oriented
charts is an oriented atlas, providing M with an orientation. Conversely, every orientation
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makes the pointwise orientation smooth because the coordinate frames are oriented frames, and
two such frames define the same orientations on the fibers since the transition functions between
oriented charts are orientation-preserving by hypothesis. O

Thus, being smoothly pointwise orientable is equivalent to being orientable. If a smooth
manifold is orientable, there are essentially two possible choices of orientations. Pick up a
tangent space and attribute an orientation to this vector space (here we make a choice between
two orientations). Then, by Proposition 2.80, the respective orientations of the other fibers of
the tangent bundle will be automatically determined by this first choice. This can be seen from
the fact that transitions functions from one oriented chart to another are orientation preserving.
Non-orientable manifolds are precisely those manifolds for which there are always at least one
transition function that is not orientation preserving, whatever the choice of smooth chart we
make. For a zero dimensional manifold, i.e. a point {*}, an orientation is a choice of map
{#} — {£1}. We know at least one evident situation where a smooth manifold is orientable:

Proposition 2.81. Every parallelizable smooth manifold is orientable.

Example 2.82. Every Lie group is parallelizable, hence is orientable.
Ezample 2.83. Spheres, planes and tori are orientable.

Example 2.84. The Mobius bundle is the vector bundle E over S! whose total space is defined
as a quotient of R? by the following relation:

(z,y) ~ (x +n,(=1)"y)

The Mobius band is the subset M C E of the Mobius bundle that is the image, under the above
quotient map, of the set {(x,y) € R?||y| < 1}. It is a smooth 1-manifold with boundary, which
is non orientable.

The most important point with orientations is that we can characterize it through differential
forms. A volume form on M is a global nowhere vanishing smooth section of the vector bundle
A" T*M. We usually denote such a section by the letter w. Over a local smooth chart U, with
respect to a coordinate coframe, the volume form decomposes as w = fdxz! A...Adz", for some
smooth function f € C*(U). The existence of volume forms is tightly connected to that of
orientations:

Proposition 2.85. Let M be a smooth manifold of dimension n > 1. Any nowhere vanishing
differential n-form w € Q"(M) determines a unique orientation of M for which the n-covector
w(x) € N"T*M is positively oriented for every x € M. Conversely, if M is given an orientation,
there is a smooth nowhere vanishing differential n-form on M that is positively oriented at each
point.

Proof. Assume that there exists such a volume form w, so by Lemma 2.79, the evaluation of the
volume form w at a point x induces an orientation of the tangent space T, M, that is considered
to be positively oriented. Now let us check that there exists an oriented smooth atlas for M. Let
(U, ) and (V, 1)) be two intersecting oriented charts. Let us denote by x!,..., 2" and 2/1,... 2™
the coordinates respectively associated to the maps ¢ and . Then, on U the volume forms
reads w = fdx' A...Adz™, while on V it reads w = gda’' A...Adz™™, for two nowhere vanishing
functions f € C*(U) and g € C>(V). Over the intersection U NV, using the transformation
laws found in Equations (2.7)-(2.8), one obtains that:

ox't

Yy 8a;j

dmli

(ptw)ar’| (2.13)
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Then, we obtain that gda A ... Adz™ = gJac(¢ o 4,0_1) dz' A ... A dx™, where Jac symbolizes
the Jacobian determinant. Then, we have:

Fy) = g(y) Jac( oo ™") ((y))

for every y € U N'V. The sign of the Jacobian determinant is determined by the sign of the
function g which is nowhere vanishing over U N V.

Now, either f and g have the same sign, and then (U, ¢) and (V1)) are consistently oriented,
or they do not have the same sign. However, in that case, one may define another chart (V)
by changing a sign in the definition of ¥, e.g. ¥(y) — ¥(y) = (=¥ (v), ¥*(v),...,¥"(y)). This
is possible because reflectional symmetries with respect to hyperplanes are diffeomorphisms of
R™. We label the corresponding new coordinates as Z', and in particular 7' = —z'! whereas
for 2 < i <n, T = 2/*. Then the volume form decomposes in this new coordinate coframe as

w = —gdT' A...A\dz" and then, the new Jacobian determinant reads: det(¢ o 1) (p(y)) =

_% which is now a positive fraction for every y € U N'V. Thus, the oriented chart (V, E) is

consistently oriented with (U, ). This proves the first statement. For the converse statement

— that any orientable smooth manifold admits a volume form — see Proposition 13.4 in |
J O

Since the vector bundle A" T* M has rank 1, any other nowhere vanishing smooth section f w,
where f € C*°(M), is a volume form as well. Since there are two disjoint connected components
in R — {0}, there are two equivalence classes of sections of the line bundle A" T*M: those that
are positively related to w, and those that are negatively related to w. Moreover, those volume
forms that are negatively related with w are still positively related among themselves. Thus, as
the proof of Proposition 2.85 shows, picking up any other representent of the equivalence class
of w —i.e. of the form fw for some strictly positive function — defines the same orientation on
M as w. Actually, the oriented atlas associated to w is obtained as the collection of all smooth
charts for which the standard volume form on R™ (induced from the standard oriented basis
presented in Example 2.78) pulls back to a positive multiple of w. That is why some authors
define an orientation on M as a choice of an equivalence class of positively related volume forms

(see e.g. | , p- 84]):

Corollary 2.86. There is a one-to-one correspondence between orientations on M and equiva-
lence classes of positively related globally defined volume forms.

Remark 2.87. There are homological and cohomological characterization of orientability. For
example, a smooth manifold is orientable if and only if the first Stiefel-Whitney characteristic
class is 0.

Orientability is necessary to define integration on smooth manifolds. Since a smooth manifold
is locally euclidean, let us first define integration over R™, before generalizing to any smooth
manifold using pullbacks. A subset of R™ is a domain of integration if its boundary has n-
dimensional measure 0. We usually define integration in R™ defining first the integral of bounded
continuous functions on ‘rectangles’, i.e. products of closed intervals. Then, every continuous
function can be locally approximated by such functions, and every domain of integration can be
covered by rectangles (given by the closure of open sets inherited from the subspace topology
of R™ on D), so that in the end we can define the integral of bounded continuous functions on
any domain of integration. Then, a choice of domain of integration D defines a linear form on
the space of bounded continuous functions on D:

/D: CY(D) —— R

f »—>/Dfd:c1...da:”
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where the notation dz'...dz" is purely abstract and needs not appear. It only reminds the
reader that we integrate the function over a subset of R™. It is sometimes noted du to symbolize
the Lebesgue measure. You can find more details on this construction in Appendix A of |
.
This definition straightforwardly generalizes to differential n-forms. Let U C R™ be an open
set and let w be a differential n-form compactly supported on some compact set K C U:

K = supp(w) = {z € M [w(z) # 0}

Lemma 14.1 in | | shows that there always exists a domain of integration D such that
K C D C U. Then, assuming that this differential form can be written as w = fdz' A... Ada™
over its support K, the integral of w over U is given by:

/w:/ fdzt.. . dz"
U D

The notation here is very convenient: it is as if we had ‘erased’ the wedges. Notice that the
above definition does not depend on the choice of domain of integration K C D C U.

Lemma 2.88. Suppose U,V are open sets of R™ and that F : U — V is a diffeomorphism.
Let w be a compactly supported differential n-form on V. Then:

/Vw:

This lemma provides another formulation of the fact that a differential n-form can be written
equivalently in two sets of coordinates z',..., 2™ and 2'%, ..., 2™, defined over overlapping open
sets U and V, and related through a diffeomorphism F : U — V, e.g. such that F(z!,...,2") =
(x"1,...,2™)). Then if one writes the differential form on V as w = gdaz™ A ... A d2'™, Equa-
tion (2.13) implies:

/ F*w if F' is orientation-preserving
U

—/ F*w if F is orientation-reversing
U

F'w=F*(gda" A...Nda'™)
= (F*g) F*(da™) A ... A F*(da'™)
=goF-Jac(F)dz* A ... Adz"

where - indicates the multiplication of two smooth functions on U. Thus, we obtain the infamous
formula for a change of coordinates under integration:

/g(a:’l,...,a:’”)da:’l...da;'”:/goF(xl,...,x")Jac(F)(:cl,...,x”)d:cl...dac"
1% U

We have now enough material to define integration on manifolds. Let M be a n-dimensional
oriented smooth manifold. First, let w be a differential n-form compactly supported in the
domain of a single oriented smooth chart (U, ). Then, we define the integral of w over U as

the following objet:
/w:/ (0w (2.14)
U e(U)

The right-hand side is an integral over an open subset U = e(U) of R™. Tt is well defined
because (¢~ !)*w is a compactly supported differential n-forms on this open set. Lemma 2.88
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implies that the integral of w over any other choice of oriented smooth chart (V1) containing
its compact support would have given the same result:

o= b

Now that we have defined integration over compact support, we can extend integration over the
whole manifold M by using a notion that is specific to smooth manifolds:

Definition 2.89. Let U = (Uy)aca be any open cover of M (indexed over some set A). A
partition of unity subordinate to U is a collection of continuous functions (1o : M — R)aea,
with the following properties:

1. 0 <o(x) <1 foralla € A and all x € M;

2. Supp(wa) C Uy

3. for every x € M, there is only a finite number of 1o, such that x € supp(1q,);
4. >acabalz) =1 forallz € M.

The third condition is equivalent to saying that the set of supports {supp(¥q)}aca is locally
finite. Because of this condition, the sum in the last item has only finitely many nonzero terms
in the neighborhood of each point, so there is no issue of convergence. When the functions 1,
are smooth, then we say that they form a smooth partition of unity. The importance of partition
of unity is central in differential geometry, as the following theorem shows:

Theorem 2.90. Any open cover U of a smooth manifold admits a smooth partition of unity
subordinate to U.

Proof. The main point is that the fact that a topological manifold is Hausdorff and second-
countable implies that it is paracompact (and that it has countably many connected compo-
nents), which is the crucial property needed to demonstrate the result. However, the proof is
long and subtle, so we refer to Chapter 2 of | ] O

Remark 2.91. While Theorem 2.90 show that smooth partitions of unity subordinate to any
open cover of a smooth manifold exist, it is no longer the case for analytic manifolds. Indeed,
the proof relies on the existence of smooth bump functions on [—1,1]. Unfortunately, those
bump functions are not analytic because of the so-called identity theorem, which is then an
obstruction to the existence of analytic partitions of unity subordinate to any open cover of an
analytic manifold.

To integrate over a (connected) smooth manifold, one needs an orientation. The latter is
needed to integration over the entire manifold in order to ensure that local contributions, as
defined by Equation (2.14), do not artefactually cancel one another because of a change in
open chart, as shown by the change of sign in Lemma 2.88. Let w be a compactly supported
differential n-form on a connected oriented smooth manifold M. Then there exists a finite open
cover {(U;, p;)} of oriented charts for supp(w), and a partition of unity {;} subordinated to
this open cover. We define the integral of w as follows:

/Mw_zi:/mzpiw (2.15)

For each ¢, the n-form is compactly supported in U;, so that the integral on the right-hand side
is obtained through Equation (2.14). There are finitely many non-zero integrals on the right
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because the open cover of supp(w) is finite. It turns out that Equation (2.15) neither depends
on the choice of finite cover, nor on the choice of partition of unity (see Lemma 14.5 in |

|). The disconnected case requires to define an orientation on each connected component.
In the following proposition are listed several properties of this integral:

Proposition 2.92. Let M and N be oriented smooth n-dimensional manifolds, and let w,n be
compactly supported differential n-forms on M. Then:

1. Linearity: for every a,b € R,

/aw—i—bn:a/ w—i—b/ n
M M M

2. Positivity: if w is positively oriented, then [, w > 0;

3. Orientability: If F: N — M s a diffeomorphism, then:

/M”:

Remark 2.93. Equation (2.15) is still valid for non-compactly supported differential forms, but
in that case the integral is improper since the sum on the right may not converge. On a compact
manifold, the integral is defined for every differential n-form.

/ F*w if I is orientation-preserving
N

—/ F*w if F is orientation-reversing
N

We conclude this section by briefly discussing two important results relying on integration of
differential forms. We note Q2(M) the compactly supported differential p-forms on M. The de
Rham differential applies to compactly supported differential forms and induces a cohomology,
denoted H"(M). However, this cohomology is different than the de Rham cohomology, as the
following observation shows:

Proposition 2.94. The compactly supported de Rham cohomology of R™ satisfies:

R ifi=n

0 otherwise

H{(R™) ~ {

One notices that the m-th compactly supported cohomology group of compact support is
isomorphic to the n —m-th de Rham cohomology group. Does this extend to general manifolds?
For every 0 < m < n, notice that the integral defined in Equation (2.15) induces a linear
morphism:

PD: Q™M) ——— QU (M)*
n *—>7’D(n):u'—>/MnAM

Following de Rham, we call n — m-currents the elements of Q7™ (M)*; they are related to the
notion of distribution. The de Rham differential on compactly supported n — m-forms induces
a degree —1 differential d’ : Q8 (M)* — Q2= 1(M)* defined by d'®(u) = ®((—1)!®ldy). Then,
one can show that PD commutes with the differentials: PD(dn)(u) = d'PD(n)(). This result
implies that PD induces a map at the cohomology level, which turns out to be an isomorphism:

Theorem 2.95. Poincaré duality Let M be a smooth orientable manifold, then:

Hip(M) ~ H;™™(M)*
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Proof. See Exercise 16.6 in | ] O

We conclude this section by mentioning Stokes’ theorem. This result relies on the notion
of manifold with boundary. We will not enter into the details of this notion, because it would
take too much time, but many informations can be found in | | and |

|. The main idea is that a manifold with boundary is locally homeomorphic to the euclidean
upper half-plane:
H™ = {(2',...,2") e R"|2" > 0}

It means that a chart on a manifold with boundary M is either homeomorphic to an open subset
(with respect to the subspace topology) of the interior of H", or to an open subset of H" which
intersects the boundary. The boundary of M is the set OM of points of M which are sent to
the boundary OH" of the upper half plane through the coordinate maps. By construction, the
boundary of M is a closed embedded submanifold of M (see Exercise 8.5 in | ]). If the
manifold M has an orientation, there is a distinguished orientation on its boundary dM. In
that case, one can define integration of differential n-forms on M and at the same time define
integration of differential n — 1-forms on the boundary OM. Stokes’ theorem is a statement
about the relationship between those two integrals:

Theorem 2.96. Stokes’ theorem Let M be a smooth, oriented n-dimensional manifold with
boundary, and let w be a compactly supported smooth n — 1-form on M. Then:

/dw:/ w
M oM

The meaning of the integral on the right hand side and of this theorem are discussed in details
in [ ] and | ].
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3 Poisson geometry

Poisson geometry draws on the work of mathematicians in the 1960s-1970s striving to formalize
Hamiltonian mechanics’. Recall that in Hamilton’s formulation of classical mechanics, a physical
system is characterized by a set of positions ¢ and conjugate momenta p; (where 1 < i < n)
defining a point in a phase space P = R?", and the evolution of the system is governed by a
function H(q,p) called the Hamiltonian, so that Hamilton’s equations are:

i OH . OH
= and P = ———
oq*

q (3.1)

O
for every 1 < ¢ < n. In this context, the classical Poisson bracket is a skew-symmetric differential
operator {.,.} : C®(P) x C®(P) — C*>°(P) defined as on any two smooth functions f,g €
C*(P) by:

(fgy=3 2% 0907 (3.2)

“~ 9q' dp; g’ Op;
Using the Poisson bracket, Hamilton’s equations (3.1) become:

for every 1 < i < n, where ¢* and p; are considered to be the coordinate functions on P. Then,
for every solution 7 : t — (¢'(¢),...,¢"(t),p1(t),...,pn(t)) of the differential equations (3.1),

one has: a(f o)
o7
T(t) ={f,H}(v())
for any smooth function f € C*°(P). Then, the Hamiltonian defines a vector field Xy = {H, .}
on P, whose integral curves describe the time evolution of the physical system.

The Poisson bracket is central in Hamilton’s description of classical mechanics: Poisson
had already noticed that the set of functions which are invariant along the integral curves
of Xy — the so-called constants of motion — is stable under Poisson bracket. Liouville then
showed that the existence of a set of n independent constants of motion commuting under the
Poisson bracket allows to integrate Hamilton’s equations. This result was then later improved
by the infamous action-angle theorem which, in the situation where the leaves of the constants
of motion are compact, provides a distinguished choice of local coordinates which are such
that the Hamiltonian takes a very specific and nice form. The Poisson bracket on R?” can be
generalized to smooth manifolds and the aim of this chapter is to show that there are several
deep mathematics that are raised by this new notion.

3.1 Poisson manifolds

Keeping in mind the correspondence between algebra and geometry, we first emphasize that
Poisson geometry relies on the notion of Poisson algebra. Recall that every associative algebra
(A, ) gives rise to a Lie bracket:

[a,b) =a-b—b-a (3.3)

In particular, because of the associativity, a short computation shows that this Lie bracket is a
derivation of the associative product:

[a,b-c] =[a,b]-c+b-a,c] (3.4)

"This section relies on four main sources: [ I, [ ] and |
I, [ ] as well as these lectures notes.

78


http://www.math.toronto.edu/mein/teaching/MAT1341_PoissonGeometry/Poisson8.pdf

However, the right hand side of Equation (3.3) is trivial when the associative product is commu-
tative, and hence the Lie bracket vanishes. Then, a non-trivial Lie bracket on such a commuta-
tive associative algebra should necessarily form exterior, additional data. A Poisson algebra is
precisely such an object, where the commutative associative product is compatible with the Lie
bracket so that they satisfy Equation (3.4):

Definition 3.1. A Poisson algebra is a R-vector space A equipped with two bilinear products -
and {.,.}, such that:

1. (A,-) is a commutative associative algebra;
2. (A,{.,.}) is a Lie algebra;
3. the Lie bracket is a derivation of the associative product:
{a,b-c} ={a,b}-c+b-{a,c}
for any elements a,b,c € A.

We call {.,.} a Poisson bracket. A morphism of Poisson algebras is a map ¢ : A — B that is
both a morphism of associative algebras and a morphism of Lie algebras.

Since a Poisson algebra has two main algebraic structures, there are several kinds of ideals
and subalgebras: we need to carefully emphasize which product is used in their definitions. We
use the denomination ideal and subalgebra when we refer to these algebraic structure defined with
the help of the associative product, and we use the denomination Lie ideal and Lie subalgebra
when we refer to the Poisson bracket. A Poisson ideal (resp. subalgebra) is an ideal (resp.
subalgebra) with respect to the associative product and to the Poisson bracket. This notions
will have a geometric counterpart when we study Poisson manifolds and their submanifolds.

Definition 3.2. A Poisson manifold is a smooth manifold M together with a R-bilinear Lie
bracket {.,.} on the commutative associative algebra of smooth functions C°(M) which makes
it a Poisson algebra. The bracket{.,.} is called a Poisson structure on M. A Poisson morphism
between two Poisson manifolds M and N is a smooth map ¢ : M — N such that the pullback
©* 1 C®(N) — C>*(M) is a morphism of Poisson algebras.

Example 3.3. The phase space P = R?", parametrized with the generalized coordinates ¢’
and their conjugate momenta p;, together with the Poisson bracket defined in Equation (3.2).
In that particular case, the Poisson bracket actually descends from the canonical symplectic
structure w = Y7 dp; A dg'. Then the so-called canonical transformations correspond to
Poisson isomorphisms (which in the present case coincide with symplectomorphisms).

Ezxample 3.4. To every finite dimensional Lie algebra (g, [.,.]) we can associate a linear Poisson
structure on g*. FElements of g can then be seen as linear forms on the dual g*: indeed, every
x € g defines a linear map:

T: go — R
{ —— &)
Let (e1,...,e,) be a basis of g. Then by the above assignment they define a system of linear
coordinates on g*, denoted e7,...,€,. Every real analytic function on g* can then be expressed

in terms of such coordinates functions, and every smooth function on g* can be differentiated
with respect to these coordinates. In particular, the commutators [e;, e;] = ijk e) define a
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linear function 7;; = [e;, €] = C’ijk e on g*. These data allow to define a Poisson structure on
the dual space g*, called the linear Poisson structure of g*:

of 0
{f.g}= > ”ijaiaei

1<i,j<n

for every f,g € C®(g*). It is the unique Poisson structure on g* that satisfies the following
identity:

{z,7} = [z,9]
for every x,y € g.

Example 3.5. Example 3.4 applies for example to so(3): let eq, ez, e3 its generators, and [e;, e;] =
Z%:l €ijkex be the Lie bracket, where ;5 is the Levi-Civita symbol on three elements. Denoting
X =e1,Y =e; and Z = €3, the corresponding linear Poisson structure on s0(3)* satisfies:

(X,Y}=2  {v,Z}=X, {Z,X}=Y.

Ezample 3.6. One can change the former example to the following: instead of {X,Y} = Z, set
{(X,Y}=-2%+ %, and preserve the other two brackets. This choice defines a non-linear Poisson
structure on s0(3)* ~ R3.

Ezample 3.7. Example 3.4 extends to Lie algebroids (Definition 2.24): every Lie algebroid struc-
ture on a vector bundle A induces a Poisson manifold structure on A*. In particular this implies
that for every smooth manifold, T*M is a Poisson manifold. If M is the configuration space
associated to a given physical system, with local coordinates ¢', ..., ¢", then the cotangent bun-
dle T*M 1is considered to be the associated phase space, admitting fiberwise local coordinates
D1y -+, Pn, ie. pp(dg!) = L. The Poisson bracket on T*M is then the canonical one, defined in
Equation (3.2).

Let us now deduce some properties of a given Poisson bracket {.,.} on a Poisson manifold
M. Vector fields on M which are derivations of the Poisson bracket are called Poisson vector
fields. More precisely, such a vector field X satisfies the following identity:

X({f.9}) ={X(f), 9} +{f. X (9)} (3.5)

for every f,g € C>°(M). Given a Poisson bracket, it is not straightforward to deduce which
vector fields are Poisson vector fields. However, it turns out that a subclass of those are easily
obtained. Recall from Remark 1.14 that to any element x of a Lie algebra one can associate a
derivation, called the adjoint action of x, denoted ad, = [z, —]. This remark applies to Poisson
algebras, since they are particular cases of Lie algebras. In particular, let us study how this
materializes in C>°(M ), when the smooth manifold M is a Poisson manifold.

Definition 3.8. For every f € C*°(M), we call Xy = ady = {f,.} the Hamiltonian vector field
associated to f. In particular, for any two smooth functions f,g € C>°(M) we have:

dg(Xy) = Xs(9) ={f. 9} (3.6)

Lemma 3.9. For any two smooth functions f, g on a Poisson manifold, we have that the Hamil-
tonian vector fields have the following nice property:

(X7, Xl = X101 (3.7)

Proof. This is implied by Equation (3.6), together with the Jacobi identity of the Poisson bracket.
O
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In other words the linear map C*°(M) — X(M) sending a smooth function to its hamilto-
nian vector field is a morphism of Lie algebras. Another useful application of Equation (3.6) is
in showing that Hamiltonian vector fields are Poisson vector fields because the Jacobi identity
for the Poisson bracket can be written as:

Xn({f,9}) = {Xn(f), 9} + {/. Xn(9)}

for every smooth functions f,g,h. A smooth function of C*°(M) whose hamiltonian vector
field is zero is called a Casimir element, because it commutes with any other element of the
algebra. When M is connected, constant functions on M are always Casimir elements. In Lie
theoretic words, the space of Casimir elements corresponds to the center of the Lie algebra
(C°(M),{.,.}). There may then exists many linearly independent such objects.

Exercise 3.10. Show that the Poisson structure on R? as defined in Example 3.6 indeed satisfies
Equation (3.7).

Exercise 3.11. Show that the function C = X2 + Y2 4 Z? is a Casimir element of the linear
Poisson structure on so(3)*. Turning to the non-linear structure defined in Example 3.6, check
that it admits as a Casimir element (together with constant functions):

2 1
C:X2+Y2—§Z3+§Z

Given a Poisson bracket, it is not at all evident to deduce which function are Casimir, and
which vector fields are Poisson vector fields (up to hamiltonian vector fields). We will give a
partial answer to this question using cohomological techniques. The mathematical machinery set
up to describe this so called Poisson cohomology will eventually provide another, more geometric
point of view on Poisson brackets. We first need to generalize the Lie bracket of vector fields
to the whole graded algebra X*(M) = @F ; X'(M). Recall that the space X?(M) represents
the sheaf of smooth sections of the vector bundle A’TM. Every multivector field is locally
decomposable because A\*TM admits elements of the form Oy N oo o N Ok, (for 1 <kp <...<
ki < n) as local frames. Evaluating an element of X*(M) on i smooth functions — which gives
back another smooth function — is then done by using Equation (A.17). Moreover, the pair
(X*(M), ) is a graded commutative algebra:

XU(M)AXI(M) C X7 (M)
More precisely, for P € X(M) and Q € X/(M) and i+ j smooth functions fi,..., fit;, one has:

PAQ(fi,- firg) = Y. (=1)7P(foqrys- s fo(i) QUn(ir1)s -+ -+ fo(ins)

ceUn(i,j)

where Un(p,n — p) represents the set of (p,n — p)-unshuffles (other people call it shuffles), i.e.
those permutations o € S, satisfying the following two unshuffling conditions:

o(l)<o(2)<...<ao(p) and cp+l)<op+2)<...<o(n—-1)<o(n)

At level 0, i.e. for X°(M) = C°°(M), we understand that wedging with respect to a smooth
function f consists in multiplying by this function: f A P = fP, for any P € X*(M).

Ezample 3.12. Let P = 0, N\ 0y A 0, be a multivector field on M = R3. For any three smooth
functions f, g, h, we have:

P(f,g, h) = &rfaygazh - 8xfayhazg +0O

where OO symbolizes circular permutation of the three functions.
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While vector fields on a smooth manifold are derivations of smooth functions, multivector
fields are multiderivations: X*(M) ~ Der’(C®(M)) (see Lemma 1.2.2 in |

]). By multiderivation, we mean the following: for every P € X*(M) and fi,..., fi,g €
C>® (M), we have:

P(f177flg):P(fl)af’L)g+flP(f1779)

In particular, since P is fully skew-symmetric with respect to permutations of its variables, the
derivation property is true for every slot. Multiderivations can be composed: for P € X*(M) and
Q € X7(M) two multiderivations (here 1 < 4, j < n), the composite Po( is not a multiderivation,
but a priori no more than a multi-operator on C*° (M) (this was already observed for mere vector
fields). More precisely, it acts on i 4 j — 1 smooth functions fi,..., fi1;—1 as:

POQ(fla‘”afi-i-j—l) = Z (_1)0P(Q(fo(1)7'"?fo(j))?fa(jJrl)a“'7fa(i+j71)) (38)

ceUn(j,i—1)

while if @ is a smooth function (whatever P is) then we set P o Q = 0. Equation (3.8) shows
that although P has degree ¢ and () has degree j, the composite P o ) does not respect this
graduation because it has ¢ + j — 1 arguments. This is why we decide to create a new grading
on X*(M), by shifting the original grading by —1. We denote by V(M) (for —1 < i < n —1)
the vector space X**1(M) shifted by a degree —1:

In other words, we have the following correspondence:

V(M) VO(M) VHM) . Vrl(M)
[ [ [ [
x0(M) X' (M) X2(M) .. x"(M)
N—_——
(M)

In particular, smooth functions now belong to V='(M) = X°(M), vector fields belong to
VO(M) = X'(M), and multivector fields of degree i belong to V'=!1(M). We label by P the
degree (with respect to the new convention, in V*(M)) of the homogeneous element P. In
particular, if P € X*(M), we have P =i — 1. Given these conventions, we set:

Definition 3.13. The Schouten-Nijenhuis bracket is the R-bilinear graded skew-symmetric
bracket on V*(M) = ?:111 Vi(M) defined by its action on any two homogeneous multivector
fields P,Q of degree > 0: L

[P.Qlsy =PoQ— (-1)"Qo P (3.9)

while, for any function f € C*(M):

Remark 3.14. Equation (3.10) means that, if for example in local coordinates P = P10 ;; A
... A\ Oy, (summation implied), then:

[P, flsn = > (=1)TFIPR0 i (F)Oyin Ao e A iy Ao A Dy

—

where 0 ;; means that we omit this term in the wedge product of k — 1 partial derivatives.
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Being graded skew-symmetric means that for any two homogeneous multivector fields P, Q,
one has:

[P.Qlsw = —(~=1)"?[Q, Plsy (3.11)
This implies in particular that, when one considers P,Q as elements of X*(M) of respective
degrees i and j, the Schouten-Nijenhuis bracket reads:

[P, Qlsn = —(—1)"VE=D[Q, Plgy

We see that this definition of the bracket — although equivalent to Equation (3.9) — is not so
convenient because of the exponents that do not match the degrees of P and (). For degree
reasons, the bracket of two functions is zero because the sum of their degrees is —2, and the
graded vector space V*(M) does not possess a vector space of degree —2.

A more explicit formula for Equation (3.9) when P and @ are decomposable multivector
fields, may be the following:

[(XiA L AXGYIA LAY gy = D (DMX VIAXIA L AXGA . AXGAYIAL LAY LAY
1<k<i
1<I<j
(3.12)
together with, for Equation (3.10):
K3
[Xl AN, ¢ f]SN = Z(—l)k+1XZ(f)X1 AN ANXe N ONXG
k=1

for every vector fields Xi,...,X;,Y1,...,Y;, and smooth function f € C*(M). The latter
expression is convenient because we then have:

(X, flsy = X(f) and [X AY, flsny = X(f)Y =Y (f)X

Ezercise 3.15. Using Equation (A.17), you may check the identity between formula (3.9) and (3.12)
on small decomposable multivector fields, such as P = X and ) = Y7 A Ya.

The Schouten-Nijenhuis bracket has several nice properties. In particular it coincides with
the Lie bracket on vector fields when P,Q € X!(M), since in that case P = Q = 0. It is thus
legitimate to wonder whether this bracket generalizes the notion of Lie algebra to that of a
graded Lie algebra on the graded vector space V*(M).

Definition 3.16. A graded Lie algebra is a graded vector space V.= @;c, Vi, equipped with a
R-bilinear aperation [.,.] : V x V. — V called a graded Lie bracket, and which satisfies the
following identities:

graded skew-symmetry [z, y] = — (=)l [y, 7]
graded Jacobi identity [, [y, 2] = [[=,9], 2] + (=) W[y, [, 2]]

for every x,y,z € U. A derivation of degree d of V is an endomorphism § : V® — V¢ such
that:

3([z, ) = [6(x), y] + (1) [z, 5(y)]
We denote Derd(V) the vector space of derivations of degree d of V.

Remark 3.17. Another, more symmetric form of the graded Jacobi identity exists, but it is not
very convenient to use:

(=), [y, 2] + (= D)M [y, [z, 2]] + (=12, [, ] = 0

Moreover, the graded Jacobi identity appearing in Definition 3.16 shows that the adjoint action
of any element of V is a derivation of V: ad, € Derm(V), for every x € V.
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The two conditions satisfied by the graded Lie bracket in Definition 3.16 are slight gen-
eralizations of what characterizes a Lie algebra because Lie algebras are graded Lie algebras
concentrated in degree 0. The idea with grading is very intuitive: for any two homogeneous ele-
ments x,y € E, when we swap x and y to form a new term (either in the bracket or by ‘jumping’
over), we add a sign (—1)/#l1 in front of the new term hence created, compared to the classical
(non-graded) situation. You can see this phenomenon on the right-hand sides of both equations.
The same phenomenom happens for differential forms: n A p = (—1)#l 4 An, making the wedge
product graded commutative (and not merely commutative). Here, this has interesting conse-
quences: in a graded Lie algebra, we do not necessarily have [x,z] = 0 because the graded Lie
bracket is not skew-symmetric anymore when |z| is odd because [z, z] = —(—1)'*![z, 2] hence
we cannot conclude on the vanishing of [z, z].

Ezercise 3.18. Using the graded Jacobi identity, show that if z = y and |x| is odd, we have:

[x7 [l" ZH = %[[:C, x}v Z]

These observations enable us to formulate the following important result:

Proposition 3.19. The Schouten-Nijenhuis bracket extends the Lie bracket of vector fields to
a graded Lie algebra structure on V*(M). In particular, the Scouten-Nijenhuis bracket satisfies:

[P7fQ]SN == [Pvf]SNQ+f[P7Q]SN
for any smooth function f and multivector fields P and Q).

Proof. First of all, one needs to check that the graded vector space V*(M) is stable under this
bracket. This can be proven on decomposable vector fields, using Equation (3.12). From Equa-
tion (3.11), the bracket is obviously graded skew-symmetric. It is just a matter of computation
to check with Equation (3.12) that it satisfies the graded Jacobi identity (on decomposable
vector fields). See Theorem 1.8.1 in | | for more details. O

Remark 3.20. Actually, the Schouten-Nijenhuis bracket is the unique extension of the Lie bracket
of vector fields to a graded Lie bracket on the space of alternating multivector fields that makes
it into a Gerstenhaber algebra.

The Schouten-Nijenhuis bracket on vector fields allows us to characterize Poisson structures
in a more geometric flavored approach. Let (M, {.,.}) be a Poisson manifold and let x!,... 2"
be local coordinates on M. Then the Poisson bracket between two functions f, g is locally of
the form (see Proposition 1.14 in | E
. Of g
b= ¥ falaipl 20 (313

1<i,j<n

This Equation is valid locally in the coordinate neighborhood of any point of a smooth manifold,
and it is invariant under change of coordinates 2’ —— z/*. Indeed, using Equations (2.7)-(2.8),
we have that (omitting the sum signs):

(2t 29} of 0Og ox'* ozt of Og of dg
7 02t Oad dxt Qi dx'k Q' dz'* 9t
Then we see from Equation (3.13) that the Poisson bracket can be locally seen as a bivector

field %{xi,xj }0; A\ 0; which, when evaluated on two smooth functions f,g, give {f, g}, as the
following short calculation (where we have omitted the sum signs) shows:

— {ZEi,.’Ej} — {,Ilk,ZC/l}

of 9y
Ozt OxJ

St )0 £ 0y(,0) = ot 9 (0uf 09 — Digisf) = fa'a)
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We used Equation (A.18) between the first and the second step. We denote 7 the unique bivector
field whose component in local coordinates is 7%/ = {z*, 27}. Thus, the Poisson bracket uniquely
defines a bivector field 7 € X2(M) via the following identity:

m(f,9) ={f, g} (3.14)

Ezercise 3.21. By applying the Jacobi identity satisfied by the Poisson bracket to the coordinate

functions 2%, 27, z*, show that the components of the bivector field 7 satisfies (this is a local
expression):

i Wisﬁﬂj +7Tj567r g _Hrksaw”

oz’ oxs oxs

=0 (3.15)

Obviously, not every bivector field satisfies Equation (3.15). However, those that satisfy it
define a Poisson structure on M via Equation (3.14). This translates as the following funda-
mental fact, due to Lichnerowicz:

Proposition 3.22. There is a one-to-one correspondence between Poisson structures on a
smooth manifold M and bivector fields m € X2(M) such that:

(7, 7lsn =0 (3.16)
FEzercise 3.23. Prove that |7, m]sy = 0 is equivalent to Equation (3.15), when evaluated in local

coordinates.

Remark 3.24. By the correspondence established by Proposition (3.22), we will now either use
the notation (M,{.,.}) or (M, n) (depending on the context) to denote a Poisson manifold.

Example 3.25. The bivector field associated to the canonical Poisson bracket of Example 3.3 is
the following:
n

So, in particular, if one relabels the coordinates as ! = ¢* and 2"t = p; for 1 < i < n, then
7 (q,p) = 0 except when j = i +n or i +n = j, and in that case we have 7*(*") = 1 and
li+mn — _1 5o that 7 = $9; A 0.

Example 3.26. On R? one picks the following Poisson bracket:

(fgy = 22009 0709 090  090F
I = e 02 6y82 Yoz 02 Gy&z

1
8pz (3.17)

This Poisson bracket corresponds to the following Poisson bivector field:

< 0 L+ 0 ) A 0

=z — —

Ox y@y 0z

Ezercise 3.27. Check that the Poisson bivector defined in Example 3.25 indeed satisfies Equa-
tion (3.14), where the Poisson bracket is that of Equation (3.2).

Ezercise 3.28. Given two Poisson structures my and 7; on a smooth manifold M, show that, if
7 = (1 —t)mp + tr1 is a Poisson structure for some ¢ # 0, 1, then it is a Poisson structure for all
t € R. We then call the smooth family (7); a Poisson pencil.

Seen from X*(M ), bivectors fields have degree 2, while seen from V*(M ), they have degree 1.
Bivector fields satisfying Equation (3.16) are called Poisson bivector fields (not to be confused
with the Poisson vector fields defined in Equation (3.5)). We now show how a Poisson bivector
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field makes V*(M) a chain complex. Let d, : V*(M) — V*T1(M) be the unique R-linear
morphism defined on any element P € V*(M) as:

dr(P) = [, Plsy (3.18)

This operator is well defined, and is indeed of degree 1; it corresponds to the adjoint action of
7 on the graded Lie algebra V*(M) = @7~', VI(M). Moreover, the graded Jacobi identity (via
Exercise 3.18) together with Equation (3.16) imply that d, squares to zero:

dr(P) = [m,[r, Plsn] gy = 5 [ mlsn. Plgy =0

N

This operator is often called the Poisson differential. These successive facts imply that (V*(M ), d,)
is a chain complex:

00— Vi) —“= v —= s yir) —F oy () 5 0
—— ——
o< (M) x(M)

Notice that the above results can equivalently be expressed with respect to the grading on
X*(M). The Poisson differential is still defined from Equation (3.18), at the cost of expressing
the Schouten-Nijenhuis with respect to the grading of X*(M), via Equation (3.11). Then, we
obtain that (X*(M), d,) is a chain complex concentrated in degrees 0, ...,n. This is the natural
setup to define a cohomology theory:

Definition 3.29. Let (M, n) be a Poisson manifold. The cohomology of the chain complex
(X(M),d) is called the Poisson cohomology of (M, ) and is denoted, for 0 <i < n:

; _ Ker(d, : X{(M) — X*1(M))
HrM) = Taid, - 21 (M) — X (M)

The map dr is called the Poisson differential.

Notice that Equation (3.18) can be rewritten in a way that shows a huge similarity with de
Rham differential (1.31) (and Chevalley-Eilenberg differential as well):

m+1 R
(=)™ de(P)(f1, o fos fng1) = D (1) 7T X (P(fro- s fire s fmt1) (3.19)
=1
+ > (CODTPE b Fraee s firee By )
1<i<j<m+1

for every P € X™(M). The sign (—1)™ could have been got rid of if the Poisson differential
had been defined following the alternative, although equivalent, convention: d.(P) = —[P,7|sn-
As can be explicitly be seen in Equation (3.19), the Poisson differential carries information on
the Poisson structure on M. The next subsection clarifies the relationship between de Rham
cohomology and Poisson cohomology.

Exercise 3.30. Show that the map d, is a derivation of the Schouten-Nijenhuis bracket.

Let us compute the first few cohomology groups. The 0-th Poisson cohomology is given by:

HY(M) = Ker(d, : C®(M) — X(M))
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By definition of the Schouten-Nijenhuis bracket involving functions, we have d.(f) = [r, flsy =
—7(f,—) = —{f,—}. Then, the smooth functions that belong to H(M) consists of those that
are such that {f, g} =0, i.e. they are Casimir elements of the Lie algebra (C*(M),{.,.}):

H2(M) = Casimir elements of (C*°(M),{.,.})

The dimension of HQ(M ) as a vector space is at least 1, because constant functions on M are
Casimir elements (assuming M is connected). Going to the next level, we have:

_ Ker(dy : X(M) — X*(M))
~ Im(d, : C®°(M) — X(M))

Hy (M)

Elements of Ker(d, : X(M) — X%(M)) are characterized by the following property: they are
vector fields X such that [m, X]|sny = 0. It corresponds to Equation (3.5), hence such vector fields
are Poisson vector fields. The space Im(d, : C*°(M) — X(M)) consists of Hamiltonian vector
fields on M. These are Poisson vector fields of a particular kind: they are somehow "trivial” in
the sense that are the easiest Poisson vector fields to find, for they are automatically given as
soon as a Poisson structure is defined. The interesting Poisson vector fields are thus those that
are not hamiltonian or, more precisely, the classes of Poisson vector fields up to hamiltonian
vector fields, which is precisely what the first cohomology group is:

HY(M) = classes of non-trivial Poisson vector fields

So, in particular, if H1(M) # 0 there are Poisson vector fields which are not Hamiltonian vector
fields. Higher Poisson cohomology groups arise naturally in deformation theory: H2(M) may
be interpreted as the moduli space of formal infinitesimal deformations of 7, while H3(M) may
be interpreted as the space of obstructions of such deformations | .

Ezample 3.31. Using the fact that H},(R?*") = 0, we will show in Remark 3.38 that H}(R?*") =0
(where the Poisson structure is the canonical one). It implies that on R?" equipped with the
Poisson bracket defined in Equation (3.2), every Poisson vector field is hamiltonian, i.e. descends
from a smooth function. However, contrary to de Rham cohomology which is locally trivial on a
smooth manifold, Poisson cohomology needs not be locally trivial on a Poisson manifold because
the Poisson structure needs not be non-degenerate.

An alternative view on Poisson vector fields can be made through Lie derivatives. First,
define the Lie derivative of a vector field Y along the vector field X by the Lie bracket:

Lx(Y)=[X,Y] (3.20)

Then, to be consistent with Schouten-Nijenhuis bracket, it implies that on smooth functions,
Lie derivatives act as derivations:

Lx(f) =X, flsy = X(f) (3.21)
More generally, on any multivector field P, the Lie derivative acts as:
Lx(P) =[X,Plsn

Then, one notices that the condition (3.5) of X being a Poisson vector field (with respect to the
Poisson bivector 7) is equivalent to the following equality:

Lx(m)=0
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Ezercise 3.32. Show that the condition that a bivector field B is a Poisson bivector is equivalent
to the following identity:

'CB#(df)(B) =0 for every smooth function f

To conclude this subsection, we show that the Lie derivative can naturally act on differential
forms. Using Equations (3.20) and (3.21), one can deduce that the Lie derivative Lx of a vector
field X acts on differential one-forms since it should satisfy a kind of ‘derivation property’:

X(E(Y) = Lx () +&(Lx(Y)) (3.22)

for every ¢ € QY(M) and Y € X(M). Defining the interior product on differential forms as the
linear operator defined, for every z € X(M), as:

ix : QM) — Q" Y(M)
n ———xn=n(X,...)

we notice that Equation (3.22) is equivalent to writing:

Lx(OY) = X (&) = &([X, Y]) = Y(§(X)) + d&(X,Y) = (dex (§) + exd€) (V)

This allows us to find the following characterization:

Definition 3.33. The Lie derivative of a vector field X € X(M) is the unique derivation of
both X*(M) and Q°*(M), defined on any multivector field P and differential form n as:

Lx(P) =[X,Plsn
Lx(n) =dux(n) + txdn

Then, we have a nice result involving Lie derivatives, which is often used in geometry:

Proposition 3.34. For any two vector fields X, Y € X(M), one has:
Lx,Ly] = Lixy]

Proof. This is a direct consequence of the properties of the Schouten-Nijenhuis bracket or the
operators d and tx. ]

3.2 Properties of Poisson bivectors

Let M be a smooth manifold and let B = %bij 0; \0; be a (non-necessarily Poisson) bivector field.
The local components (b%)1<; j<p are smooth functions ¥ : z — b%(z) on U. For simplicity,
the latter expression b (z) will be denoted b%. Such functions define a smooth function:

B: U —— gl,(R)

bl B2 ple
21 2
pol pon

where n = dim(M). Because b/ = —b/ this function takes values in skew-symmetric n x n

matrices. We say that the matrix is a contravariant tensor because indices appear as exponents
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and any change of coordinates induce a transformation of the functions b% following that of the
components of vector fields: b* = gi;%bij (summation is implicit). The rank of B at a point x
is the rank of the corresponding matrix B(z). The rank is obviously invariant under coordinate
change. We say that a bivector field is non-degenerate when it has maximal rank n at every
point of M. Since the rank of an anti-symmetric matrix is even, it means that such situation

can occur only when M is even dimensional.

To make further sense of B, let us introduce the notation for the natural pairing between
differential two-forms and bivector fields on M. Indeed, the pairing (.,.) between covector and
and tangent vectors on M can be extended to decomposable differential 2-forms and bivector
fields by the following identity:

(EAmX AY) =2(EX)nY) - &V In(X)) (3.23)

The factor 2 comes from the fact that we have two wedges products on the left-hand side,
compared to Equation (A.17) for example. These conventions imply that, for a bivector B, we
have:

B(f,9) = %(df Adg, B) (3.24)

for any two smooth functions f,g € C*°(M). Indeed, in local coordinates the bivector field B
reads B = %bij 0; N 0;. Then, applying Equation (3.23) to the right hand side of Equation (3.24)
gives (summation on repeated indices is implicit):

= (df Adg, B) = 169 {df Ndg, 00 35) = b7 (0:(1)5(0) 55 (Ni(o) = 3690:0,(1.) = B(S.9)

Remark 3.35. Equation (3.24) straighforwardly applies to B = 7 a Poisson bivector field, al-
though in the litterature the left hand side is often written 7(df,dg) (not to be confused with
(df N\ dg,B) then).

Using the pairing between differential two-forms and bivector fields defined in Equation (3.23),
the bivector field B induces a vector bundle morphism:

BY: T"M ——— TM
(0 60) ——— 5(6 Ad(-), Be)

where B, denotes the evaluation of the bivector field B at x. The term on the right-hand side
should be read as follows:

1

%<§m A d(_)vBm> D f— §<§x A df‘x’Bx>

One can check that it is indeed a derivation of smooth functions. More generally, evaluating
any differential form 7 on B#(f ) corresponds to the following pairing:

n(BHE) = (A, B) (3.25)

The definition of B has been made so that, when evaluated on exact differential forms (every
sufficiently local section of T*M is exact), it is the unique vector bundle morphism satisfying:

BH(df) = B(f,-)

The right hand-side is a vector field on M (or at least an open set U), so the smooth map
B¥ indeed takes values in the tangent bundle and defines a vector bundle morphism. Since in
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local coordinates, the right hand side of Equation (3.25) reads &; ,b%9;(f) — where the & , are
the components of the covector &, in the basis dz',...,dz™ — the rank of the map B is the
rank of the map B : M — gl,,(R). The morphism B¥ extends as a vector bundle morphism
NT*M —s AN'TM, for 1 < i < n, compatible with the wedge product. It means that, setting the
action of B¥ on Q0(M) = X°(M) = C>°(M) to be the identity map, B¥ extends to a morphism
of graded commutative algebras B# : Q*(M) — X*(M):

B¥(n A p) = B¥(n) A B¥ ()

This perspective on bivector fields is quite useful regarding the relationship between de
Rham cohomology and Poisson cohomology. Indeed, if B = 7 is a Poisson bivector field, then
the Hamiltonian vector field associated to the smooth function f is precisely X = ki (df). More
generally, the vector bundle morphism 7% : A'T*M — A'TM commutes with the respective
differentials:

Proposition 3.36. The graded commutative algebras morphism % : Q*(M) — X*(M) is a
chain map:
F#OddR :dﬁoﬂ'#

The proof is made by induction on the form degree, and can be found in Proposition 2.1.3
in [ ]. Then, closed (resp. exact) differential form are sent to closed (resp.
exact) multivector fields. The chain map n# : (Q*(M),dqr) — (X*(M),d,) is an algebra
h;)momorphism, and then induces a homomorphism between cohomology groups that we denote
% as well:

Corollary 3.37. For any Poisson manifold (M, ), there is a natural homomorphism, called the
Lichnerowicz homomorphism, between the de Rham cohomology and the Poisson cohomology:

ot Hip(M) — H3(M)

Remark 3.38. Then, if 7 is a non-degenerate bivector field, the Lichnerowicz homomorphism is
an isomorphism. This Corollary proves that H1(R?") = 0 so that every Poisson vector field on
R2" (equipped with the standard Poisson bracket) is a Hamiltonian vector field, and that this
Poisson structure is ‘rigid’ in the sense that H2(R?") = 0.

The importance of the vector bundle morphism 7t . T*M — TM is the following: for
every x € M its image in T, M spans the directions taken by the hamiltonian vector fields at x.
As it is, this might be useless, but actually it allows us to understand that hamiltonian vector
fields do not necessarily span the entire tangent space, and thus that the transport along these
vector fields are constraints in some directions. Hence, for a physical hamiltonian, it means that
the Poisson structure on M constraints the set of reachable points in the phase space, given an
initial point. In particular, if the Poisson bivector is degenerate at a point x, there is no bijection
between T M and T, M and the integral curves of Hamiltonian vector fields passing through
x will not be able to reach every point in the neighborhood of x. This can be explained by
the fact that the vector bundle morphism 7% defines an integrable distribution, as the following
proposition shows:

Proposition 3.39. Let (M, m) be a Poisson manifold. Then T*M is Lie algebroid — called the
cotangent Lie algebroid, with anchor 7t T*M — TM and with Lie bracket:

[ e s QY(M) x QY M) ——— QY (M)

(@,8)  ——— lo Bl = £ 40 (8) — £ 45 (@) = 5d({an 6,m)
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Remark 3.40. Usually, the last term on the last hand side is often written as d(w(a, 8)), where
the bivector m € X2(M) is here seen as a bilinear form on Q!(M). We chose to use the pairing
given by Equation (3.23) for it seems more transparent; see Remark 3.35 for a comparison
between the two notations.

Proof. We already know that 7# is vector bundle morphism and the bracket [.,.]7=a is obviously
skew-symmetric. Then we only need to show that the bracket satisfies the Jacobi identity and
that it is compatible with the anchor map in the sense that they satisfy the Leibniz rule. Since
every differential one-form is locally exact, and that the bracket is defined only locally, we will
evaluate both the Jacobi identity and the Leibniz rule on exact differential one-forms. Then we
can observe the following fact:

Lemma 3.41. On ezact differential one forms, the bracket |.,.|r=p satisfies the following
identity:
[df, dg)r-nr = d{f, g}
for every f,g € C>*(M).
Ezercise 3.42. Prove this lemma by using Proposition (3.33), the definition of 7% and the prop-

erties of the Lie derivatives given in Proposition 3.33.

Let us now show that [.,.]p=ps satisfies the Jacobi identity on exact differential one-forms;
let f,g,h € C>°(M), then by Lemma 3.41 we obtain:

[df, [dg, dh]rat] oy, = A d{g: R}y
= d{f.{g,h}}
= d({{f, g} 1} + {g. {f.}})
= [d{f, g}, dh]p.y, + [dg, dUf 1Y ]y
= [[df, dglr=rr, db] .y, + [dg, [df, dh]rend] ey,

Notice that the Jacobi identity for [.,.]r«as is a consequence of the Jacobi identity for the
Poisson bracket. Now let us check the Leibniz rule (4.86):

[dfv gdh]T*M = Ew#(df) (gdh) - £7r#(gdh) (df) - %d(<df A gdh, 7T>>
= L, (gdh) — Lx, () — 5lgldf A, )
= Lx,(g) dh+ g Lx,(dh) — d(gXn(f)) — d(g{f, h})
= X¢(g)dh+ g {f,h} — d(g{h, f}) — d(g{f, h})
— w4 (df)(g) dh + g [df, dhl s

We used the definition of the Lie derivative as given by Definition 3.33, as well as the definition
of Hamiltonian vector fields (see Equation (3.6)). O

The fact that T*M is a Lie algebroid over M implies that the image of the anchor map ki
is a (possibly singular) smooth involutive distribution on M. If the distribution is regular — i.e.
has constant rank — Frobenius theorem 2.68 implies that it is integrable to a regular foliation. If
the distribution is singular — i.e. if its rank is not constant — then, because it is finitely generated
and involutive, it turns out that it also integrates, to what is called a singular foliation. The
latter notion generalizes the notion of regular foliation in the following way:
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Definition 3.43. A singular foliation s a partition | |, Lo of M by disjoint connected weakly
embedded submanifolds Ly, called leaves, such that the induced distribution D : x +—— Ty Loy is
smooth. Here a(x) denotes the index o such that Lo, is the unique leaf passing through x.

|- _cSa

K - ——f_::’—'—_ -
[ J

—C A _:-_‘}__________._
L
[ ]

—C | = — C e
@

— }..-—-—--'—_‘

x)) . —e

Figure 15: Two examples of partition of R?: the first one consists of horizontal lines for z # 0
and the vertical line for x = 0, while the second one has points on the vertical axis. The figure
on the left is not a singular foliation because any tangent vector to the submanifold at x = 0
does not satisfy the smoothness condition: any smooth extension of 9, in any neighborhood of
the origin necessarily contains a vertical part, which is then not tangent to the horizontal leaves
outside the vertical axis. On the contrary, the figure on the right is a singular foliation.

An alternative formulation, closer to that relying on foliated atlases for regular foliations,
involves the notion of distinguished atlas. We say that M admits a distinguished atlas (with
respect to a partition £ = ||, Ly of M into immersed submanifolds, if for every z € M there
exists a chart (U, ¢) such that | ]:

1. ¢(U) decomposes as a product of connected open sets o(U) =V x W C RP x R"7P;
2. ¢(x) = (0,0);

3. forany L€ L, o(LNU) =V x g, with I, = {y € W | ¢ 1(0,y) C L}.

In particular, the last condition implies that the leaves intersecting U have higher than or equal
dimension to that passing through z. It is equivalent to requiring that the map x — dim(L,)
(where L, is the leaf passing through z), going from the topological space M — equipped with
the distinguished atlas — to the integer, is continuous. Since the target space has the discrete
topology, the map is lower semi-continuous, hence the result. Moreover, it also implies that the

map is locally constant on a dense subset of M, which means that the singular leaves are quite
rare actually.

Example 3.44. The distribution defined in Example 2.64, although integrable, is not a singu-
lar foliation because the leaf passing through the origin (0,0) has higher dimension than its
neighbors. Thus it does not admit a distinguished atlas as item 3. fails to be satisfied.

Frobenius’ result about integrability can then be generalized to singular distributions thanks
to Hermann’s theorem:

Theorem 3.45. Hermann Theorem. A locally finitely generated singular smooth distribution
D on a smooth manifold is integrable (to a singular foliation) if and only if it is involutive.
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Remark 3.46. The first assumption, that the distribution is locally finitely generated means the
following: for every point x € M, there exist an open neighborhood U of x and a finite number
of smooth sections X1,...,X,, € I'(U, D) such that, for every open set V such that V C U,
the space of smooth sections I'(V, D) is generated as a C*°(V)-module by the restrictions of
X1,..., X to V. The definition seems complicated but it is made so that the corresponding
notion is local.

The idea behind integration of a singular smooth distribution is that the smooth manifold
M is foliated by a set of weakly embedded submanifolds called leaves such that, given any point
x, the tangent space to the leaf through z — denoted L, — coincides with D,:

This identity being actually true for every point y of the leaf: T} L, = D,. Since the rank of
the distribution jumps, the dimension of the leaves will jump as well. A reservoir of examples
of integrable distributions come from the following observation:

Proposition 3.47. The (possibly singular) distribution generated by the anchor of a Lie alge-
broid s integrable.

Proof. Let A be a Lie algebroid with anchor map p, and set D, = Im(p(A,)). This is a smooth
distribution because each element X, of D, admits a preimage a, € A;, and it is then sufficient
to take any smooth section of A passing through a,, and to project it to X(M) via p. The image
is a vector field X such that X, € D, for every y is some neighborhood of x. The distribution
is locally finitely generated because A is a vector bundle of finite rank, so it admits local frames
that induce local generators of I'(D). Finally, it is involutive because p : I'(A) — X(M)
is a homomorphism of Lie algebras. Then, by Hermann Theorem 3.45, the distribution D is
integrable to a (possibly singular) foliation. O

Since, for a Poisson manifold (M, ), Proposition 3.39 implies that 7% M is a Lie algebroid,
the vector bundle morphism 7# defines an integrable generalized distribution D, = Im(7#) C
TM. The (possibly singular) foliation integrating this distribution is called the characteristic
foliation. Since the rank of the distribution D at the point = equates that of the image of 7% at
x and is thus even, the leaves of the foliation induced by a Poisson bivector field will always be
even dimensional. We will now explain that they are, in fact, symplectic manifolds:

Definition 3.48. A symplectic manifold is a smooth, even dimensional manifold, equipped with
a non-degenerate closed two-form w.

Remark 3.49. Here, non-degeneracy means that the canonical vector bundle morphism W’ =

tx(w) : TM — T*M induced by w by contraction with tangent vectors is an isomorphism of
vector bundles.

Ezxample 3.50. For every smooth manifold M, the cotangent bundle T*M is naturally a sym-
plectic manifold: let denote ¢* the local coordinate functions on M and p; the local coordinate
functions on the fibers of T*M, i.e. p;(dz/) = &!. Then the differential 2-form w € Q?(T*M)
defined as w = Y., dp; A dg' is a non-degenerate closed 2-form on 7*M. This result shows
that the isomorphism w” : TM — T*M then associates the tangent vector a%i to dp;. In
Hamiltonian mechanics, the coordinate function p; is the conjugate momentum associated to
¢*. Hence, symplectic manifolds represent the canonical setup to do classical mechanics (when
it is well-defined). When working in a physical context we may call M the configuration space
and T*M the phase space. In particular the phase space R?" presented in Example 3.3 actually
corresponds to T*R™.
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Now let us draw the relationship between symplectic manifolds and Poisson manifolds. At
this point, we need not assume that w is a closed differential form, although we still assume that
it is non-degenerate. Then, the vector bundle morphism w” : TM — T*M can be inverted. Its
inverse is thus a vector bundle morphism B% : T*M — TM satisfying:

w® o B#(a) =«

for every differential one-form o € Q'(M). We denote X the vector field B(df) (we will soon
see that it is not contradictory with the earlier notation). Then, by construction we have:

W(Xy, Xg) = W (Xp)(Xy) = w” o BH(df)(X,) = df (X,) = df (B (dg))

for any two smooth functions f,g € C*°(M). Antisymmetry with respect to f and g is implicit
everywhere. Then, by Equations (3.24) and (3.25), there exists a unique non-degenerate bivector
field B (hence the notation) such that:

1
w(Xf7Xg) :_§<df/\dg7B> = _B(fag) (326)
This bivector field is actually not any bivector field:

Proposition 3.51. w is a symplectic form if and only if B is a Poisson bivector, that is to say:

dv=0 <= [B,Bl]sn=0

Proof. Let f,g,h € C>°(M), and we set Xy = B (df), Xy = B#(dg) and X, = B¥(dh). Then,
by Equation (1.31) the de Rham derivative of w satisfies:
dw(X s, Xg, Xp) = Xp(w(Xg, Xpn)) — w([Xy, Xg], Xn)+ O (3.27)

where O symbolizes circular permutation of the three functions. Using successively Equa-
tions (3.26), (3.25) and (3.24), one deduces that the first term on the right hand side of Equa-
tion (3.27) is —B(f, B(g,h)). On the other hand, the second term on the right-hand side of
Equation (3.27) can be rewritten as:
7w([Xf’ Xg]’ Xh) = w(Xha [Xf7 Xg])
b
= w” o B¥(dh)([X}, X,])
Thus, noticing that —B(g, B(f, h)) = —B(B(h, f), g) and writing explicitly the circular permu-

tation, Equation (3.27) can be rewritten:

dw(Xf’ngXh) = _B(B(fvg)’h) - B(B(gvh)vf) - B(B(ha f)ag)

On the right-hand side, one can recognize minus the Schouten-Nijenhuis bracket of B with itself,
so that:
dLU(Xf, Xga Xh) = _[Ba B]SN(fv g, h)

This prove the claim. O

Remark 3.52. A Hamiltonian vector field on a symplectic manifold is a vector field X such that
there exists a smooth function f such that:

w(X,.) =df (3.28)

Then we have that X = B#(df) but since B is a Poisson bivector by Proposition 3.51, we
deduce that X = {f,.} = Xy, the usual Hamiltonian vector field associated to f. Hence, on a
symplectic manifold, the definition of Hamiltonian vector fields using the symplectic form and
that using the Poisson bracket or bivector are equivalent.
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Thus a symplectic manifold is a Poisson manifold where the Poisson bivector is non-degenerate.
Conversely, using Proposition (3.51), one can show the converse statement: any non-degenerate
bivector field B on a smooth manifold M gives rise to a non-degenerate differential 2-form w
which is closed — i.e. symplectic — if and only if B is a Poisson bivector. We can summarize
these results in the following general statement:

Proposition 3.53. Let M be an even dimensional smooth manifold. Then there is a one-to-one
correspondence between non-degenerate Poisson structures and symplectic structures on M.

Let M be an even dimensional smooth manifold, equipped with a symplectic form w, to
which correspond a non-degenerate Poisson bivector 7. Let us now determinate the relationship
between w = %wkldmk Adz! and 7 = %Wij 6‘; A % in local coordinates z',...,z". Evaluating w
on the hamiltonian vector fields X, = 7% %, Equations (3.26) is equivalent to:

wim kit = g (3.29)

where summation on repeated indices is implicit. We denote the coefficients of the inverse matrix
of T = (7n"%),s by mrs, with indices at the bottom to allow contractions, so that 7"5mg = 4} .
Then, multiplying both sides of Equation (3.29) with 7, and summing over j we obtain:

LA (3.30)

ot
Thus, the components wy; turns out to precisely be my, i.e. the coefficients of w form a matrix
that is the inverse matrix of @. Thus, a symplectic form and its associated non-degenerate
Poisson bivector somehow represent dual, equivalent pictures.

We have so far shown that when the characteristic foliation of a Poisson manifold consists
of one leaf — i.e. when the Poisson bivector is non-degenerate — then the leaf is a symplectic
manifold. We want to generalize this result to degenerate Poisson bivectors, by studying the
local picture of symplectic manifolds. Recall that the standard Poisson bivector on R?" is of the
form (3.17). It is a non-degenerate Poisson bivector, and the corresponding symplectic form is
given in Example 3.50:
= - A\ = w=) dp;Ndq

iz::l dq* Opi ; P e

One can check that their respective components 7/ and wy; satisfy Equation (3.30). It turns out
that this structure is quite central in symplectic geometry, because every symplectic manifold
is locally symplectomorphic to R?™:

Theorem 3.54. Darboux theorem. Let (M,w) be a symplectic manifold and let x € M.
Then there exists local coordinates (q*,p;) centered at x, with respect to which the symplectic
form w is expressed as:

n
w = Z dp; A dq'
=1

In other words, Darboux theorem states that locally, every symplectic manifold locally looks
the same. It implies that there are no local invariants in symplectic geometry, contrary to Rie-
mannian geometry for example. The above result occurs when M is symplectic or, equivalently,
when it is a non-degenerate Poisson manifold, so that the characteristic foliation consists of one,
unique leaf: the total manifold. By Proposition 3.53 we can reformulate Darboux theorem in
terms of non-degenerate Poisson structures:
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Theorem 3.55. Darboux theorem (Poisson version). Let (M, ) be a Poisson manifold
manifold such that ™ is non-degenerate, and let x € M. Then there exists local coordinates
(¢",pi) centered at x, with respect to which the symplectic form w is expressed as:

Remark 3.56. This theorem sheds light on why the standard Poisson structure on R?" is ‘rigid’
in the sense that H2(R?>") = 0 and more generally every non-degenerate Poisson bivectors (by
Remark 3.38). This is because any small (formal) deformation of such Poisson bivector is still
non-degenerate, so they locally still look like the standard structure on R?". Thus, we cannot
‘deform’ them.

31)@

Now what happens when the Poisson bivector is degenerate, i.e. when its rank does not
equate the dimension of the manifold at every point? In that case, the generalized distribution
D, associated to the Poisson bivector 7 is integrable and its leaves are even dimensional. The
following important result generalizing Darboux theorem 3.54 to Poisson manifolds sheds light
on what happens locally:

Theorem 3.57. Weinstein splitting theorem. Let (M, m) be a Poisson manifold of dimen-
ston n and let x € M be an arbitrary point. Denote the rank of the Poisson bivector m at x by
2r, and let s = n — 2r. Then, there exists local coordinates q',...,q", P1, ..., Pr, 21, ..., 25 centered
at x, such that the Poisson bivector reads:

0
= + qbkl 3.31
8p2 1<%z:< 8zl 331
where the functions ¢r; = —¢u. are smooth functions, which depend on z = (z1,...,2s) only,

and which vanish when z = 0.

Weinstein’s theorem is not a result about local coordinates, but a result about the possibility
of choosing a special subset of local coordinates satisfying some nice property regarding the
Poisson bivector. It is a result of foliation theory that leaves are weakly embedded submanifolds.
Then by Proposition 2.55, it always possible to choose, in a vicinity of the point z, coordinates
adapted to the leaf L,: the first 2r coordinates are local coordinates on L., while the last s
coordinates represent transversal ones. In particular, the zero locus of the last s coordinates
represent the leaf through x in that vicinity, see Figure 16. Weinstein’s theorem states that,
additionally, a choice of such local coordinates can be made so that, in a vicinity of the point
x, the rank of the Poisson bivector field has constant rank 27 on the leaf through x, this rank
coinciding by definition with the dimension of L,. This implies in turn that the restriction of the
Poisson bivector to L, is a non-degenerate Poisson bivector 7| and its form is the standard
one, of Theorem 3.55. By Proposition 3.53, this makes L, a symplectic manifold. This fact
being true for every point x and thus every leaf of the characteristic foliation, we have finally
obtained a full characterization of the latter:

Proposition 3.58. The leaves of the characteristic foliation of a Poisson manifold are sym-
plectic manifolds.

Example 3.59. The linear Poisson structure defined on the dual of a Lie algebra g induces of
foliation of g* by symplectic leaves. These actually correspond to the coadjoint orbits of g on
g*. Polynomial functions on g* (i.e. elements of the universal enveloping algebra of g) that
are constant along these orbits are called Casimir operators. This convention explains why, in

Poisson geometry, functions whose hamiltonian vector field is zero are called Casimirs.
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Figure 16: Representation of the local coordinates centered at the point x appearing in Weinstein
splitting theorem 3.57. The z-coordinates are transversal to the leaf L, passing through z.

Example 3.60. As a particular case of the last example, the Poisson bivector field associated to
the Poisson structure of Example 3.5 is the following:

T =20, NOy + 20y N\ O, + Y0, N\ Oy

where we transformed capital letters into small ones. The symplectic leaves are the concentric
spheres or radius r (2-dimensional) and the origin (0-dimensional).

Ezample 3.61. The Poisson manifold (R3, ) defined in Example 3.26 induces a distribution D
generated by the following three hamiltonian vector fields:

0 0 0 0

X,=2—, Xy=y— and X,=-2— —y—

* 0z’ v =Y, ? ox yay
This distribution is integrable into a singular foliation: the singular leaves are points of coordi-
nates (0,0, z) because the three vectors fields vanish, while the regular leaves are 2-dimensional
vertical planes escaping radially from the vertical axis because then X, is radial and either X,

X, or both are vertical (see Figure 17).

Let us work in the half-space with > 0, and use polar coordinates (z,vy,z) — (1,6, 2),
where r = /22 +y? > 0 and 6 = arctan(¥) €] — 7, Z[. Then, the constant vectors % and 8%
become respectively:

g 0 sin(f) 0 g . 0  cos(f) 0
P COS(Q)E — and 3 s1n(9)§ + T
Then, since x = rcos(f) and y = rsin(f), the Poisson bivector of Example 3.26 becomes:
0
=r— N5 3.32
"= " o2 (3:32)

Now, if one performs the following new change of radial coordinate: r — p = In(r), one then

obtains —gr — %—88 , so that the Poisson bivector (3.32) becomes:
P
o 0

W:aip/\%

(3.33)
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Figure 17: The singular leaves of the characteristic foliation of the Poisson bivector 7 = (x 0, +
yOy) N O, are points on the z-axis (in orange, O-dimensional submanifolds), while the regular
leaves are vertical, radial planes (in purple, 2-dimensional submanifolds).

We have then found the expression of the Poisson bivector 7 in a set of coordinates (p, 6, z)
adapted to the situation, although they are not those of Weinstein splitting theorem for they
are not centered at any point. Expression (3.32) is valid even for z < 0 (unless x = y = 0),
because there is no dependence on 6.

Now, to make the connection explicit with Equation (3.31), let (xq,yo,20) be a point such

that zg > 0, let po = In(y/23 +y3) and 6y = arctan(i—g). Denoting ¢ = p— po, p = z — 20
and ¢ = 6 — 0y, we have a set of (local) coordinates centered at the point (xg,yo, z0), such that
(¢, p) span the leaf through (xg, yo, 20) — a vertical radial plane — and ¢ encodes the transversal
direction and vanishes on the leaf. Moreover, since we have 8% = 8%’ % = 8% and % = %, one

can write Equation (3.33) as:

7r:£/\2—i-sin(cp)i/\2
dq  Op dp Oy
The last term automatically vanishes because of the antisymmetry of the wedge product. How-
ever, we have nonetheless provided a smooth function ¢ : ¢ — sin(y) which only depends on
© and vanishes on the level set ¢ = 0 — 8y = 0, and managed to write the Poisson bivector as
in Equation (3.31). Thus, the set of (local) coordinates (g, p, ) are those whose existence is
claimed by Weinstein splitting theorem. For other regular point with = < 0, one uses the same
argument. For singular points (on the z-axis), the Poisson bivector is zero.

Notice that, since a symplectic manifold is always even dimensional, when the smooth man-
ifold M is odd-dimensional, there will necessarily be zero-dimensional leaves (hence trivial sym-
plectic manifolds). In the case where the rank of 7 is locally constant at x — i.e. on some open
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neighborhood U of x — then 1. the foliation induced by the Poisson bivector on U is regular,
and 2. there exist s Casimirs such that the symplectic leaves correspond to the level sets of
the Casimirs (and then can be taken to be the coordinates z¥). That is why one often call the
local coordinates (¢',...,q",p1,---,pr, 2%, ..., 2°) Casimir-Darbouz coordinates. Knowing that
a singular foliation forms a partition of the ambient manifold M, a corollary of Proposition 3.58
is the following:

Corollary 3.62. Every point of a Poisson manifold is contained in a unique symplectic leaf.

We conclude this subsection by the following very beautiful and nice result: one can show
that the Poisson bracket can be entirely reconstructed from the data of the symplectic forms on
the leaves of the characteristic foliation. One defines a smooth family of symplectic leaves on a
manifold M as the data of a singular foliation such that each leaf L is a symplectic manifold
(L,wr), and such that for every f € C*(M), the family of tangent vectors (X¢,)zenm defined
at each point by wr »(X¢ 4, —) = df; (where L is the leaf through ) is a smooth vector field on
M. A Poisson manifold obviously induces a smooth family of symplectic leaves, and Vaisman
has shown the converse statement | |:

Theorem 3.63. Let M be a smooth manifold equipped with a smooth family L of symplectic
leaves. Then there exists a unique Poisson structure on M such that the characteristic foliation
coincide with the foliation L (as well as the symplectic structures on the leaves).

Proof. See Theorem 2.14 in | |. One implication has been proven by the discussion
surrounding Weinstein’s splitting theorem, the other implication relies on defining {f,g} =
X¢(g) (since the hamiltonian vector fields are smooth). O

3.3 Submanifolds and reduction in Poisson geometry

The study of submanifolds in Poisson geometry is slightly more intricate than in differential
geometry, because one needs to evaluate if the Poisson bracket originally defined on the ambient
manifold M descends to the submanifold S C M. In this section, unless otherwise stated,
the word ‘submanifold’ designates any kind of submanifolds: immersed, weakly embedded or
embedded.

Definition 3.64. A Poisson submanifold of a Poisson manifold M is a submanifold S <M
admitting a Poisson structure such that the inclusion map ¢ is a Poisson map.

The immersed or (weakly) embedded submanifold S can always be seen as the image of a
injective immersion/weak embedding/smooth embedding F' : N — M, such that S = F(N).
Then one may equivalently consider that the submanifold S is a Poisson submanifold if N is a
Poisson manifold and F' is a Poisson map. Denoting { .,.} (resp. {.,.}~) the Poisson bracket on
M (resp. on N), this definition implies that the Poisson submanifold S = F(IV) is characterized
by the fact that:

{F*(f), F*(9)}y = F*({f.9}) (3.34)

for every f,g € C°°(M). We shall see that in terms of bivector fields, Equation (3.34) can be
restated as the fact that the Poisson bivector 7 defined on M is tangent to .S at every point of
S: mp € N2TpS € N2TM for every x € S. There are additional equivalent characterizations
of Poisson submanifolds, both geometric and algebraic:

Proposition 3.65. Let (M, m) be a Poisson manifold and let S be a submanifold of M. The
following are equivalent:
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1. S is a Poisson submanifold;

2. m|g takes values in N\*TS;

o

ki (T'S°) = 0;
4. T (T*M|s) C TS;
5. all Hamiltonian vector fields are tangent to S.

Remark 3.66. The notation T'S° stands for the annihilator of T'S. It is the vector bundle over
S consisting of all the covectors vanishing on T'S. More precisely, for every x € S, one sets:

T,5° ={& € Ty M | &(T,S) =0}

If M is n-dimensional and if S is a r-dimensional submanifold, T'S° is a rank n —r vector bundle
over S.

Proof. 1. <= 2. Suppose that the submanifold S is obtained as the image of an injective
immersion F' : N — M (weak and smooth embeddings are injective immersions). Then we
define A2T'S as the pushforward of the vector bundle A2TN on M via F, A Fy, and we have
N>TS c N>TM]|s.

First, assume that S is a Poisson submanifold of M, i.e. that N admits a Poisson structure
{.,.}n, and that F' is a Poisson map. In full generality, Equation (3.34) can be rewritten in
terms of Poisson bivectors as:

(F™(df Ndg),mn )y = F*({df A dg,m)ar) (3.35)

where 7 (resp. my) is the Poisson bivector corresponding to {.,.} (resp. {.,.}n). On the
left hand-side the pairing is taken with respect to TN and T*N, while on the right-hand side
it is taken with respect to TM and T*M. Equation (3.35) is to be understood as an equality
on N or, equivalently, on S = F(N). Restricting Equation (3.35) to S has the following two
consequences: one can rewrite the left-hand side as (df A dg, Fx A Fi(7n))rr, while dropping F*
on the right-hand side:

(df A dg, F. A F*(WN)>M‘S = (df A dg, W>M’S (3.36)

where both sides here have to be understood as the restriction to S of the underlying smooth
functions. Since the functions f and g are arbitrary, one obtains that, on S, W}S = F, NFi(7n),
which proves item 2 since by definition A2T'S = F, A F,(A2TN).

Conversely, still assumming that S = F(N) is a submanifold of M, then item 2. implies
that there exists a bivector field my on N such that 7T|S = F, N Fi.(mn). Since F' is an injective
immersion, it is unique. Moreover, for every open set U C M the bivector field my satisfies
Condition (3.16) on F*(C*®(U)). Let us show that this implies that Condition (3.16) is satisfied
in the neighborhood of every point of N. Let 2 € S and let z!,...,2" be local coordinates
adapted to the submanifold S in a neighborhood of x, in the sense of Proposition 2.57. That
is to say, there exists a connected coordinate chart V C N centered at y = F~!(z) in N and a
coordinate chart (U, ¢) centered at z such that:

(U NF(V)) = p(U) N {RF x 0}

In other words, if the dimension of N is k, we can assume that the first k& coordinates z!,. .., z*

of the chart ¢ are those parametrizing both V and U N F(V) C S, so that the function F
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becomes (x!,...,2%) — (z!,...,2%,0,...,0). Then any function g € C*(V) can be written

as the pull-back of a smooth function on C*®(U): let u : (z',...,2") — (x!,...,2%) be the
projection along the last n — k coordinates, and let f = go u. Then g = fo F = F*(f).
Since C>*°(V) = F*(C*(U)), then my satisfies Condition (3.16) on V. This result being true
in the neighborhood of each point of N, we deduce that wy is a Poisson bivector. Then, since
Equation (3.36) holds for arbitrary functions f and g, implying in turn that Equation (3.35)
holds, the map F': N —— M is a Poisson map, turning S into a Poisson submanifold of M.

2. < 5. Again suppose that S is obtained (at least) as an injective immersion. Let z € S
and let 2!, ..., 2" be local coordinates adapted to the submanifold S in a neighborhood of z,
as in the proof of the last item. In particular, letting V' be a sufficiently small neighborhood of
y = F~1(z) as in Proposition 2.57, the first k coordinates x',...,2* parametrize V ~ F(V),
while the last n — k coordinates are transverse to F'(V). Then the Poisson bivector = can be

decomposed as:

15 .9 1 n 0
== Z ¥ ; Z Z AN+ Z A (3.37)
2 P ox 8377 s arnt Gm 83:3 2 il 81' 33:9

For any smooth function f € C*°(M), the associated hamiltonian vector field is then:

k k i
— ;0f 0 of 0 of 9 ) 5 Of 9
o ijzl O’ O Z %l (8:151' Ox)  OxJ Oxt + ”Zk:HW 2 O (3.38)

Only the first term on the right-hand side of Equation (3.37) is a section of A27T'S. Thus,
if item 2. holds, then the second and third sums are zero on S, proving, using Equation (3.38),
that every Hamiltonian vector field is necessarily tangent to S. Conversely, if item 5. holds,
the last term of Equation (3.38) necessarily vanishes on S as it is not tangent to S, while
in the parenthesis there is a term tangent to S and the other is not. Applying successively

Equation (3.38) to the coordinate functions z!,...,z* give:
k
X = Z —|— Z 7t ax
j=1 j=k+1

Since these hamiltonian vector fields have to be tangent to S for every 1 <1 < k, we deduce
that on .S, we have 7t =0 for very 1 <l <kand k+1<j<n. This proves that the Poisson
bivector field 7 reduces to the first term of Equation (3.37) on the submanifold S, i.e. item 2.

3. <= 4. Let £ € Q'(M) such that &, € T,S° for every z € S and let 1 be a differential 1-form
on M. Then by Equation (3.25) we have, for every z € S:

e A ) = —ma(mh(€2)

& (mhn) = 5

This identity being true for every differential one-form 7 on M and every £ taking values in T'S°
on S, this implies that the right-hand side equals 0 if and only if item 3. holds and the left-hand
side equals zero if and only if item 4. holds. Then item 3. is equivalent to item 4.

4. <= 5. The direct implication is straighforward, while for the reverse implication, assume
that every Hamiltonian vector field is tangent to .S. Since through every point of the cotangent
bundle of M passes an exact form, then for every point x € S and &, € T M, there exists a
smooth function f defined on M such that df, = &,. Then wﬁ(gx) = ﬂi(dfm) = X¢ 5, which
shows that 7 (&2) actually takes values in T,,S. Since this is true for every point of the cotangent
bundle over the submanifold .S, one deduces that item 4. holds. O
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Ezxample 3.67. Obvious examples of Poisson submanifolds are the symplectic leaves of the char-
acteristic foliation induced by 4. They have the property that their Poisson bracket is non-
degenerate. More generally, Poisson submanifolds are unions of (open subsets of) symplectic
leaves (see Proposition 3.99).

Example 3.68. As seen in Example 3.61, using polar coordinates allow to write the Poisson
bivector m = (20, + y0y) A 0. on R3 as m = 70, A 0,. One then straightforwardly sees that the
2-dimensional symplectic leaves (the vertical radial planes) are Poisson submanifolds of (R3, 7).

Ezercise 3.69. This exercise is a continuation of Example 3.60, where the symplectic leaves are
the concentric spheres in R? and aims at showing that they are indeed Poisson submanifolds.
The hemi-sphere of radius r > 0 located in the positive y half-space admits adapted spherical
coordinates (r,0, ) on it, where r > 0 is the distance from the origin, § € ]0,n[ is the angle
between the positive z axis and the vector and ¢ € |0, 7[ is the angle between the z axis and the
projection of the vector on the Oxy plane. Show that in these spherical coordinates the Poisson

bivector of Example 3.60 reads:
1

= rsin(@)ae N,
and deduce from it that the hemi-sphere of radius r» > 0 equipped with this Poisson bivector
is a Poisson submanifold of (R?,7) (we know that it should be, as it is (a submanifold of) the

level set of the Casimir element C' = 22 + y? + 22 — 7 of 7).

As seen earlier, one can always characterize geometric objects by algebraic ones and vice-
versa. This is the goal of the following proposition:

Proposition 3.70. Let S be a Poisson submanifold of the Poisson manifold M. Then, the
multiplicative ideal:

Is = {f € C®(M) such that f|g = O}

is a Lie ideal of the Lie algebra (C*°(M),{.,.}).

Proof. Since every hamiltonian vector field is tangent to S on S, then for any smooth functions
feC>®(M) and g € Zg, one has by definition of 'S Xf(g) = 0 on S, which can be equivalently
be written as {f, g}(x) = 0 for every x € S, that is to say: {f, g} € Zg. This proves that Zg is
a Lie algebra ideal with respect to the Poisson bracket. O

The condition stated in Proposition 3.70 is not sufficient to characterize Poisson manifolds,
unless they are embedded. Indeed, for immersed or weakly embedded submanifolds, the tangent
space at a point does not necessarily coincide with the set of tangent vectors on M at that point
that vanish on Ig (see counter-Example 2.60):

1.5 C z €T, = = 0 whenever f € Zg 3.39
S c {X, e M| X.(f) h f € Ts} (3.39)

The fact that Zg is a Poisson ideal in C*°(M) means that for every f € Zg and g € C*(M),
the smooth function X,(f) = {g, f} vanishes on S, which implies that Hamiltonian vector
fields belong to the set on the right hand-side of Equation (3.39). When S is an embedded
submanifold, we can conclude that these hamiltonian vector fields are tangent to .S, and hence
that S is a Poisson submanifold.

Example 3.71. If C is a Casimir function on a Poisson manifold M, then the levels sets of regular
values of C are closed embedded submanifolds of M (see Theorem 2.45). Let S be such the
level set of such a regular value A € R, then it is a closed embedded submanifold of M. The
ideal of functions vanishing on S is then spanned by the function z — C(z) — A (see Theorem
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1.1 in | ] or pages 95-96 of | D,
and we write Zg = (C' — \). This forms a Lie ideal of (C*°(M),{.,.}) (independently of A
being a regular value or not), as the following argument shows: any smooth function f satisfies
{f,C =X} = {f,C} = —Xc(f), which vanishes on M by definition of C' being a Casimir
function, hence in particular it vanishes on S, so {f,C — A} € Zg. This also shows that any
hamiltonian vector field X ; vanishes on Zg and, since S is an embedded submanifold because A is
a regular value, inclusion (3.39) becomes an equality. These facts imply that every hamiltonian
vector fields are tangent to .S, proving that it is a Poisson submanifold of M by item 5. of
Proposition 3.65. For example the level sets of the Casimir element of Exercice 3.11 correspond
to concentric spheres in R?, and coincide with the symplectic leaves of so3(R), i.e. its coadjoint
orbits.

Poisson submanifolds are actually very rare. As in symplectic geometry, there are weaker
notions of submanifolds in Poisson geometry, that possess specific features leading to important
applications in mathematical physics: Poisson-Dirac submanifolds and coisotropic submanifolds.
The Poisson bracket of the ambient manifold descends on the former via the so-called Poisson-
Dirac reduction, while one has to further take a quotient of the latter to define a Poisson bracket:
this is the topic of coisotropic reduction.

The notion of Poisson-Dirac submanifold relies on the following notion: let S be a —immersed

r (weakly) embedded — submanifold, f € C*°(S) and z € S, then a local extension of f at x is

the data (V,U, f) of an open neighborhood V of z in S (which then can be embedded into M

via Proposition 2.57), an open neighborhood U C M of z in M such that V. C SN U, and a
smooth function f € C>(U), such that f and f coincide on V: ﬂv = flv.

Lemma 3.72. Let S be a — immersed or (weakly) embedded — submanifold of M :

1. every smooth function on S can be locally extended;

2. if S is closed and embedded, then every smooth functions on S admit global extensions.

Proof. The proof of the second statement can be found in Lemma 2.27 in | | and Propo-
sition 1.36 in [ ], and heavily rely on the closedness of the submanifold. This state-
ment can be alternatively be described as the following isomorphism: C*(S) ~ (M) / Ts-
Let us now prove the first statement: let x € S and let V' be an open neighborhood of x; Propo-
sition 2.57 tells us that V forms a slice of U, i.e. a closed embedded submanifold of U. In that
case, applying the already proven second statement, one can extend f € C>°(V) to a smooth
function f on U. m

Next, we say that a local extension (V, U, f) of a function f at z is horizontal if the Hamilto-
nian vector field X ~is tangent to S, i.e. if X+ , € TS for every y € V. Although every function

on S admits local extensmns it may not be true that it admits horizontal local extensions.
Poisson-Dirac submanifolds are precisely those submanifolds in Poisson geometry which have
such a property:

Definition 3.73. A Poisson-Dirac submanifold of a Poisson manifold M is a submanifold

S <“s M which is such that Jor_every point x € S, every smooth function f on S admits an
horizontal local extension (V,U, f) at x.

Remark 3.74. The definition comes from subsection 5.3.2 of | |. It
implies in particular that the pull-back to S of the so-called Dirac structure on M corresponding
to the Poisson bivector 7 is a Dirac structure on S. See Section 6 of these lectures notes.
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Obviously, every Poisson submanifold is a Poisson-Dirac submanifold since every hamilto-
nian vector field is tangent to a Poisson submanifold. Definition 3.73 however shows that this
condition has been profoundly weakened for Poisson-Dirac submanifolds. The main interest of
the latter — and the definition has been explicitly chosen to this purpose — is that the Poisson
bracket on M descends to S in a unique way to turn S into a Poisson manifold in its own way:

Proposition 3.75. Poisson-Dirac reduction. Let S be a Poisson-Dirac submanifold of the
Poisson manifold (M,{.,.}). Then there exists a unique Poisson bracket {.,.}s on S such that
for every x € S and every two smooth functions f,g € C*>°(S), one has:

{f.9}s ={f.3}, (3.40)

for any horizontal local extensions (V,U, f) and (V,U,q) of f and g at x.

Proof. The proof can be found in Proposition 5.24 of | ]. O

Ezample 3.76. This example is taken from | ]: let M be a Poisson manifold and
let G be a Lie group properly acting on M via Poisson diffeomorphisms. Then the fixed points
set MC is a Poisson-Dirac submanifold of M.

A Poisson-Dirac submanifold possesses at most one Poisson structure satisfying Equation (3.40),
and this Poisson structure is completely determined by the Poisson structure of M. Notice that
the Poisson bracket on S is defined from picking up two local extensions whose hamiltonian
vector field is tangent to S. It does not work with every local extension, although any other
choice of extensions (such that their hamiltonian vector field is tangent to S) gives the same
result in Equation (3.40). The fact that not every extension would satisfy Equation (3.40) can be
explained from the following observation: contrary to Poisson submanifolds, where the Poisson
bivector, restricted to S, takes values in A2 TS (see item 2. of Proposition 3.65), on a Poisson-
Dirac submanifold S the Poisson matrix (7%/);;, with respect to a choice of coordinates adapted
to S (see e.g. Proposition 2.57 or Proposition 1.35 in | ]) can be decomposed into

blocks and take the form:
i A B
(7T j)ij = (_Bt D) (341)

Then one can show that on S, the anti-diagonal components B and —B? identically vanish so
that the Poisson bivector reduces to two independent terms: 7|g = m 472, where 71 corresponds
to the A component in the matrix and takes values in A?7'S, while 79 corresponds to the D
component. Thus, the Poisson bracket on .S by Proposition 3.75 corresponds to 71, although on
S the Poisson bivector 7|g contains another component 79, which only vanishes when evaluated
on local extensions whose hamiltonian vector fields are tangent to S. A nice presentation of
this issue (in a slightly less general case, however allowing to split TM into a direct sum) is
made in the discussion surrounding Lemma 2.15 in these lecture notes. Although Poisson-Dirac
submanifolds are very useful for the possibility that Poisson-Dirac reduction offer, Definition 3.73
is a bit obscure so that it is not very clear what does it look like in geometric terms. This is the
role of the next proposition:

Proposition 3.77. Let S be a submanifold of a Poisson manifold M. Then, the following are
equivalent:

1. S is a Poisson-Dirac submanifold;

2. for every a € QY(S) there exists open sets V C S and U C M such that V C SNU, and
a differential one-form & € QY(U) such that aly = o*(&|y) and 7#(&) is tangent to S;
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3. for each x € S, there exist local coordinates on M centered at x such that, if the matrix
of m with respect to these coordinates can be written in a block form, then there exists a
neighborhood V' of x in S such that the matriz is diagonal by block on V';

4. TSN a#(TS°) = 0 and the bivector field s induced from w on S via Equation (3.40) is
smooth.

Proof. For item 2. see Lemma 3.29 of these lectures notes, for item 3. see Proposition 5.25
in [ ], while for item 4. see subsection 9.2 in |
J O

This proposition is similar to Proposition 3.65, when S is a Poisson-Dirac submanifold. Since
such a submanifold is precisely defined from the behavior of Hamiltonian vector fields of local
extensions, the counterpart of item 5. of Proposition 3.65 is item 1. of Proposition 3.77. Item 3.
of Proposition 3.65 corresponds to item 2. of Proposition 3.77, via a slight reformulation because
not every Poisson-Dirac submanifold S admits a normal bundle N such that T,.M =1T,5 & N,
for every € S and 7|g takes values in A2T'S @ A2N. The fact that the Poisson bivector,
restricted to S, does not coincide with the component of 7|g in A%7T'S, implies in particular
that the inclusion ¢ : S —— M is certainly not a Poisson map (except of course if S is a Poisson
submanifold). Item 3. is useful to further segregate different kinds of submanifolds within the
family of Poisson-Dirac submanifolds. Poisson submanifolds form one extremity of this family,
for which r# (T'S°) = 0. The other extremity is represented by the following condition:

Definition 3.78. Let S be a Poisson-Dirac submanifold of a Poisson manifold M. We say that
S is a cosymplectic submanifold (or a Poisson transversal®) if TM|g = T'S & w#(T'S°)

Example 3.79. In Example 3.61, any one-dimensional submanifold of R? — {z — axis} that is
transversal to the symplectic leaves is a cosymplectic submanifold of (M, 7), on which the
Poisson structure is zero (see | D).

FEzercise 3.80. This exercise is taken from [ ]. Let (M, ) be a Poisson manifold
and let S be a cosymplectic submanifold. Let mg be the induced Poisson structure obtained by
Poisson-Dirac reduction (see Proposition 3.75). Show that if C' is a Casimir element of 7, then
C|s is a Casimir element of 7g.

For Poisson submanifolds, s (T'S°) has rank zero, while for cosymplectic manifolds, it is of
maximal rank n — dim(S). Subsection 2.2 of these lecture notes give plenty of informations on
cosymplectic manifolds. Their main use is that their class contain what are called second class
constraint surfaces in Hamiltonian mechanics. To any physical system in hamiltonian mechanics
corresponds a configuration manifold @ (with local coordinates the generalized coordinates)
and a canonically associated phase space T*@ (with fiber coordinates the conjugate momenta).
The phase space is a symplectic manifold, characterized by the canonical symplectic form w =
S dpi Adgt, dual to a non-degenerate Poisson bivector m = > 8(?12' A 6%i' A state of the physical
system corresponds to a point in the phase space. The equations of motions then govern the
evolution of the state of the system and, accordingly, the trajectory of the point to which it is
associated.

Sometimes, it may happen that the states that the physical system can occupy are constrained
(by some physical constraint, such as e.g. the length of the thread of the pendulum). A constraint
is thus a smooth function on 7*M such that physical states are points of its zero level set. A
physical system may admit several (possibly functionally dependent) constraints ¢1, ..., @, SO

8For a quick overview of the various notions of transversals in Poisson geometry, see the beginning of Section
6 in [ ]
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that the physical state is contained to the constraint surface ¥ = ®~1(0), where ® : T*Q — R"
is uniquely defined as ®(x) = (¢1(x),...,dm(x)). There are two main kinds of constraints:
first-class constraints and second-class constraints. First class constraints are those constraints
whose Poisson bracket with any function vanishing on . is zero; we denote them 1, ..., ;.
Second-class constraints are those which are not first-class, and are often denoted x1, ..., x» (S0
that » + s = m). In particular it means that for any second class constraint xj, there exist at
least another second class constraint y; such that {xx, x;} # 0 on 3. We define the zero level
set of the second-class constraints > — it obviously includes ¥. Then Dirac has shown that at
least in the neighborhood of the zero level set of the second-class constraints ¥, one can define
a Poisson bracket on T*@Q (or at least on some tubular neighborhood of ¥), because the matrix
of functions C' = ({xx, Xl})kl is invertible:

{f.9}Dirac = {f. 9} — {f-x6}(C )" {x1, 9} (3.42)

This bracket, called the Dirac bracket, is such that the second-class constraint become Casimirs
of this new bracket and that Yy is a symplectic leaf — hence a Poisson submanifold — of
(T*Qa { R }Di'f’ac-

Ezercise 3.81. Show that any second class constraint y; is a Casimir element of the Dirac bracket.

Let us now explain in geometric terms what is happening. Let M be a symplectic manifold,
whose corresponding non-degenerate Poisson bracket is denoted {.,.}. Let ® : M — R"
(where r < dim(M)) be a smooth map and assume that 0 is a regular value of ®. It means
that ., : T,M — TgR" is surjective for every z € ®~1(0). Since ® is a smooth map
then the map x — 1rk(®, ) is lower semi-continuous, so it means that there exists an open
neighborhood U of the origin of R” such that ®, is surjective on the open set ®~!(U). By
the regular level set Theorem 2.45, the level sets of every points of U are closed embedded
submanifolds of M, which form a regular foliation of ®~1(U). We denote ¥y = ®~1(0) the level
set of 0. Decomposing the map ® on the basis of R": ®(z) = (x1(), x2(2), ..., xr(x)) gives
r smooth functions x; € C*(M),1 < i < r, called constraints. They are said regular when
the smooth map ® has constant rank so that the level sets of ® on U are closed embedded
submanifolds (Theorem 2.45), and irreducible when they are functionally independent, i.e. if
there are smooth functions f? such that >°; fix; = 0 then all the f? are necessarily of the form
fi= > ox; with 0¥ = —g7% (see Definition 4.42). The conjunction of the irreducibility and
the regularity conditions can be coined as a unique condition: dxi A ... Adx, € D(N" T*M) is
nowhere vanishing on ®~1(U).

Let C be the anti-symmetric matrix of functions whose ¢, j-th component is:
Cij = {xi, x5}
We further assume that:
det(C) # 0 on X (3.43)

This condition on the smooth functions (y;); characterizes second class constraints, and ¥ is
called the second class constraints surface. Since condition (3.43) is an open condition, there
exists a tubular neighborhood V' C ®~1(U) of Xy (because ¥y is embedded, see Theorem 10.19
in | ]) such that det(C) # 0 on the whole of V. Let us show that this condition is
central in the properties of ¥y:

Proposition 3.82. The second class constraint surface g is a cosymplectic submanifold of
(M,{.,.}). In particular it is not a Poisson submanifold.

Proof. Just for the sake of the exercise, let us first show that ¥ is not a Poisson submanifold.
Since it is embedded in M, by the discussion below Proposition 3.70, the condition for 3
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to be a Poisson submanifold is that the multiplicative ideal Zy,, of smooth functions on M
vanishing on Y is a Lie subalgebra of (C*°(M),{.,.}). Since ¥ is an embedded submanifold,
the multiplicative ideal Ty, is generated — as a sub-algebra of C*°(M) — by the second class
constraints xi,...,Xr (see Theorem 1.1 in [ | or pages 95-96
of | ). Then, if it ever occurred that Zy,, was a Lie ideal of
C>®(M), then it would mean that {Zs,,Zs,} C Ix,. In other words, every Poisson bracket
{xi,x;} would vanish on 3y. But this would contradict condition (3.43). Hence X is not a
Poisson submanifold.

Now let us proof that on the contrary, g is quite far from being a Poisson submanifold, as
it is a cosymplectic submanifold. Let us first proof that it is Poisson-Dirac. Since Y is a closed
embedded submanifold, by Lemma 3.72, we know that every smooth function f € C(X() admits
a global extension, i.e. a smooth function F' € C*°(M) on M such that F|g = f. Actually,

we have the following isomorphism: C*®(%g) ~ C* (M) / Ty, - S0, any other choice of function
F + 3, Mix; (where the A\’s are smooth functions on M) is another global extension for f. Let
us find such an extension which is horizontal, i.e. whose hamiltonian vector field is tangent to
Yo. Let us set 6; = {F,x;} and let us set f = F — 0,C*'y; (summation implied), where for
simplicity the C* denote the coefficients of the inverse matrix C~'. Then one has:

X+(xi) = {F — 0.C*" 1, xi} = {F, xi} — {0k, xi }OM + 0,.{C* xi 1) xa — 0,.CH CY

=0; vanishes on ¥g because of x; :Hkéfzei

which then vanishes on ¥j. Since the multiplicative ideal Ty, is generated by the constraints
Xi, it means that X J;(IEO) C Iy,, i.e. all functions in X ];(IEO) vanish on Y. Then, since Y is

embedded, we have the equality (see Lemma 2.58):
T, = {Xx eT .M ‘ X, (g) = 0 whenever g € IEO} (3.44)

Since X 7 belongs to the right-hand side, it means that it is tangent to ¥y. Hence, the smooth

function f = F—0;,,C*y, is a horizontal (global) extension of f. This proves that X is a Poisson
Dirac submanifold of M.

Now, as the constraints x; generate Zy,,, and that equality (3.44) holds, we deduce that
the differential one-forms dy; form a frame of T'Y§, for they are independent and dx;(X) =
X (x:i) = 0 if and only if the vector field X takes values in T'%y. Then, since the Poisson bivector
field 7 is non-degenerate, it sends the rank r subbundle 73§ to a rank r subbundle of 7'3.
Since the rank of the vector bundle T is n — r and that a Poisson-Dirac submanifold satisfies
TYo N w#(TZO) = 0, we conclude that TM|s, = TX9 & W#(TEO). In other words, X is a
cosymplectic submanifold of M. O

Since ¥y is a Poisson-Dirac submanifold of (M,{.,.}), we denote by {.,.}s, the Poisson
bracket inherited by Yy via Poisson-Dirac reduction. More generally using the same arguments
as in the proof of Proposition 3.82, one can show that every level sets of the smooth map ®
are cosymplectic submanifolds of (M,{.,.}) (at least on ®~1(U)), so they all inherit the a
Poisson structure from that on M via Poisson-Dirac reduction. Now, the Dirac bracket defined
in Equation (3.42) is another choice of Poisson structure” on M (or at least on some tubular
neighborhood V' of %), relative to which the second class constraints x; are Casimirs. Then, by
Example 3.71, we deduce that the level sets of ® are the symplectic leaves of (M, { .. } Dirac) (but
not of (M, {.,.})). Then, the second-class constraint surface ¥y is a cosymplectic submanifold of

9The meaning of the Dirac bracket in the context of Poisson and symplectic geometry was first explained by
Tniatycki | ].
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(M,{.,.}) but is a Poisson submanifold of (M, {.,. }pirac) (or at least the tubular neighborhood
V). What is even more interesting is the following result:

Proposition 3.83. For simplicity assume that {.,.}Dirac s defined on the whole of M. Then
the Poisson structure on ¥g making it a Poisson submanifold of (M,{.,.}pirac) is precisely the
Poisson bracket { .. }x, inherited from {.,.} via Poisson-Dirac reduction.

Proof. We need to show that for any two smooth functions f,g € C*>°(Xy), one has on X:

{L*(f)7 L* (g)}Eo - {f7 g}Dirac|Eo (345)

Since the second class constraints x; are Casimirs elements of the Dirac bracket, we have, for
every smooth functions f,g € C>(M):

{fag}Dirac’EO = {f - /\iXiag - :quj}DiTaC‘ZO (346)

for any family of functions A\*, 4/ (notice that the equality only holds on ¥g). In particular, one
can make special choices of A\ and p7 as in the proof of Proposition 3.82 so that the hamiltonian
vector fields of f — A'x; and g — u’x; are tangent to $o. Then, the very definition of the Dirac
bracket implies that we have the following equality:

{f - )\iXi,Q - ,Uijj}Dirac’EO = {f - )‘iXi7g - 'U’ij}’Eo (347)

Again, the identity holds only on Y. Now, the fact that f and f — Ax; coincide on ¢ can be
written as *(f) = t*(f — A'x;) € C*(X0), where ¢ : g —— M is the inclusion map. Moreover,

since we have that C* (%) ~ c™> (M)/IEO , the smooth function f is a global extension of t*(f),

and f — Ax; is an horizontal one. Then, together with Equations (3.40), (3.46) and (3.47), we
deduce that:

{5, (@) }zo = {(F = Axa), (9 — 1x5) s
={f = Nxirg — 1 x5}y,
={f = \'Xi» g — W X;} Diracly,
= {fvg}Dirac’EO

which is Equation (3.45), as desired. O

Another way of making sense of Proposition 3.83 is the following: for any two smooth
functions f, g € C*°(Xy), one has:

{f,9}20 = {F. 3}y, = {F, 8} Diracls;, (3.48)

where on the one hand, f,§ € C*>®(M) are any horizontal local extensions of f,g (they are
required in Poisson-Dirac reduction), and on the other hand f.gec>(M ) are any local exten-
sions of f, g (since in that case t*(f) = f and .*(§) = g, making Equation (3.45) valid). This is
the formalized content of Theorem 2.5 in | ]. Let us give a final,
alternative formulation: since the second class constraint surface ¥ is a cosymplectic submani-
fold of (M, {.,.}), the tangent bundle restricted to ¥y is a direct sum of the two subbundles 7%
and 7#(T'X3), so that one can see the term {—, 1} (C~1)*{x;, —} in the formula (3.42) defining

the Dirac bracket as a bivector field taking values in W#(TES), which precisely compensates the
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block D in formula (3.41). Then, the matricial representation of the Dirac bracket with respect
to adapted local coordinates around a point x € ¥y becomes

A B
(—Bt 0) (3.49)

Thus, to create the Dirac bracket one has removed the lower right component of the original
Poisson bracket represented matricially in formula (3.41). Moreover we can see from the above
matrix (Equation (3.49)) that on X, the bivector associated to { ., .} pirac reduces to A, which
takes values in A2 TS0, as is characteristic for a Poisson submanifold. See subsection 5.1 of |

] for more details on this background story.

Example 3.84. Let M = T*R? be the cotangent bundle of R?, and let denote the coordinate
functions (x,y,psz,py). The canonical (non-degenerate) Poisson bracket on M is then 7 =
% A 8%96 + 8% A %. Let us set x1 = py and x2 = p; + 2 — 2y; these two smooth functions on M

make ® = (x1,x2) : M — R? a submersion. Then, the level set of ® at 0 is a 2-dimensional
plane in M that we denote ¥g. The Poisson bracket of x; and xs2 is:

{x1,x2} =2

So in particular, denoting Cj; = {xi, X;}, one obtains:

(%)

which is constant on the whole of M. Then det(C') # 0, and the inverse matrix is:

(0 -1
o _(% ;

Being defined over the whole of M, the Dirac bracket will be defined on the whole of M:

U ¥ pinae = 1.9} — 1. x1} % (= 3) x Dol — (e} % 5 % {x1,9)

:{f,g}—i-laf( (9g+8g 239) 1( 8f+3f_28f)@

20y\ 9z ' Op, Opy, Oz 9p, Op,/ Oy

2

One can check that x; and yo are Casimir elements of the Dirac bracket.

Ezample 3.85. Another example of a situation where the matrix is invertible on the whole of M
is the following: let M = T*R? and let denote the coordinate functions (z,, z, ps, Dy, Dz). Let
us define the following four linear functions:

X1=2Z+Y, X2=pPz X3=pPy+p. and xy=z-=x

The level set of ® = (x1, x2, X3, x4) : M — R* at 0 is a 2-dimensional plane, that we denote
Yo. This plane is not a Poisson submanifold of M (with respect to its canonical non-degenerate
Poisson structure) because the Poisson brackets of the constraints y; do not all vanish on .
Indeed, the matrix C' whose 4, j-th component is {x;, x;} is:

0 1 1 O
-1 0 0 1
¢= -1 0 0 -1
0 -1 1 0
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It has determinant 4 and is invertible on the whole of M, with inverse matrix:

0 -1 -1 0

111 0 0 -1
_]__7

¢ “211 0 0 1

0 1 -1 0

The corresponding Dirac bracket is so that the constraints y; are Casimirs elements, and the
plane ¥ is a Poisson submanifold of (M, {.,. }pirac)-

Ezample 3.86. Let M = TR? and let x; = 2y — 1 while x2 = p,. The smooth map ® = (x1, x2) :
M — R? is so that @, is surjective on ®~1(0). Then, the preimage ¥y = ®1(0) is a closed
embedded submanifold of M. It has two connected components because the preimage of the
first constraint y; has such. The Poisson bracket of the two constraints is:

{XlaX?} =Y

Interestingly, this Poisson bracket vanishes on the hyperplane of equation y = 0, but this
hyperplane does not intersect Yy so the Poisson bracket never vanishes on ¥j. Hence, the

matrix C is:
(0 ¥y

Then det(C) # 0 on ¥y (not on the whole of M) because y # 0 on the surface, and the inverse
matrix is (only defined in a neighborhood of ¥):

0 —1
-1 _ v
Y
The Dirac bracket will then be defined only in a tubular neighborhood of Yg:

(F. 9 Dinac = {129} — {31} % ( ;) % {x2:g} — {f.x2} % ; % {x1,9}

af of \O0 190f 0
( *apy)aiyax(apx“aﬁf)

The constraints y; and x2 are Casimirs of this bracket.

Coming back to our problem in Hamiltonian mechanics, first-class constraints define a sub-
manifold ¥ in the embedded cosymplectic submanifold ¥y. This submanifold is however not
a Poisson-Dirac submanifold because first-class constraints satisfy a nullity condition on X:
{¢p,pq} = 0 (so X does not satisfy item 4. of 3.77). Rather, the submanifold ¥ is what is
called a coisotropic submanifold. Poisson brackets cannot descend to them, but under some
circonstances, to a quotient of them, through a procedure called Poisson reduction, also called
cotisotropic reduction. The notion of coisotropy is well-known in symplectic geometry, and is at-
tached to submanifolds S whose symplectic orthogonal 7.S*« is a sub-bundle of T'S. Since, for
a non-degenerate Poisson structure, one has w#(T S°) = T'S*«, the condition that a submanifold
is coisotropic is straighforwardly transported to the realm of Poisson geometry:

Definition 3.87. A coisotropic submanifold of a Poisson manifold (M, ) is a submanifold
S < M such that 7#(T'S°) C TS.

Ezxample 3.88. Any codimension 1 submanifold S of a Poisson manifold is coisotropic because
TS° is 1-dimensional, implying that the right-hand side of Equation (3.25) is zero, implying in
turn that 7#(7'S°) C T'S.
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Example 3.89. An interesting example of a coisotropic submanifold is provided by a theorem of
A. Weinstein | ]: A smooth map ¢ : (M, m) — (Ma, ) is a Poisson map if
and only if its graph Gr(yp) C My x M is a coisotropic submanifold (where M, is the smooth
manifold M; equipped with the opposite Poisson structure —m1). This statement is the Poisson
equivalent of the well-known result in symplectic geometry stating that if My, My are symplectic
manifolds, then a diffeomorphism ¢ : (M1,w1) — (Ma,w2) is a symplectomorphism if and only
if its graph Gr(y) C Ma x M; is a Lagrangian submanifold.

There are two distinguished sub-families of coisotropic subamnifolds: those for which # (T'S°)
0, i.e. Poisson submanifolds, and on the other extreme those for which 7# (T'S°) =TS; they are
called Lagrangian submanifolds as they correspond to their counterparts in symplectic geometry.
Obviously, given the condition established in Definition 3.87 and item 4. of Proposition 3.77,
the intersection of the set of coisotropic submanifolds and the set of Poisson-Dirac submanifolds
is precisely the set of Poisson submanifolds. As for the other kinds of submanifolds, coisotropic
submanifolds have equivalent alternative definitions:

Proposition 3.90. Let S be a submanifold of a Poisson manifold M. Then, the following are
equivalent:

1. S is a coisotropic submanifold;

2. for every smooth function f € C*°(M) vanishing on some open set V' C S, the Hamiltonian
vector field Xy is tangent to S at every point of V' ;

3. (N*TS°,7) =0, where {.,.) is the pairing between T*M and TM.

Proof. The direction 1. = 2. is straightforward because f|y = 0 means that df € T'S°|y, so
let us turn to the direction 2. = 1. Let f be such a function vanishing on V and suppose
Xtqp € TS =T,V for every point € V. Let £ € I'(T'S°) then, one has on V:

0= &(Xy) = —df (n#(€)) (3.50)

We know for sure that df € I'(T°'S°|y) but the fact that, upon shrinking it, V' is an embedded
submanifold of M (see Proposition 2.57), implies that TV° = (T'S)°|y is spanned by the point-
wise evaluation of exact differential one-forms df for those functions f € C°°(M) vanishing on
V. Since Equation (3.50) holds for every such function, and every £ € I'(T'S°), one deduces
that 7 (€) is necessarily a tangent vector to S at every point of V. The proof of the equivalence
1. <= 3. is straightforward, using Equation (3.25). O

Remark 3.91. Notice that in the second item of Proposition 3.90, we did not ask f to vanish
on S but on an open set of V' precisely because we needed to characterize T'S°|y = TV® as
spanned by the exact differential one-forms df. And to do that we needed at least an embedded
submanifold, which is true for V' but not necessarily for .S if immersed.

We have another characterization of coisotropic submanifolds, mimicking Proposition 3.70 for
Poisson submanifolds. Indeed, it admits the following counterpart for coisotropic submanifolds:

Proposition 3.92. Let S be a coisotropic submanifold of the Poisson manifold M. Then, the
multiplicative ideal:

Is = {f € C™®(M) such that f|s = 0}

is a Poisson subalgebra of the Poisson algebra (C*°(M),-,{.,.}).
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The proof of Proposition 3.92 is a straightforward application of Definition 3.87. Notice however
that, as for Poisson submanifolds, the converse implication — that the ideal Zg being a Lie
subalgebra of C°°(M) implies that S is a coisotropic submanifold of M — is true only when S is
embedded in M.

Ezample 3.93. Taken from [ |: let g be a finite dimensional real Lie algebra
and g* be the associated linear Poisson manifold, described in Example 3.4. Let & € g*, then
the definition of the linear Poisson structure on g* implies that, for any two elements z,y € g:

{z.9}&) = [z, 91(§) = &([=,4]) (3.51)

where Z is the notation used in Example 3.4 to symbolize the linear form on g* defined as
Z(§) = &(x). Using Equations (3.24) and (3.25), the left-hand side of Equation (3.51) can be
written as:

(7,9} = dy(n* (dz)) (3.52)

Let V' be a subspace of the Lie algebra g, and let V° C g* be its annihilator, that we will denote
S in the following. Then, the annihilator of T'S is spanned by the elements dZ for every x € V.
This implies that S is a coisotropic submanifold of g* if and only if, for every x,y € V, the
right-hand side of Equation (3.52) — evaluated at a point £ € S = V° — vanishes, i.e. if and
only if the right-hand side of Equation (3.51) vanishes for every £ € V°. This implies in turn
that V° is a coisotropic submanifold of g* if and only if V' is a Lie subalgebra of g. Since Zy-
is generated by V°° = V (because g is finite dimensional), we deduce that V° is a coisotropic
submanifold of g* if and only if Zy. is a Lie subalgebra of C*°(g*). As a final remark, notice
that V° is a Poisson submanifold if and only if V is a Lie ideal, if and only if Zy- is a Lie ideal
of C*(g*).

Contrary to what happens for Poisson-Dirac submanifolds, coisotropic submanifolds are
rarely equipped with an induced Poisson bracket. Rather, one may only have a Poisson reduction
on a quotient of coisotropic submanifolds. Let us first define what is meant by this concept (we
use the terminology of subsection 5.2.2 in | E

Definition 3.94. Let (M,{.,.}) be a Poisson manifold and S be a submanifold, N a smooth
manifold and p: S — N a surjective submersion:

!

N

cM

We say that the triple (M, S, N') is Poisson reducible if there exists a Poisson structure { .,.}n
on N such that, for all open subsets V. C S and U C M such that V. C U NS, and for all
functions f,g € C*(p(V)), one has:

{£.9}n(p(x)) = {].g} () (3.53)
for every x € V, and arbitrary local extensions f,§ € C>®(U) of functions f o ply and gop|y.

Remark 3.95. Poisson reduction is a particular case of what is called Marsden-Ratiu reduction
on Poisson manifold, which also generalize Mayer-Marsden-Weinstein reduction on Hamiltonian
G-spaces. See these lectures notes, as well as this paper | ].
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Figure 18: Schematic map of the various families of submanifolds in Poisson geometry. Pois-
son submanifolds are both coisotropic and Poisson-Dirac submanifolds. Cosymplectic and
Lagrangian submanifolds are opposite to Poisson submanifolds in their respective families.
See | ] for additional informations about relationships between various kinds of
submanifolds in Poisson geometry.

Ezxample 3.96. If S is a submanifold of M, and f, g are two smooth functions on 5, admitting
local extensions f and g, then L*f: f and t*g = g. Assuming that .S is a Poisson submanifold,
we set N =S, p = idg, so that Equation (3.34) becomes (3.53). This property being true for
every smooth functions f, g, the triple (M, S, S) is Poisson reducible.

It turns out — by Proposition 5.11 of | ] — that a triple (M, S, N)
satisfying the conditions of Definition 3.94 is Poisson reducible if and only if:

1. for every function f € C°°(U) whose restriction to V is constant of the fibers of p, the
hamiltonian vector field X 7 is tangent to S at every point of V;

2. for every pair of functions f, g € C*°(U) whose restriction to V is constant of the fibers of
p, the restriction of their Poisson bracket to V' is constant of the fibers of p.

Then, one can show that in such a case S is a coisotropic submanifold of M. It is thus legitimate
to ask under which circumstances a coisotropic S allows a Poisson reduction to some quotient
of itself. The following argument provides such an example of assumptions fitting the situation
met often in constrained Hamiltonian systems.
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An alternative approach Poisson reducibility involves the use of Poisson algebras and coisotropic
ideals, and is such that geometric Poisson reduction is a particular case when the Poisson alge-
bra is C*°(M) and the corresponding coisotropic ideal is the ideal Zg of functions vanishing on
a coisotropic submanifold S. By Proposition 3.92, it is a Lie subalgebra of C*°(M). I Poisson
reduction of a Poisson structure from M to a coisotropic submanifold S then consists in first

defining the space of function:
oo 7
(€00 /1)

If S is embedded in M, then the above algebra of functions is isomorphic to the following:
(G CHE

We recognize here the algebra of smooth functions on S which are invariant under the flow of
Hamiltonian vector fields of functions of Zg. In physical terms, they are the gauge invariant
functions on the constraint surface, that is to say, the physical observables. Now the question
is to determine if this algebra of functions is an algebra of function of a Poisson manifold, i.e. if
there exists a Poisson manifold N such that its algebra of smooth functions C>°(N) is isomorphic
to ~ (C°°(S))*S. Such a Poisson manifold N may not exist, in particular if the leaf space of
the foliation defined by the Hamiltonian vector fields of Zg is not a smooth manifold. This is
precisely the assumption appearing in the following statement:

Proposition 3.97. Let S be a coisotropic submanifold of M, and assume that ﬂ'#(TSO) has
constant rank over S (i.e. defines a reqular smooth distribution). Then it is integrable in the
sense of Frobenius and if the space of leaves N of the corresponding reqular foliation is a smooth
manifold, the triple (M, S, N) is Poisson reducible.

Proof. We will show that items 1. and 2. above are satisfied (see also Remark 5.15 in |
]). In the present context, p is the quotient map sending S to the leaf space
N, so the fibers of p are the leaves.

First, let f € C>°(U) such that it is constant on the leaves, and let £ a differential one-form
taking values in T'S° on S. Since S is a coisotropic submanifold, W#(f) is a vector field taking
values in the regular integrable distribution, that is to say it is tangent to the leaves. Since f
is constant along the leaves, df (r# (€)) = nt (€)(f) = 0 on S. By Equation (3.25), the left-hand
side of the former equation is equal to —¢& (W#(df)). Then it vanishes on S and since & takes
values in T'S°, and that the vanishing of —&(w#(d f)) is valid for any such &, we deduce that
X}v: 7#(df) is tangent to S.

Secondly, let f, g € C*°(U) be two smooth functions which are constant along the leaves and
let &€ be a differential one form taking values in T'S°. Then, by the first point just proven, X 7
and ngv are tangent to .S, so is their Lie bracket, and we have:

0= (X5 X)) = 6(X 7)) = E((@{f.9)) = —d{f, 3} (x*()) = —=*()({].7})

Since by definition, 77#(5) is a vector field tangent to the leaves, and that h (T'S°) generate
all such tangent vector fields, we deduce that the Poisson bracket {f,g} is constant along the
leaves, as required. O

Remark 3.98. Proposition 3.97 gives a geometric grounding to the algebraic approach to Poisson
reduction, also called Sniatycki- Weinstein reduction. There is an alternative algebraic version
of Poisson reduction, which instead of first reducing the algebra of functions from C*°(M) to
C*(S), and then to take the invariant functions, goes the other way around: first defining the
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normalizer of Zg in C*°(M) (i.e. the functions invariant under the flow of the Hamiltonian vector
fields of Zg), and then only take the quotient by Zg. This procedure is called Dirac reduction
and is described in the discussion preceding Definition 5.37. See Section 1 of |

| for an overview of the various approaches in Poisson reduction, and how they coincide
when the constraint surface is smoothly embedded.

This proposition is quite useful to study Hamiltonian under constraints. We have seen
earlier that second-class constraints define an embedded cosymplectic submanifold of a Poisson
manifold M. On the other hand, first class constraints define a coisotropic submanifold of M
(here we assume M to be a symplectic manifold). A quick way to see this is by using the converse
of Proposition 3.70, which holds for embedded submanifolds, which is an assumption largely met
in most cases. Thus, assume that we have s constraints 1, ..., ps which are irreducible — i.e.
for any smooth functions f? such that 3>, fi¢; = 0 then all the f? are necessarily of the form
fi= > o, with 6% = —¢7" — and regular — i.e. their zero level set ¥ = ;_; go{l(O) defines
an embedded submanifold ¥ of M. We can reformulate both properties into one condition,
using the Regular Level Set Theorem 2.45: the smooth map ® = (¢1,...,¢s) : M — R® is a
submersion on its zero level set 3, i.e. the differential s-form dpj A...Adps is nowhere vanishing
on it. This proves that ®, is surjective on this level set (actually on a tubular neighborhood),
proving in turn that ¥ is an embedded submanifold of M.

Being first-class means that {¢;,p;} = 0 on ¥ for every 1 < ¢,j < s, which is actually
equivalent to saying that {¢;, f} = 0 for every f € Zg, because every such function is functionally
dependent on the constraints since ¥ is an embedded submanifold (see Theorem 1.1 in |

| or pages 95-96 of | ]). But this is just the
condition that Zg is a Lie subalgebra of C>°(M). Being embedded, this implies that ¥ is a
coisotropic submanifold of M. Since the differential one forms dy; span T73°, the hamiltonian
vector fields X, = 7#(dy;) span m#(T%°) and define a regular distribution on ¥ (the rank of 7
is constant over ). By Frobenius theorem this distribution is integrable and the leaf space X,
is called the reduced phase space because its points are the physical states of the system: on the
one hand they all satisfy the constraints, and on the other hand we have got rid of the gauge
freedom (symbolized by the leaves of the foliation). By Proposition 3.97, if the reduced phase
space is a smooth manifold, the Poisson bracket of M descends to X,.

However, in most situation, we have a mixed set of constraints, i.e. some of them are first-
class and some of them are second-class. Then, the strategy to obtain the physical phase
space is first, to perform a Poisson-Dirac reduction on the second-class constraint surface
Y0, which is a cosymplectic embedded submanifold of (7#Q,{.,.}) (and a symplectic leaf of
(T*Q,{ ., }pirac)), and second, to consider the first-class constraint surface 3 as a coisotropic
submanifold of (Xo,{.,.}x,) (or equivalently of (T*Q,{.,. }Dirac) because the former second-
class constraint become first class with respect to the Dirac bracket). It turns out that ¥ is a
presymplectic submanifold of (T*Q@,{.,. } pirac) because the restriction of the symplectic form
is degenerate there. See this chapter as well as | | for a clear presentation of
this latter approach. Then, the leaf space of the regular foliation generated by the vector fields
Xy, = {®i, - } Dirac on X is the physical phase space ¥, of the theory. One eventually obtains
a symplectic structure on this reduced phase space by proceeding to a Poisson reduction from
Y to ¥, Notice that physicists have found a way of performing Poisson reduction while also
circumventing the complicated quotient procedure: this is called the BRST-BFV formalism or
homological Poisson reduction and it is quite useful, as it uses simple cohomological techniques
instead of using quotients of the coisotropic submanifold. See Section 5.2 for more details.

To conclude this section, let us discuss a bit more the relationship between the symplectic
leaves of a Poisson manifold and its submanifolds. We know from Theorem 3.63 that there is a
one-to-one correspondence between Poisson structures on M and smooth families of symplectic
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leaves on M. Then a way of defining a Poisson structure on a given submanifold S of M would
be to to study the properties of the intersection of S with the symplectic leaves of M:

Proposition 3.99. Let M be a Poisson manifold and let S C M be a submanifold. Then we
have the following statements:

1. S is a Poisson submanifold if and only if for each symplectic leaf L, the intersection SN L
is an open set of L;

2. S is a Poisson-Dirac submanifold if and only if for each symplectic leaf L, the intersection
SN L is clean'" and a symplectic submanifold of L, such that these symplectic structure
turn the connected components of the intersections SNL into a smooth family of symplectic
leaves on S, when L ranges over the symplectic leaves of M.

In both cases, the symplectic leaves induced by the Poisson bivector mg on S are the connected
components of the intersections SN L, where L ranges over all symplectic leaves of M. Finally,
for coisotropic submanifolds, one has the following statement:

3. assuming that S has clean intersection with all the symplectic leaves of M, S is a coisotropic
submanifold if and only if for each symplectic leaf L, the intersection SN L is a coisotropic
submanifold of L.

Proof. For Poisson submanifolds, the proof can be found in Proposition 2.12 in |

| or in Proposition 3.26 of these lectures notes. For Poisson-Dirac sub-
manifolds, the proof can be found in Proposition 6 of | ], and for
coisotropic submanifolds it can be found in Proposition 3.29 of the same lectures notes. O

Remark 3.100. The latter statement is more stringent because in general coisotropic submani-
folds are far from havin clean intersections with symplectic leaves. See Remark 1. of |

].
Remark 3.101. There exist plenty of other kinds of submanifolds in Poisson geometry, e.g.
isotropic submanifolds are those submanifolds S such that T'S C 7T#<T S°), pre-Poisson subman-
ifolds are those submanifolds S such that the vector bundle T'S + 7#(T'S°) has constant rank,
ete.

Y07 clean intersection of two submanifolds S and L means that SN L is a submanifold satisfying the following
condition: T (SN L) =TSNTL. It implies, by the implicit function theorem, that for every x € S N L, there
exists open neighborhoods U C S and V C L such that U NV is an open neighborhood of z in SN L. See e.g.
this page or the proof of Proposition 5.26 in | ].
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4 A geometric perspective on the canonical Hamiltonian for-
malism

At the beginning of the XXth century, physicists realized that the equations of motion of quan-
tum mechanics resemble the Hamiltonian formulation of classical mechanics. This similarity has
led physicists to find a way of ‘quantizing’ existing classical physical theories in their Hamil-
tonian form in order to find out what would a quantum field theory look like. The program
for guessing the quantum description of systems from a classical Hamiltonian formulations is
called canonical quantization because it relies the ”"canonical” (i.e. Hamiltonian) form of classi-
cal mechanics. Under this perspective, classical mechanics appeared as a limit of non-relativistic
quantum mechanics, formulated in terms of a Hamiltonian and of position and momenta oper-
ators. Physicists then were hoping to develop the canonical formalism associated with classical
Hamiltonian mechanics to relativistic field theories (see e.g. such a justification in 1932 |

-

In particular, a possible goal was to obtain quantum electrodynamics by quantizing Maxwell
electromagnetism, and some quantum theory of gravity by quantizing general relativity. Un-
fortunately, both of those theories possess inner symmetries (gauge symmetries and coordinate
invariance) which prevent to straightforwardly obtain the Hamiltonian from the Lagrangian, as
is usually possible in classical mechanics. Indeed, it has been shown that if a Lagrangian is
covariant under a set of symmetries — i.e. if its expression stays invariant — then the Legen-
dre transform from the Lagrangian to the Hamiltonian is not invertible. On the contrary, one
has to add several constraints in the hamiltonian picture to account for the non-invertibility of
the Legendre transform. Existence of constraints characterize physical theories with internal
symmetries such as gauge symmetries.

Several competing approaches were developed in the 1940s to tackle the problem of quan-
tizing field theories. The path integral formulation of Feynman — already based on an idea by
Dirac from the early 1930s — has been praised because manifest Lorentz covariance is easier to
achieve than in the operator formalism of canonical quantization. Another advantage of the path
integral formulation is that it is in practice easier to guess the correct form of the Lagrangian
of a theory, which naturally enters the path integrals, than the Hamiltonian, that is usually
derived from the Lagrangian. Peter Bergmann and Paul Dirac proposed in the late 40s-early
50s an alternative approach to quantization that sticks to the traditional, historical quantiza-
tion methods that were initially developed at the beginning of the 20th century [

; -

This canonical quantization procedure relied on obtaining first the Hamiltonian correspond-
ing to the given Lagrangian characterizing the action principle, and then quantize the Hamilto-
nian as well as the various position and momenta operators, together with the several constraints
emerging from the procedure. More generally, any smooth function f of the canonical coordi-
nates should be sent to an operator via a linear quantization map Q : f — Q(f) having natural
properties. In this latter step, Dirac requires that the Lie bracket of operators and the Poisson
— or Dirac — bracket of observables (smooth functions on the phase space) obeys the following
compatibility condition:

1
Q{f,g} = %[Qﬂ Qg] (4'1)

Notice however that, although classical physics seems to be a limit of quantum physics (e.g. when
h — 0), canonical quantization is only approximate in the sense that one cannot fully deduce a
quantum theory from a classical one. In particular, Dirac emphasized that the quantum theory
obtained through canonical quantization should be taken as a mere possibility (among others)
and the classical theory is used to develop the intuition about this quantum theory.
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Although the procedure seems perfectly viable on the paper, and that the first part of
the procedure is well-known, there are several drawbacks. First, and this is not restricted to
canonical quantization, there is actually no unique way of quantizing a classical theory. Indeed,
one usually promotes the position ¢* and conjugate momenta pj, coordinates to operators Q¥, P
on a Hilbert space, and require that their Lie Bracket is proportional to ik as in Equation (4.1),
but there may exist alternative choice of coordinates that would thus give other quantized
operator (see the introduction of | ]). Moreover, when one has a
product of conjugates coordinates — such as gp = pgq, say — there is no standard way of assigning
an operator because the operators associated to py and ¢* do not commute. There exists a
convention specified by Weyl, which comes close to achieve this task, but a no-go theorem by
Groenewold proves that there is no quantization scheme such that Equation (4.1) is satisfied
at any polynomial order. This is why the canonical quantization proposed by Dirac is then
usually used as an heuristics or performed only for unambiguous classical theories for which the
Hamiltonian has nice properties and for which physical intuition works well to fully determine
the quantum theory.

The main concern of Dirac’s quantization procedure is the treatment of constraints. These
constraints are smooth functions which emerge as a consequence of the fact that the Lagrangian
of the system is singular (i.e. its hessian is singular). In that case physical solutions of the
equations of motions live on a submanifold of the phase space T*Q called the constraint surface,
which is the zero level set of these smooth functions called constraints. These are obtained
when passing from the Lagrangian formalism to the Hamiltonian formalism via the Legendre
transform. Bergmann and Dirac Thus, one needs to keep track of the constraints when going
through quantization. As we will see, the quantization scheme Q obviously sends every constraint
¢, to an operator, but it does not say what convention one should impose on the action of
®, = Q(¢,) on the vectors of the Hilbert space. Moreover the type of the constraint — first-class
or second-class — often implies different outcomes in the quantization which are difficult to handle
in a practical way. Additional procedures have been developed to handle this problem which
arise as soon as one wants to quantize a gauge theory: the BV formalism on the one hand (in the
Lagrangian picture) and the BFV/BRST formalism (in the Hamiltonian picture)!'’. The present
chapter is devoted to study the canonical Hamiltonian formalism following the steps of Bergmann
and Dirac, in order to prepare the Hamiltonian theory to be quantized. We will mostly rely
on the following texts: [ 1, [ I, [

|, together with the incredibly pedagogical [ | and [
]. Other useful main resources | , ,
, , ) | are of historical
interest'? and may also be pedagogical on particular aspects of the topic. See also |
| for a historical focus on Bergmann’s work.

4.1 Lagrangian and Hamiltonian formalism from a geometric point of view

We begin the review of Dirac’s canonical formalism with a non-relativistic physical model.
Passing from classical mechanics to field theories can be done by considering that the discrete
index labelling the coordinates of classical mechanics becomes continuous: fields are labelled by
the space-time point at which they are evaluated. Then, let us start with a given configuration
space represented by a n-dimensional oriented smooth manifold @ (possibly with boundary). In

1BV stands for Batalin-Vilkovisky and BFV stands for Batalin-Fradkin-Vilkovisky. BRST stands for Becchi,
Rouet, Stora and Tyutin.
12WWe add further historical — and possibly much less known — references here: [ ,

) I )

, ], and | ] for a more philosophically leaning description.

118



this section the points of () are denoted g — instead of x. The local coordinate functions on )
are denoted by ¢’ — instead of ! — and can express the position of several particles, the length of
a spring, the charge of a capacitor etc. That is why they are called generalized coordinates. Let
us now fix a trivializing chart U of both TQ and T*(Q, admitting local coordinates ¢* on the base
U. The tangent bundle T'Q over U admits fiberwise coordinate functions v* : TQ —— R that
are a mere rewriting of the constant covector fields on @ denoted dq’. In particular for every
tangent vector X € T,Q, v'(X) = v (X’ 8%]-) = X'. That is why we will often denote tangent
vectors at g as v € T;Q, so that by abuse of notation, we would identify the components of v in

the basis 6‘91- with v?.
q

The cotangent bundle T*() over U also admits fiberwise coordinate functions denoted p;
and defined as expected: p;(§) = p;i(§;dg?) = & for any covector field €. For this reason, the
coordinates p; can be identified to the locally defined constant vector fields 8?11-. In particular
we set p;(v)) = 5{ so that the p; are the dual coordinates to the v, explaining why the former
are called conjugate momenta. This also justifies that we call T*(Q) the phase space — sometimes
denoted P — since it contains the configurations as well as the momenta of the configuration
space ). We will often denote covector fields as the letter p, so that a point in the cotangent
bundle T*@Q would be denoted (¢q,p). By abuse of notation, we identify the components of p

(resp. v) in the basis dq’ (resp. a?Ji) with p; (resp. v%). Since the tangent and cotangent bundles

need not be trivial vector bundles, both v* and p; are only defined locally on ). More precisely,
the coordinates ¢’ are local coordinates on the trivializing neighborhood U of ¢, which in turn
implies that the coordinate v* and p' are fiberwise linear coordinates globally defined on the
fiber.

Ezample 4.1. The cotangent bundle represent the natural setup to do Hamiltonian mechanics.
Let us illustrate this property by analyzing the pendulum (of mass m and length L) from a
Poisson/symplectic geometry perspective. The physical system is parametrized by the angle
so that we set the space of all possible angles — i.e. the configuration space — to be the circle
S1. The conjugate momentum to the generalized coordinate ¢ = @ is denoted p so that it is
interpreted as the fiberwise linear coordinate on the phase space T*S'. The symplectic structure
on this cotangent bundle is the standard one, i.e. w = dp A dq, where ¢ = 6. The corresponding
non-degenerate Poisson structure on T*S" is thus given by:

Of Oh  Of Oh

{f’h}:@%_%%

for every two smooth functions f,h € C*®(T*S1).
Let us define the following smooth function on 7*S™:
2

b
H =
2mL?2

+mgL(1 — cos(6)) (4.2)

where ¢ is a constant positive parameter that may be fixed at 9,8 if one wants to reproduce the
gravitational force equivalent. We call this function (4.2) the "Hamiltonian of the system” and
compute its hamiltonian vector field Xy € X(T*S'):

PO gLsin(0)2- (4.3)

X =10~} =135 Op

An integral curve of the vector field —Xp is a smooth path v : R — T*S  t — (0(t),p(t))
which is such that the tangent vector ¥(t) = H(t)% + ]'J(t)a% at the point y(t) = (0(t),p(t)) is
equal to —Xp | pr))- Alternatively, it corresponds to the level set of the smooth function H.
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By isolating the two components 6(t) and p(t) forming #(t) at the point v(t) = (A(¢), p(t)) and
equating them to that of — Xy at the same point, one has, for every t¢:

0(e) = ~Xu(0) = (0, H) =
5(0) = ~Xu(p) = {p. H) =~ 0

Thus, the integral curves of the vector field —X are precisely those path v : R — T*S?!
whose components 0(t) and p(t) satisfy the Hamilton equations of motion. This implies that such
integral curves are the physical solutions of the Hamilton equations which means that, starting
from a point (go, pg) on the phase space T*S!, the physical motion of the pendulum obliges to
follow the integral curve of the vector field — Xy passing through (qo,po). More abstractly, we
say that —X g points towards the flow of physical time'®. Drawing such integral curves using
the expression (4.3) gives the well-known phase portrait, Fig. 20.

We have thus seen in Example 4.1 that the mathematics developed in Poisson geometry is
well-adapted to describe physical systems in the Hamiltonian formalism. However, this was only
possible because every point of the phase space could be used as an initial condition. Sometimes
in physics, it may happen that not every point of the phase space can be chosen to be a set
of initial conditions. In that case one cannot straightforwardly apply Hamiltonian formalism to
the model, and a more refined formalism is required: constrained Hamiltonian formalism. We
will spend the rest of this section on this topic.

Definition 4.2. A Lagrangian is a fiberwise convex smooth function L € C*°(T'Q) on the tangent
bundle of Q. By fiberwise convex, we mean that, for every q € Q, the function L(q, —) : T,QQ —
R is a smooth convex function, i.e. it is such that its Hessian symmetric matriz (written in local
coordinates):

9L
Ovtovi

has non negative determinant for every v € TyQ).

Hii(q,v) =

(¢, v) (4.4)

Remark 4.3. In a different coordinate chart V, the change of basis v* — v/ is given by a section
g:UNV — GL,(R™) taking values in the n x n invertible real matrices. In particular, such a
section has either positive determinant or negative determinant but cannot pass through 0. The
determinant of the Hessian then stays of the same sign because whatever the sign of det(g), it
comes to the square in the expression of the Hessian when we change the basis.

Recall that, here, we consider that v € T3 and we identify the coordinate functions vl
T,Q — R with the components of v in the basis 8?11». To any smooth path v : R — M, one can
associate a tangent vector at the point +(t), which we denote §(t) € T, )M (see Section 1.1).
One can then evaluate the Lagrangian function along this path: t — L(vy(t),5(¢)). A priori, one
can always pick up any kind of path on @, but physicists have a recipe to determine which kind
of path would correspond to the time evolution of the physical system whose state is encoded by
the generalized coordinates ¢q. Indeed, such a path v should satisfy some differential equations
called the Fuler-Lagrange equations, under appropriate boundary conditions. Any other choice
of path would be considered as non-physical. They proceed as follows: the (non-relativistic)
physical model is characterized by a so-called action, which depends exclusively on the choice

of path ~:

St = [ L6050 d

13The minus sign comes down to the choice of defining the hamiltonian vector field of a smooth function f as
{f,—} and not as {—, f}, although the latter convention exists.
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Figure 19: Phase portrait of the pendulum build from a purely symplectic/Poisson geometry
perspective. The horizontal axis represents the angular coordinate ¢ = 6 between —7 and 7,
while the vertical axis represents the conjugate momenta p. The arrow heads represent the
direction of —Xp (flow of physical time) and the lines its corresponding integral curves. The
separatriz is actually made of four submanifolds: 2 points (singular leaves) at § = &7 and p = 0,
while the upper (resp. lower) red line is directed toward the right (resp. the left) but never
reaches 7 (resp. —m). There is an additional singular leaf at (0,0). Hence this phase portrait is
indeed a singular foliation, integrating the distribution generated by —Xg. Picture taken from

Wolfram Alpha.

Often the path admits well-defined boundary conditions so the integral converges. To stick with
physicists’ notation, we will now write the time dependency of the Lagrangian with respect to

the chosen path as L(q, ) instead of L(v(t),~(t)), where ¢ denotes the time derivative of the
generalized coordinate ¢ = 7(t) at time ¢, which geometrically corresponds to the vector 5(t)

121



tangent to the curve v at time ¢.

Assuming that smooth path « corresponding to physical evolution are extrema of the action —
i.e. stationary points, one requires that an infinitesimal variation of the action with respect to an
infinitesimal change of path would vanish if the original path is a physical path. More precisely,
assume that =g is a smooth path in @) corresponding to a physical evolution of the system, then
S(70) should be an extremum of the function S, and thus the infinitesimal variations of S around
~o should be zero:

0:55’:/5Ldt
R

where the variation should be understood to be taken at 7y (stationary point of the action).
Computing the variation of L with respect to infinitesimal change of path — i.e. with respect to
coordinates ¢ and v — and with respect to the fized boundary conditions'?, gives the following
identity :

n
55 = =3 | Eilq.q.i)oq' dt
i=1’R
where the F;(q, g, §) are defined as:
_ d9L(q,q) 9L(q,q)
dt  Ovt gt
for every 1 < ¢ < n. Hence, a smooth path ~y corresponding to a physical evolution of the

system (given appropriate initial state and boundary conditions), being a stationary point of
the action, should make Equation (4.5) vanish when (g, ¢) = (70(t), 7o (¢)).

(4.5)

In other words, a path corresponding to a physical evolution of the system should necessarily
satisfy the infamous FEuler-Lagrange equations:

ao o _
dt vt dqt

for every 1 < i < n. Conversely, we will consider that solutions of these equations — i.e. smooth
paths 7 : R — M such that (v(t),%(t)) are solutions of the Euler-Lagrange equations — are
precisely the paths characterizing physical evolution of the system. Now, since we assume that
the Lagrangian does not have explicit time dependency, expanding the time derivative in the
Euler-Lagrange equations (4.6) gives the following equivalent set of 2n first-order differential
equations

0 (4.6)

, - 0L %L
vt =g and Ii(qu) ) = — — ———v

q 1] (q ) aql ﬁvlaqﬂ
where we have assumed that some path v : R — T'Q defines a solution, so that (¢(t),q¢(t)) =
(v(t),*(t)). Replacing the velocities v by their expression ¢* on the physical path, we obtain a
set of n second-order differential equations:

J (4.7)

2 .
oL L (48)

2 (q.0) i = 22
(00T =55~ Frpa1

that form necessary conditions for a path ¢ — ~(t) = ¢(t) to satisfy in order to be a physical
path.

One then sees that the accelerations in Equation (4.8) are uniquely solvable in terms of
the positions and the velocities if and only if the Hessian matrix (g, ¢) is invertible, i.e. if
det(74;(q,¢)) # 0. When the Hessian is invertible, one can apply it its inverse to both sides of
Equation (4.8) and obtain a set of n second-order differential equations of the form:

14 Another variational principle — the Weiss action principle — allows the boundaries to vary and has its own
merits, see Chapter 3 of | ]
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§" = something depending only on ¢ and ¢

Then the theory of ordinary differential equations says that, given a set of initial conditions,
there is a unique solution of this Cauchy problem (at least) in a small neighborhood of these
initial conditions. In other words, it means that the time evolution of the physical system — the
evolution of the couple (g, ¢) — is guaranteed to depend only on the initial conditions. However,
when the Hessian matrix has vanishing determinant, the left hand side of Equation (4.8) vanishes
so that the Cauchy problem does not admit a unique solution. The accelerations cannot be solved
with respect to the velocities and some stay underdetermined. It appears that in this Lagrangian
picture we are losing the well-known determinism of classical physics (which can be recovered
in the Hamiltonian picture). Such a situation where the Hessian is not invertible happens when
the Lagrangian admits local symmetries which involve arbitrary functions of time:

Definition 4.4. A symmetry of a physical system is a diffeomorphism of the configuration
space QQ preserving the form of the equations of motion; they are said to be covariant under this
symmetry. A gauge transformation of a physical system is a family (¢¢): of local symmetries py
that can be prescribed independently (but smoothly) at each time t. Accordingly, a gauge theory
is a physical theory in which the general solution to the equations of motion contains arbitrary
functions of time.

Remark 4.5. The second statement of Definition 4.4 can be explained from the following observa-
tion: gauge transformations are parametrized by arbitrary smooth functions of time, as opposed
to rigid symmetry transformations. This has the following consequence: an initial state gives rise
to several possible arbitrary different time evolutions, hence the second statement. See Chapter
3 of | ] for a thorough treatment of gauge transformations.

Ezample 4.6. This example is taken from section 1.2 of [ |. Let the
configuration space be Q = R? and let the Lagrangian be L = %(vx —y)%. Then the Euler-
Lagrange equations amounts to only one equation:

T=1y
There is not enough equations to guarantee the unicity of the solutions, given a set
(.’E(O), Ux(o)a y(o)a ’Uy(O)) = (aa B, ﬂv 7)

of initial condition, for the general solution of the equation of motion is:

z(t) =a+ Bt + %'yt2 + /Ot o(r)dr and y(t) =B+t + ¢(t)

where ¢ is a smooth function of time such that ¢(0) = ¢/(0) = 0, and is absolutely arbitrary in
other aspects. This function then encodes a gauge symmetry.

In general a symmetry would not leave the functional form of the Lagrangian invariant (see
Chapter 4 of [ ]). However, a sufficient condition for a diffeomor-
phism to be a symmetry of the system is to leave the action functional invariant up to a total
derivative. This can be seen from the fact that the action, being a smooth function integrating
the Lagrangian over (space)-time, does not ‘see’ any total derivative. Thus the equations of
motion stay unchanged. Concerning gauge transformations, the following result has been shown
in the late 1940s:

Proposition 4.7. A Lagrangian L admitting gauge transformations has a singular Hessian € .

Ezample 4.8. Using the Lagrangian of Example 4.6, one has ¢ (q,v) = <é 8)

123



For a discussion about Proposition 4.7, see Appendix A of | | which
is a modern reformulation of | ], or page 87-88 of |
]. In that case, as is explained in Chapter 2 of | |, one
has to dig into the constraints that the Lagrangian imposes on the system by carefully studying
the null eigenvectors of the Hessian matrix. This opens the treatment of the quantization of
gauge theories via the Batalin-Vilkovisky formalism. Notice however that in Dirac’s canonical
quantization procedure, one quantize the theory from the Hamiltonian perspective because in
quantum mechanics the Hamiltonian has a central role. Let us give a bit more details on how
hamiltonian mechanics enter the picture.

Definition 4.9. Let L : TQ — R be a Lagrangian (assumed to be a fiberwise convex function)
and define the canonical hamiltonian to be the following function on the generalized tangent
bundle® TQ =TQ ® T*Q:

Hc(Qv v,p) = <p’ U>q - L(Qa U) (49)

where (p,v), denotes the pairing between Ty M and Ty M.

This function is called the canonical hamiltonian because it corresponds to the usual defi-
nition of the hamiltonian for unconstrained systems. Let U be a trivializing chart of both T'Q
and T*Q and let ¢*,v" and p; the corresponding local coordinates on the base, and on the fibers
of TQ|y and T*Q|y, respectively. Since (p,v), = S7; p;v’, by differentiating the canonical
hamiltonian with respect to p; one obtains:

0H,
Let us compute the derivative of H, with respect to v*:
OH, oL
- =p; = — 4.11
a’UZ p’L 8'UZ ( )
Then, the points of T, for which gg = 0 are those such that:
oL
Di = 50l (4.12)

Notice that the set of 2n first-order differential equations (4.7) are equivalent to the following
set of equations, called the implicit Fuler-Lagrange equations:

)
ot a pl_ﬁqi

The second one is not a differential equation but an algebraic one. The equivalence can be
straightforwardly calculated, and the Equations (4.13) can be obtained as the variation of
the following action, where the p; have the role of Lagrange multipliers in what is called the

o= p (4.13)

Hamilton-Pontryagin action | ]:

S= [ LO®0) + . 3(0) — o)yt (4.14)

The set of Equations (4.13) can then be recasted using the canonical Hamiltonian and Equa-
tions (4.10) and (4.12):

. OH OH, OH,
. c c . c
= — = and = ——— 4.15
1 op;’ o' bi aqt (4.15)
15The denomination generalized tangent bundle comes from the work of Hitchin and Gualtieri on generalized
geometry [ ], while it is called Pontryagin bundle in the work of Yoshimura and Marsden |

) ]
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These equations descend from the variation of the following action:

S = [0 — Helr(0). v.p)t (4.16)

which is actually a rewriting of Equation (4.14). Then, we see how Hamiltonian can be a very
efficient way of recasting Euler-Lagrange equations (4.6) into first-order differential equations.

Under the integral sign on the right-hand side of Equation (4.16), we recognize the well-
known relationship between Hamiltonian and Lagrangian. Indeed, in classical mechanics, the
Hamiltonian is the Legendre transform of the Lagrangian. Usually the Legendre transform of a
convex function v — f(v) — with domain of definition I, that in the following we will take to
be R — is a smooth function p — f*(p) defined via evaluating the supremum of the concave
function v — pv — f(v) over I = R, for each p such that this supremum is finite. Denoting I*
the subset of R whose elements p € I* are such that sup(pv — f(v)) < +oo, one sets:

veER

f*(p) = sup(pv — f(v)) (4.17)

veER

Under the assumption that the derivative of f is invertible there is an explicit formula for f*:

[ (p) =pv—f(v)

v=(f")"1(p) (4.18)
where here one really should understand v and p as real numbers so it makes sense to have
()71 (p). Equation (4.18) is the kind of formula one usually uses in thermodynamics [

|, where Helmholtz free energy A and Gibbs free energy G are obtained by performing
Legendre transforms (up to a sign) of the internal energy U and enthalpy H, respectively.
There, we usually do not explicitly check that the derivative of U and H with respect to the
entropy is invertible although it is implicitly used when we do the Legendre transform using
Formula (4.18) instead of Formula (4.17).

In our context, we precisely chose the Lagrangian to be convex so that we can take its
Legendre transform. We will slightly extend the meaning of the latter by considering that it
is a map from the tangent bundle to the cotangent bundle, thus providing an explanation for
the formula p; = gﬁ. The Lagrangian is supposed to be a convex function, i.e. its Hessian J¢
has non-negative determinant. The Legendre transform is then performed with respect to the
coordinates v’. In geometric terms, the Legendre transform between the Lagrangian and the
Hamiltonian corresponds to performing a Legendre transform of the function L(q, —) € C*(7,Q)

for every ¢:

Definition 4.10. The Hamiltonian Hy is the function on (a subset of) T*Q defined as:

Ho(q,p) = UggpM(Hc(q, v,p)) (4.19)

whenever such supremum exists.

We assume that the supremum varies smoothly when the base point ¢ varies, hence Hy is
a smooth function that functionally depends only on the generalized coordinates ¢ and on the
conjugate momenta p;. As for the rest of the section, we will use the Legendre transform from
a more geometrical point of view. We will adopt an ‘in-between’ perspective where we mostly
work in local coordinates over a trivializing chart U C M to treat hamiltonian constraints (as
physicists do), and at the same time we will adopt from time to time a global coordinate-free
perspective to address issues that will inevitably arise along the way (as mathematicians do).
We will mostly rely on the following resources: on the geometrical side, the Legendre transform
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had been known since at least the seminal book of Abraham and Marsden |
] and had been investigated by Tulczyjew | |, as well as Marsden and
Yoshimura | , | (see also most of
references therein), while on the physical side there exist well established sources on constrained
hamiltonian systems | I, [ I 1
|, see also these notes.

To provide a geometric flavour to this discussion, let us then generalize the Legendre trans-
form to the tangent and cotangent bundles:

Definition 4.11. The Legendre transform or fiber-derivative is a base point preserving smooth
map from TQ to T*Q (but not necessarily a vector bundle morphism) given by:

L TQ — TQ

(¢,v) —— (q,p cw e L L(q,v+sw)>

ds 5=0
On the right-hand side, the element w is a tangent vector at g. Thus, the element p — image

of v via £ — is a linear form on 7,(Q, sending w to %‘ 0 L(q,v + sw). This definition does not
Ss=

depend on the local coordinates, but the function .Z can be decomposed on the local frame dg

as:
" 0L
ZL(q,v) = Z (g, v dq—zaz

=1

so that . = 8@, € C™(T Q) symbolize the components of the function and we indeed obtain

again that p;(Z(¢q,v)) = avi L (g, v). As a base point preserving smooth map from T'Q to T*Q,
the Legendre transform gives rise to a submanifold N of the total generalized tangent bundle
TQ =TQ & T*Q, defined as:

Ny = {(g,v,p)|(¢,p) = L(q,v)} C TQ

This submanifold is the disjoint union over the points ¢ € ) of the graphs of the smooth maps
L(q,—):TQ — T*Q, ie. Ny NT,Q = Gr(ZL(q,—)).

Seeing the Legendre transform from this geometrical viewpoint allows to retrieve the usual
definition:

Lemma 4.12. The submanifold N is the set of points (q,v,p) € TQ such that v is a critical
point of the smooth function x — (p,z)q — L(q, x).

Proof. Let (q,v,p) € TQ = TQ & T*Q, then p;(-Z(q,v)) = gULZ- (g,v) if and only if v satisfies
O((p.)y~L(g»))

ot

=0, i.e. if and only if v is a critical point of x — (p, z), — L(q, x). O

By Lemma 4.12, the restriction of the function H. to N does not depend on v because for
any given choice of pair (¢, p), any critical point v of z — (p, x), — L(g, x) gives the same critical
value (because the supremum is unique). So, in particular:

O0H,
Ovt

=0

N

This equation implies that the canonical hamiltonian induces a smooth function defined on the
image of the Legendre transform Im(.¥) C T*Q:

Ho(q,p) = He(q,v,p) for any triple (¢,v,p) € Ny (4.20)
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Figure 20: The generalized tangent bundle T can be symbolically represented on a 2-
dimensional sheet of paper with two axis, one for T'Q) and one for T%(). Then to any base-
point preserving smooth function from the former to the latter corresponds a submanifold of
TQ. In the present case, for every g € @ the Legendre transform .Z(q,—) defines a graph —
i.e. a submanifold — in the fiber T,Q. The submanifold Gr(#(q,—)) varies smoothly from
fiber to fiber so that their union form a submanifold of the vector bundle TQ, that is to say:
Ny = quQGr(X(q, —))

This latter equation can be summarized as:
Hy = HC|N3: (4.21)

The notation is not innocent since Lemma 4.12 tells us that that Hy is precisely the smooth
function Hy defined in Equation (4.19).

The Hamiltonian Hg is not defined on the entirety of the cotangent bundle, except if the
function % is invertible — this condition is usually called the Legendre condition |
]. In that case:

Ho(q,p) = (p. £ (¢,p)), — L(a. L (¢,p)) (4.22)

When it is not invertible, it is still possible to have an explicit expression for Hy in terms of ¢ and
p but this requires to introduce local sections of the Legendre transform, see Equation (4.26).
The condition for .Z to be invertible goes down to the non-vanishing of the determinant of its
Jacobian matrix ¢ (q,v) = (%] But this amounts to the non-vanishing of the determinant
of the Hessian of the Lagrangian, fzor

0% 0*L

ol Ovidvi
In other words, ¢ = J¢ and, given the role of the Hessian matrix in Euler-Lagrange equations,
we conclude that being able to solve for the accelerations in the Euler-Lagrange equations (4.8)
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(the Hessian being invertible) and being able to solve for the velocities ¢’ in terms of the positions
¢’ and the momenta p; (the Jacobian matrix being invertible) are precisely equivalent. Then,
in light of the discussion following Equation (4.8), one concludes that:

Proposition 4.13. When the Lagrangian admits gauge transformations, the Legendre transform
is not invertible.

Ezample 4.14. Let us use Example 1 of | ], p- 8. The configuration

manifold is Q = R?, and the Lagrangian is:

1 1
L(g,v) = sv3 + v,y + g y)?

where z, 7y are the standard coordinates on R? and vy, vy are those on the tangent space. Fix
q = (z,y) € Q, then the Hessian of L is computed using Equation (4.4):

H(q,v) = (é 8)

This is obviously a singular matrix, which means that L is a singular Lagrangian, i.e. it admits
a gauge transformation, given by the following transformations:

dr = €,(t) and 6y = €,(t) such that e, =€, — €,

Since the Hessian is singular, we expect by the above discussion that the Legendre transform is
not bijective. Indeed, applying the definition of the Legendre transform, one has:

"E/ﬂiﬂ(q’U) = j(q7v>(am) = Ug + Yy a‘nd jy(‘]a U) = g(qa U)(ay) =0
Then, we obtain that:
Im(.Z) = {(g, p) such that there exists v € T,Q satisfying p = (vy + y)dz} C T*Q

One can straightforwardly check that the Jacobian of the Legendre transform coincides with the
Hessian of the Lagrangian.

Ezample 4.15. Let us use Example 2 of | |, p- 8, first studied in [
]. The configuration space is @ = R3, and the Lagrangian is:

Lg,0) = (0, — ) + 50z — 1)?

2
At a given point ¢ = (,y, ), the Hessian matrix is given by:
0 0O
H(¢,v)=10 1 0
0 01

The matrix is singular, so is the Lagrangian, which means that it admits a gauge transformation.
Indeed, it is given by:
ox = e_xd—Qa(t), dy = ia(t) and 0z = aft)
dt? dt
for any smooth function of the time «(t). The Legendre transform should be singular as well.
It is given by:
Z(q,v) =0, ZLy(q,v)=vy—e" and Z,(q,v)=v,—y
Then, we obtain that:
Im(Z) = {(g, p) such that there exists v € T,Q satisfying p = (v, —e*)dy+(v,—y)dz} C T*Q

One can straightforwardly check that the Jacobian of the Legendre transform coincides with the
Hessian of the Lagrangian.
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4.2 Hamiltonian under constraints

Let us now dwelve into the case where % is possibly not invertible, by assuming however that
the rank of the smooth function £ (¢, —) : T,Q — T, @ is constant over (), and we denote this
rank Ry, for some 1 < Ry < n. Let fix ¢ € @ and let U be a trivializing chart of TQ (and
hence of T*Q as well). Let v € T,Q, then there exists a reindexing of the coordinates ¢* (and
thus of the coordinates v and p;) such that:

1. the first Ry coordinates are labelled with a latin index from the beginning of the alphabet
1 <a < Ry, while the last n — Ry coordinates are labelled with a greek index from the
beginning of the alphabet Ry + 1 < a < n, and

0Ly

7) )16
Ovb /1<a,b<Ry :

2. the minor ( of the Jacobian matrix _# is non-singular at (¢, v
In other words, the R ¢ functions .Z, € C*°(TQ|y) are functionally independent in some open
neighborhood V' C T'Q of the point (¢,v)'”. Then, the remaining n — Rg functions %, are
functionally dependent on the former: for each Ry + 1 < o < n and each base point ¢, there
exists a functional relationship which smoothly depend on ¢:

goe - woc(%ga) (4'23)

where we understand that each functional v, depends on potentially all the .%,. This argument
is an adaptation of the proof of the Rank theorem in [ ], see in particular Equation (7.9).
Notice that the relabelling of coordinates utterly depends on the chosen tangent vector (¢q,v) €
T,Q for the functions .Z; may vary a lot over T'Q|yy. Hence, the functional dependency (4.23) is
in theory only defined locally, in the neighborhood of a given tangent vector, while at another
point, we may have another reindexing and correspondingly another dependency. Moreover, the
choice of a different minor in ¢ = J# — equivalently, a different ordering at the same point (¢, v)
— gives a different set of independent functions .%,, and thus different functions .. However,
the number of independent functions would always stay equal to R .

For every ¢ € Q let us set Ty = Im(Z (¢, —)) and I' = Im(Z) = U,eq T'y; it is a subset of
T*@ and we will now study its property. Any covector (¢,p) lying in the subspace I, satisfies:

oL
pi = Zi(q,v) = @(q, v) (4.24)

for some (g,v) € T,Q and a local choice of coordinates ¢‘,v%,p;. Fix a covector (¢,p) € T
and a preimage (¢q,v) through the Legendre transform. Then from the discussion leading to
Equation (4.23), there exists an open neighborhood V' C T'Q of (¢,v) and a reindexing of the
coordinates ¢* (and thus of the coordinates p; as well) in two sets such that the coordinates of
any covector (¢,p) € £ (V) satisfy:

Pa = Z, and Pa = 7/’0((‘]72%)

This is a mere rewriting of Equation (4.24), where we have replaced the terms .%; by p; since
they coincide on I". Moreover, we have used Equation (4.23) to p, in terms of the p, and wrote

Yo (g, pa) instead of 14 (g, pa) for simplicity.

This latter set of equations is a priori only valid on Z (V). However, since on the open
set V' the functions .%, are independent and coincide with the p, on Z(V), one can see the

16Since the matrix J = S is symmetric, it is always possible to isolate such a minor.
"Here, by ‘functionally independent’ we mean that the only dependence is a minimal, or ‘trivial’ one, i.e. of
the form f°.%, = 0 = f* = ¢**.%, with ¢®® = —¢"?.
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1o as functions of p, and locally extend them outside .Z (V') by replacing %, by p, in their
argument. See Equation (7.9) in the proof of the Rank theorem in | | to understand the
dependency of v, in terms of independent functions. Let W be such a small neighborhood of
(¢, p) on which we formally extend these functions 1, € C*°(W) (it needs not contain the whole
of Z(V)). Then one can define the following set of smooth functions on W:

¢a(q:P) = Pa — Va(q,pa)  forevery Ry +1<a<n (4.25)

called primary constraints. In particular these functions only depend on the generalized co-
ordinates and on (part of) the conjugate momenta. The adjective primary denotes a further
distinction between additional constraints that we will discuss next. The functions ¢, actually
emerge naturally in the proof of the Rank theorem in [ ]. Notice that the choice of a
different minor in _¢# = JZ gives different independent coordinates and thus different primary
constraints.

Remark 4.16. For reasons that will soon become clear, the triple (W, pg, ¢o) is called a con-
strained chart adapted to (q,p) (often we will omit to mention the dependency of these data
on the original choice of point (¢, p)). Since the definition of such charts depend on the choice
of preimage of (g,p), every point of I' might admit as many adapted constrained charts as it
possesses preimages.

Ezxample 4.17. Let draw on Example 4.6 to explain what a primary constraint looks like in that

case. The Lagrangian being L = %(vx — y)2, one obtains:
oL OL
fx:a—%zvx—y and zy:%ZO

Then, we do not need to reindex the coordinates here, as we see which component .%; is not
independent. In particular, we have ¥ = 0 and thus only one primary constraint, which is
¢ = py. A similar argument holds for the Lagrangian of Example 4.14.

The choice of coordinates on ) has been made precisely so that the functions %, form a
set of independent functions on V and that they parametrize the same subset of W as the first
pa coordinates (see the rank theorem | ]). Moreover, since each primary constraint ¢,
involves linearly a different p,, they form another independent set of functions, and since they
altogether form an independent set of functions on W, it turns the constrained chart (W, p,, ¢ )
into a coordinate chart of 7#Q. Then, since the vanishing of the primary constraints is equivalent
to the set of equations (4.25), we conclude that the primary constraints ¢, characterize the set
W N Z(V), in the sense that the smooth map ® = (¢, 11,...,0n) : W — R hag
constant rank, because each constraint ¢, possesses a different, independent local coordinate
Po- Then, since ® is surjective (one is free to chose any value for the p,, whatever value for p,
has been chosen), it implies that it is a submersion (Theorem 7.14 in | -

Being the zero level set of a submersion, the set WN.Z (V) is a closed embedded submanifold
of W C T*Q (Corollary 8.9 in | | or Theorem 2.45). However, it does not imply that
W NT is an embedded submanifold of W, for I' might be an immersed submanifold of 7%@Q and
have self intersections corresponding to the images through £ of open subsets of T'Q) located
far from V. More precisely the primary constraints depend primarily on the choice of preimage
of (¢,p). Although the matrix #(g,v) has rank Ry for every v € T7M, another choice of
preimage (¢,v) and of open set V' C TQ|y may imply another form of dependency from the
components .. That is to say: another reindexing of the coordinates ¢*, as well as another
dependency between the corresponding %, leading to a redifinition of the %, and hence of the
primary constraints defined on another neighborhood W’ of (¢, p). The vanishing of these new
constraints would this turn make the set W N W' N 2 (V') — not necessarily coinciding with
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W W' nZ(V) - a closed embedded submanifold. That observation would certainly not be
sufficient to prevent I' to be an immersed submanifold, with possible intersections. To avoid
such annoying cases, physicists usually assume that the functions ¢, satisfy a so-called reqularity
condition:

Scholie 4.18. Regularity condition for constrained charts. For every covector (q,p) € T,
and any constrained chart (W, pa, ¢o) adapted to (q,p), the subset W NT' is assumed to coincide
with the zero level set of the primary constraints ¢, i.e. WNT =, ¢51(0).

Figure 21: This is a situation we do not want: that different choices of preimages of (g, p) have
neighborhoods V, V' whose image through the Legendre transform .Z do not coincide in the
vicinity of (¢, p). That is why we ask for the regularity condition, so that the primary constraint
surface is an embedded submanifold.

This formulation is a slightly more mathematical version of that of |

|, which gives physical justification for the need of the reg-
ularlty condition. A consequence of the Regularity condition 4.18, for every point (¢,p) € T,
and any constrained chart (W, pg, ¢q), the coordinates (p,, ¢o) form a set of local coordinates
on W adapted to I'. More precisely, the coordinates (¢', p,) form a local coordinate chart for T
(because every point on W NI can be retrieved from these data in a unique and smooth way
using the smooth functions 1),), while the constraints ¢, are coordinate transverse to I'. By
Lemma 2.40, the above regularity condition on constrained charts then implies the following,
more explicit version, that is the main assumption put forward by physicists (see alternative
formulations on p. 7 of | 1):
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Scholie 4.19. Regularity condition on primary constraints. The set I' = Im(.%Z) is an
embedded submanifold of T*Q).

Definition 4.20. We call the embedded submanifold T' (also denoted ') ) the primary constraint
surface.

Example 4.21. Using the Lagrangian of Example 4.14, one observes that the Legendre transform
has rank 1 so the dimension of I' = Im(.%) is 3 (because ) has dimension 2, to which we add 1 for
the rank of .#’). The only dependent function %, is %, and it vanishes. Thus, the only primary
constraint is ¢ = py, and the primary constraint surface is characterized by the vanishing of this
constraint, i.e. I' = p,*(0).

Example 4.22. Using the Lagrangian of Example 4.15, one observes that the Legendre transform
has rank 2, so that the constraint surface I' is a 5-dimensional submanifold of 7*R3. The only
primary constraint is p, = 0 so that ' = p;1(0). On this submanifold, we have moreover
py =Ly =vy—e® and p, = Z, = v, —y. These identities — together with p, = 0 — are also
valid on the submanifold Ny C TQ.

Remark 4.23. The regularity condition is widely met in physical systems, as Henneaux noticed
at the very end of Section 4.4 in | | that the regularity condition is usually fulfilled
by all models of physical interest.

The regularity condition — together with the fact that the constraints ¢, are independent
because each of them contains one and only one p, — implies that they can be taken as local
transverse coordinates to I'. This has some quite important consequences, one of which is the
fact that the ideal of functions vanishing on I' is generated by the constraints:

Proposition 4.24. Let f € C*°(T*Q) be a smooth function that vanishes on T': f|, = 0. Then,
for every point (q,p) € I' and any choice of constrained chart (W, p,, ¢o) adapted to (q,p), there
exist functions fo € C*°(W) such that f =", fa®a on W.

Proof. The proof is given in Theorem 1 and in the Appendix of Chapter 1 of |

|, or alternatively in section 3.3 of | |, where it was adopted
from Chapter 8 of | ], where it is shown that f, = %' O

Corollary 4.25. If f and g coincide on I' then there exist smooth functions ho, on W such that
the following identity holds on W: f =g+ >, ha®a-

Notice that the statement of Proposition 4.24 is a local one, while in the references cited
for the proof, the statement is a global one. The discrepancy comes from the fact that in
physics textbooks, the constraints are defined globally over the phase space T*@. This is an
extra assumption that is mot a consequence of the Legendre transform. On the contrary, we
have shown that using the Rank theorem, only local statement can be made on the form of the
constraints. Then, while physicists usually think of constraints as a finite set of globally defined
constraints, mathematicians should definitely think of them as a finitely generated subsheaf of
the sheaf of smooth functions C*° (M), which is so far locally free (but we’ll see later that this
condition might be broken when we define secondary constraints).

However, one can make “global” any locally defined constraint by assuming that it is extended
outside W as the zero map, which can be done through the use of a bump function whose support
ison W. Given that we have plenty of constrained charts, we end up with plenty of such extended
constraints, defined over the whole phase space. Usually physicists assume that they are a finite
number but a priori nothing can guarantee us this fact. Then, the regularity condition on the
primary constraint surface reduces to the following statement found page 7 of [
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]: for every point (¢,p) € T" there exists a neighborhood W and a subset of all
these extended constraints which can serve as transverse coordinates to I' — and as a consequence
they generate all the others constraints, as well as the ideal of functions vanishing on W N T

The fact that I' is an embedded submanifold of T*() implies in particular that the Legendre
transform . is a submersion. It then admits local sections'®: for any point (¢,p) € I' and
adapted constrained chart (W, p,, ¢ ), there exists a smooth injective map v : W NI — TQ
such that Z(q,v(q,p)) = (q,p) for any (¢,p) € W NT. This map does actually depend only
on Ry momenta, that we can chose to be the pg, i.e. v(q,p) = v(¢’,ps). The image of v are
interpreted as the velocities that can be solved with respect to he momenta. There is thus
a set of velocities that cannot be solved with respect to the momenta, and those physically
correspond to the accelerations that cannot be solved with respect to the dynamical variables in
Equation (4.8) (see pp. 93-94 in | | for example). This is a direct
reformulation of the equivalence between the fact that the Hessian matrix of the Lagrangian is
invertible if and only if the Legendre transform is invertible.

For simplicity assume (as physicists often do) that the primary constraints are globally
defined, so that the section v is globally defined. A choice of a section v : I' — TM of the
Legendre transform allows to find an explicit expression of Hy in terms of ¢ and p only, while
we only had Equation (4.20) until now, which is defined using N¢. Since H. does not depends
on v over Ny (and hence, of the section v), we deduce that the ‘restriction’ of the canonical
hamiltonian H, to v(I') & T gives an explicit formulation of the smooth function Hy, as defined
sloppily in (4.21). Indeed, the submanifold v(I") @ T' C TQ is by construction a submanifold of
N g, so the following diagram explains how Hj is defined as a function on I' = Im(.%) only.

TQ
14
/ HC
T e +—R
\\\\\\ T*Q /////
;—_Eio__

Let us find out a possible explicit expression of Hy in local coordinates in a neighborhood of
I'. In a selected constrained chart (W, pq, ¢o), we have, for every (¢,p) € I':

Ho(q,p) = He(q,v(q,p),p) = pav*(q,p) + Yar(q,p) — L(q,v(q,p)) (4.26)

Notice that we replaced the n — R conjugate momenta p, by %, because they are thus defined
on the constraint surface I'. Hence the hamiltonian Hy does not depend on the n— R ¢ conjugate
momenta p,. By recalling that both the functions v, and the sectionv depends on the first Ry
momenta only, we deduce that the hamiltonian Hy does only depend on the first R ¢ coordinates.
Then, the right-hand side of Equation (4.26), until now only valid on I", can be extended off to
the whole of W, by adding and substracting p,v“:

Ho(q,pa) = pav* (¢, Pa) + Pav(q, Pa) — L(q,v(q, Pa)) — ¢av(q, Pa)

without any restriction on the p,’s. But then, we can find an explicit expression of Hy (we
emphasized the explicit dependence in the first Ry coordinates):

Ho(q,pa) = He(q,v(q,pa):P) — ¢av“(q,pa) for any (q,p) € W (4.27)

18To define a section of % one needs only T' to be a weakly embedded submanifold of T%Q, because in that
case one can show using Definition 2.53 that the Legendre transform £ defines a smooth map onto I', which is a
necessary condition for .Z to be a submersion. Being an immersed submanifold would certainly not be sufficient.
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Notice that the primary constraints appear in the last term only because the Legendre transform
is not invertible: compare for example with Equation (4.22) when it is invertible.

Because of Equation (4.11), Hy does not depend on the choice of section v. A careful
discussion about this independence can be found in Proposition 1 (section 3.3) of |

]. Moreover, although the local expression of Hy depends on the original choice

of splitting between independent momenta p, and dependent momenta p, on I' (and then

ultimately on the choice of invertible minor of the matrix ¢ = J¢), any other choice would

give a function H{ that would coincide with Hy on I'. Some physicists emphasize that this

discussion is purely local (see e.g. page 24 in | |) while other assume
that local coordinates are actually global coordinates (i.e. they work on a vector space), so that
Equation (4.27) is valid globally (see e.g. page 10 in | ]). Under

this assumption, the hamiltonian Hg is a smooth function on the primary constraint surface,
ie. Hy € C*=(I).

Extending Hy out of the constraint surface is actually necessary to proceed to Hamiltonian
treatment of constrained systems. Indeed, there is no Poisson bracket on I' so one cannot
formally write Hamilton’s equations with Hy in their classical form. Equation (4.27) is a possible
extension of Hy off I' in a small chart, but not the most general one because the left-hand side —
hence the right-hand side as well — does not involve the last n — R« coordinates. Replacing Hy
by a smooth function on the whole phase space would moreover solve the practical issue raised
by the fact that in theory Equation (4.27) is only defined locally since sections are only local. A
smooth function H € C>(T™*Q) which coincides with Hp on I, i.e. such that H|r = Hyp, would
be such a global smooth extension of Hy to the whole of phase space, and would be a potential
candidate to perform Hamiltonian analysis on 7*Q. On Equation (4.27) we see that Hy can be
written as the sum of a Hamiltonian and a linear combination of the primary constraints. The
most general formula extending Hy off I' would have a similar structure:

Definition 4.26. Assume that there is a finite number of globally defined constraints ¢, defining
a closed embedded submanifold I' C T*Q, and let u® be yet unspecified smooth functions on T*Q)
(that physicists sometimes identify with velocities). Let H be a smooth function which coincides
with Hy on the primary constraint surface I'. Then we define the total Hamiltonian to be the
smooth function:

Hpr = H 4+ u%¢, (4.28)

Remark 4.27. Since the parameters u® are not (yet) fixed, and that the physical equations of
motions do not depend on the (yet unfixed) parameters (see the discussion leading to Equa-
tion (4.39)), the total Hamiltonian can be considered as representing the equivalence class of all
the Hamiltonian extending H outside of I" (see section 15.2 in | D It
might then be seen as a cocycle in a particular cohomology, yet to be found.

If T is not closed, the function H may not exist (see Lemma 3.72) but as mathematical
physicists, we will assume such global extension always exists (this is the case in particular if we
assume that the primary constraints are finite and defined globally). The choice of the map H is
physically not relevant because physics only occurs on the constraint surface. We will soon see
however that the primary constraints should be explicitly taken into account since their presence
is necessary for the consistency of the dynamics. As implied by Proposition 4.24, another choice
of hamiltonian H — H' is equivalent to modifying the parameters u®, as H' = H + v%¢,. The
total Hamiltonian defined in Equation (4.28) is then the most general form of Equation (4.27)
valid outside I" and by definition, Hr|r = Hy. For more informations on the total Hamiltonian
see e.g. the Corollary on page 31 of | |, or a similar but less general
discussion on page 16 of | ], or a more obscure but quite interesting approach in
section 2.1 of | .
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Remark 4.28. Obviously, if the Legendre transform is invertible, then Hj is expressed as is
Equation (4.22), and there are no primary constraints. Moreover, it is defined over the whole
phase space so Hr = Hy, which is what is expected from a regular Hamiltonian system.

Example 4.29. We work on the primary constraint surface of Example 4.21. The canonical
Hamiltonian H is given by:
Ly 1 2
He(q,v,p) = pave + pyvy — | 505 + vay + 5( —y)
On the constraint surface I' = Im(.%’), we know that p, = %, =0 and p, = %, = v, +y. By
construction, these relations are also valid on Ng. Thus, evaluating H. on the latter gives:

Ho(a.) = palps =) = (500 = 9 + (02 = 9y + 50— )* ) = 528 — 0%+ oy~ (429
Alternatively, one would obtain this expression plugging in Equation (4.26) the following section
of I' to T'Q is v, = p; —y and vy, = 0. While Hy is supposedly defined only over I', one can
straightforwardly extend it to the whole phase space T*R? as a function H, and then define the
total hamiltonian as:

Hr = H + up, (4.30)

where u € C°°(T*R?) is still an unfixed smooth function acting as a parameter.

Example 4.30. We work on the primary constraint surface of Example 4.22. Evaluating the
canonical Hamiltonian H. on N gives:

1 1 1 1
Ho = py(py +€") +p=(p: +y) — <2p§ + 2p§> = 5Py + Pz T pye” +yp- (4.31)
While this function is supposedly defined only over I', one can straightforwardly extend it to
the whole phase space T*R? as a function H, so that the total Hamiltonian is:

Hr = H + up,
where u € C*°(T*R?) is still an unfixed smooth function acting as a parameter.

To justify the use of Hr, let us differentiate Hy with respect to the canonical variables ¢;
and p'. A detailed discussion about this can be found in Proposition 2 (section 3.3) of |
]. First, deriving Equation (4.26) with respect to p, and noticing that p; =

oL o7
Nk

OL
ot

on I', one obtains that the terms pa%—’; + wa%L: cancels out wit so that we obtain:

8H0 — Va + %V‘X

Opa Opa

(4.32)

We see that there is no contribution of the derivatives of v with respect to p,. Notice however that
this observation is valid only on the primary constraint surface I', and thus so is Equation (4.32).
By definition of ¢, Equation (4.32) can be straightforwardly rewritten:
0H) _ e 0da
Ipa, Opa

v (4.33)

Unfortunately the set of Equations (4.33) does not include the derivative with respect to the p,
since Hy does not depend on them. However, relying on this fact and that g%’ =
may add a set of additional tautological equations:

OHo _ o 995 g
apoz_y apay

52‘ on I', one

(4.34)

135



Hence we notice that a priori Equations (4.33) and (4.34) do not involve time whatsoever.

Next, differentiating Equation (4.26) with respect to ¢* and noticing that p; = (‘;}Li on I', one
obtains that the terms p, %l;j + Ve %’; ~ cancels out with %%{;Z, so that we obtain:

OHy 9o , OL

: . 4.
o o v g (4.35)

Notice that we had replaced i, by —¢, since by construction their derivative with respect to
¢" coincide. Now, assume that we restrict our study to a smooth curve v : R — M so that
g = 7(t) and the vector field corresponding to the velocity at time ¢ is tangent to the curve at
every time ¢ and lives in the image of the section v, i.e. ¢(t) = 4(t) = v(q(t),p(t)). The image
through .Z of the path ¢t — (g(t),¢(t)) defines a path in the phase space t — (g(t),p(t)).
Then, one may add %(gfi) to Equation (4.35) and substract p; (since they compensate one

another on I' by Equation (4.12)), to obtain:

OHo _ . 9%a V() + Ei(q(t), v(t), o(t)) (4.36)

oq* pi— oq*

where E;(q(t),v(t),(t)) is the smooth function defined in Formula (4.5), which vanishes pre-
cisely when the path is a solution of the Euler-Lagrange equations (4.6). Now, assume that the
path v is a solution of the Euler-Lagrange equations (4.6), and that we have v(t) = v(q(t), p(t)) =
4(t) = ¢(t). Then, the image of such a path through the Legendre transform .# defines a path
t — (q(t),p(t)) staying in the primary constraint surface I', and whose time derivative gives
the infamous Hamilton equations of motion satisfied by ¢' and p;:
i = 0Hy . 0P Lo
Op;  Op;

__OHy 00 ,
pi = o o

(4.37)

(4.38)

We obtained these equations by gathering Equations (4.33), (4.34) with Equations (4.36) and
reordering the terms. Notice that, due to the constraints, they do not precisely respect the usual
form of Hamilton’s equations of motions. We will soon see how one can recast these in this form.

Recall that, although the first Hamilton equations of motion (4.37) are mere consequences
of the Legendre transform (and are valid without assuming that v is of the form 5(¢)), the
second ones (4.38) are satisfied if the Euler-Lagrange equations (4.6) are satisfied (this is a
consequence, and not an equivalence). Moreover, in both case we see that, for points of 7*Q
to be considered as potential candidates for physical states of the system — or equivalently, for
paths to be considered physical trajectories in the phase space — they at least need to live on
I', where the Hamiltonian is defined. It does not mean however that every point of the primary
constraint surface I' is an admissible physical state — and we will see that in general they do
not. Finally, notice that Equations (4.37) and (4.38) can be recasted in a system of Equations
which ressembles more Hamilton equations of motions, at the cost of enforcing the constraint
equations:

¢ = a%i(Ho + ¢a1/a)
Di = _%(HO + d’aVa)
¢a =0

where here ¢, is evaluated on the smooth path (q(¢),p(t)). This set of equations is consistent
with the set of equations (4.15): indeed, if one adds ¢,v* to Equation (4.26), one obtains

Equation (4.9) for v = v(q,p). Then Equations %ﬁ“ = 0 imply that H.(q,v(q,p),p) does not
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depend on the section v, or equivalently, that we are working on N ¢, which is alternatively said
by imposing ¢, = 0 and p, = Z,.

Unfortunately, since Hy is a priori not defined outside the primary constraint surface I,
we cannot write the above set of equations with the help of the Poisson bracket. For this, a
function defined all over the phase space would be necessary. However, the presence of the
terms Hy + ¢or® reminds us of the discussion surrounding Equation (4.28) where we said that
replacing Hy by any smooth function H € C*°(T*Q) such that H|p = Hy would lead to the same
physics and, more importantly, would open the use of the Poisson bracket on the phase space.
Indeed, the corollary of Proposition 3 in [ | shows that for any smooth
function H € C*°(T*Q) such that H|p = Hp, there exists smooth functions u® € C>(T*Q) such
that the Hamiltonian equations of motions can be recasted as:

¢t = o (H + pau®)
Bi = =g (H + $au®)
¢o¢ =0

The justification comes from the fact that, since H coincides with Hy on the constraint surface
I', it may be written (at least locally) as Hyp 4+ ¢poA* (see the proof of Proposition 4.24), and the
smooth functions A% are so that on the constraint surface, one has A% = %. It then implies
that u® = v® — A%, The latter hamiltonian equations of motions are quite convenient because
they are defined outside of T', if not on the whole phase space (when the constraints are so

defined).

The fact that the primary constraints appear explicitly in the above set of equations also
justifies that the correct Hamiltonian is not H, but the total Hamiltonian Hy = H 4 u®¢q,
as postulated in Equation (4.28). Indeed, denoting {.,.} the canonical Poisson bracket on the
cotangent bundle, associated to the canonical symplectic form on T*(Q), one can then recast
Hamilton’s equations of motions as:

' =+%T = {q', Hr}

D = — 3];1]? = {pi, Hr} (4.39)
¢a =0

These equations are a consequence of the extended Euler-Lagrange equations (4.15) and thus,
of the original ones as well. Thus, although Hr|r = Hy, the presence of the primary constraints
in its definition are of utter importance. We will see later that we can find a set of equations
extending (4.39) which is equivalent to the Euler-Lagrange equations. The discussion appearing
in section 2.1 of [ | is quite interesting althoug a bit obscure, because
it justifies that although the splitting into independent conjugate momenta p, and dependent
ones p, on I' is not unique (one could have chosen another set of independent coordinates p,),
the hamiltonian Hy is uniquely defined and the total hamiltonian forms a class of function
‘equivalent’ to that of Hy.

4.3 The Bergmann-Dirac algorithm

The importance of the primary constraint surface in the Hamiltonian formalism of singular
Lagrangian theories can be best shown after introducing some adapted notation:

Definition 4.31. We say that two functions f,g € C*(T*Q) are weakly equivalent if they
coincide on I', and we note:

f=~g



For clarity, we say that they are strongly equivalent if they coincide on the whole of phase space

T*Q.

Being weakly equivalent is an equivalence relation, and this notion will be thoroughly used in
the text. Since I' is an embedded submanifold of @ defined as a level set of a set of smooth
functions — the primary constraints — , it turns out that any smooth function vanishing on I' is
functionally locally dependent on the primary constraints, as Proposition 4.24 showed. Then,
using the notation of Definition 4.31, one can recast equations (4.39) as:

i' ~{q', Hr} (4.40)

pi ~ {pi, Hr} (4.41)
The Poisson bracket has to be evaluated on I' after it has been computed — i.e. we compute
{¢", Ho} but {¢', Hr} and then we apply ¢, = 0. The total Hamiltonian thus defines (minus) the
flow of time when we restrict ourselves to the primary constraint surface I'. Equations (4.40)
and (4.41) imply in turn that the total Hamiltonian computes the dynamics of any smooth
function which is evaluated on any physical path sitting in I'. More precisely, let f € C(T*Q)
be any smooth function, and let (¢, p) be any point of I'. Then for small times ¢, and under the
assumption that the undefined parameters u® are fixed, there is a unique path ¢ — (q(t), p(t))

such that:
{q(()) =7 {&(0) ={¢'. Hr}(3.p)
p(0)=p pi(0) = {pi, Hr}(q, p)
which is contained in I', i.e. such that ¢o(q(t),p(t)) = 0 for all times t. We then define the
following real numbers:

(4.42)

of

Fla(®).p(0) = 5L 0.20)30 + 5

Op;

(q(t), p(t))pi(t)

By unicity of the Cauchy problem the value of f only depends on the point, and not on the
path. The right-hand side is not only a smooth function of the time ¢, but also of the base point

(¢,p). Then, we can define a smooth assignment:
f: T — R (4.43)
_ Of o Of

)

where ¢%(0) and p;(0) are uniquely defined by Conditions (4.42). Since the primary constraint
surface is an embedded submanifold of 7*Q), the assignment (4.43) admits at least locally a
smooth extension, and two such extensions coincide on I'. Then we have the following important
result about dynamics:

Lemma 4.32. Let f € C*(T*Q) be any smooth function, and let f be any smooth extension of
the associated smooth assignment (4.43); then:

f%{f7HT}

Since every physical solution of the Hamilton equations (4.39) should be contained in the
contraint surface I', it means that if one evaluates the primary constraints ¢, on any such

physical path t — (q(t),p(t)), one has ¢u(q(t), p(t)) = 0 because ¢n(q(t),p(t)) = 0 for all t.
Using Lemma 4.32, this necessary condition reads:

{¢a, Hr} =~ 0 (4.44)

We call this equation the persistence of the primary constraints ¢,. Alternatively, by Lemma 2.58,
it can be geometrically interpreted under the following condition, assuming that the primary
constraints generate the ideal of functions vanishing on I':
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for any physical path to sit in I', the Hamiltonian vector field Xy, has to be tangent to I'

Thus, we have to make a good choice of parameters u® so that this condition is satisfied.
Developing the total hamiltonian, computing the bracket, and eventually evaluating the result
on I' allows to rewrite Equation (4.44) under the form:

{bo H} + 0" {$0, 65} = 0 (4.45)

Recall that H is any smooth function on 7*(Q that coincides with Hy on the constraint surface:
H|r = Hp. Then, solving Equation (4.45) amounts to specify the parameters so that the
hamiltonian vector field Xp, is tangent to I'.

Assume that we have a set of primary constraints defined as in Equation (4.25), so that their
number is n — Ry, where Ry is the rank of the Legendre transform (¢, —) : T,Q — T;Q,
assumed to be constant over Q). We let M be the (n — Rg) X (n — Ry) square matrix whose
coefficients are the following smooth functions:

Map = {¢a; P} (4.46)

Since M is a skew-symmetric matrix, it cannot be diagonalized over R, but it is possible to bring
it to a block diagonal form by a special orthogonal transformation:

Proposition 4.33. If M is a p X p antisymmetric square matriz, there is an orthogonal p X p
square matriz O and a p X p square matrix A of the form:

0 X\

)\
0 X
—Ay 0

0 M
—Xa O

such that A = OT MO and the \;’s are strictly positive real numbers.

Proof. An antisymmetric matrix is diagonalizable over C with purely complex eigenvalues. On
the field of real numbers, it would then correspond to the above description. ]

From now on, we consider that we perform the above block diagolanization at a point z € I'.
Then, the number of zero eigenvalues depend on the rank of M at x in I'. In particular, if
p =n — Ry is an odd integer, there is at least one zero eigenvalue. We assume moreover that
the rank of the matrix M — and hence of A — is constant over the primary constraint surface I'.
As a consequence, the number of zero eigenvalues is constant over I'. Both the coefficients of
O and of A are in fact smooth functions over 7*Q. While the matrix O is always invertible, it
may happen that some eigenvalues A; may vanish in some region of the phase space. We write
O the (a, )-th coefficient of the matrix O, and we let:

d)/(gl) = Z Oaﬂ¢o¢ (4.47)

139



It is as if we had performed a ‘rotation’ in the space of primary constraints. Notice that we do
not lose information by performing this transformation because we can always come back to the
original constraints by applying O (we do not need to invert the matrix O). Then the linear
combinations ¢((11) are still constraints: they generate the same primary constraint surface I' and
the same ideal of functions in C*°(7*@Q), but they are more adapted to the problem, in the sense
that the matrix A is the matrix of the Poisson bracket of the new primary constraints:

Aas = {61, 04}

One can pass from the original set of constraints to the new one by using the matrix O
or its transpose. Being orthogonal, these matrices are always invertible. From now on we will
mostly use the latter set of constraints and we call them first-stage constraints (although the
denomination is not standard, but merely practical). We can refine their description by assuming
that the index « is split into two families; the first 2d constraints satisfy only one non-trivial
bracket on I':

1 1
{650 1,05)} = i #£0 (4.48)
for 1 <14 < d, while the last n — Ry — 2d constraints have their Poisson bracket vanishing with
every other constraint ¢&1). For simplicity, and contrary to our previous convention, here and

from now on we consider that the index « runs from 1 to n — R¢.

The persistence Equation (4.44) should now apply to the new constraints, and is then equiv-
alent to the following necessary condition:

{¢{), Hr} ~ 0 (4.49)

Since the coefficients v in Equation (4.45) are still unspecified, and since the set of constraints

@ 18 equivalent to the set gi)&l), we can then rewrite Equation (4.49) as:
{0 H} + 0o, 65} ~ 0 (4.50)

where the coefficients v° are yet unspecified smooth functions obtained from the u® via the
identity v =3 a(OT)aguﬁ because they appear as such in the total Hamiltonian, when written
with the first-stage constraints. Indeed, if one multiplies the primary constraints ¢, by O, one
should multiply the coefficients u® by O~! = O Then we have the following possible cases:

1. either the matrix M — and hence A — is invertible on the primary constraint surface (or at
least locally where the primary constraints are defined). Then one can uniquely determine
all parameters v” in Equation (4.50), by setting (strongly):

o = (AT, H) (4.51)

These are the unique coefficients making the persistence equation (4.49) valid. The total
Hamiltonian Hr is then uniquely specified by plugging these coefficients in the following
equation:
Hr=H + vﬁ¢(ﬁl) =H+Y 170,504
(0%

where summation on contracted indices is always implied. So the parameters u® in Equa-

tion (4.28) are uniquely defined as u® = v O.p, and they are such that the hamiltonian
vector field Xp, is tangent to I'.
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2. or the matrix M — and hence A — is not invertible on I', thus it admits 0 as an eigenvalue
and a number of corresponding eigenvectors. We let 2d < n — Ry be the rank of A, and
we assume that the first 2d constraints ¢((11) have vanishing Poisson brackets with every
other constraints except in the situation described in Equation (4.48). More precisely, for
1 <i < d, Equation (4.50) becomes:

(o HY 4020 ~0 and {o), H} — 021\ ~ 0

Then, only the first 2d coefficients in Equation (4.50) are uniquely determined, while the
last n — Ry — 2d are still unspecified. On the contrary, when 2d + 1 < @ < n — R,
Equation (4.50) becomes:

{0, H} =0

If this equation is independent of the primary constraints, then it defines a new second-
stage constraint'? ¢£3) = {qb&l), H} € C®(T*Q).

The vanishing of this second-stage constraint qﬁg) (for this particular ) on the smooth path

t — (q(t),p(t)) is then interpreted as a necessary condition for the equations é&l) ~ 0 to be
satisfied. Notice that one cannot just replace the identities

85 (q(t), p(t)) = 0 for every ¢ (4.52)

by the vanishing of the second-stage constraints because we originally used Equations (4.52)
to define the second-stage constraints. Geometrically, it would be equivalent to dropping the
condition that Xp,, is tangent to I'. Rather, we deduce that physical solutions of Hamilton
equations (4.39) should in fact be contained in the intersection of the contraint surface I" and
of the zero level set of all the second-stage constraints ¢>£?) (for every a for which they exist).
Thus, let us define T to be the subamnifold of T*Q corresponding to the zero level set of the
primary (equivalently, first-stage) and second-stage constraints:

r®=rn(¢?) " 0)

This definition is consistent because if qﬁg) = 0 — i.e. there is no second-stage constraint associ-

ated to (;5&1) — then (¢§3))‘1(0) = T*(@Q). We can then use the same index « to label the second
class constraints, although we know that there are maximum n — Ry — 2d of them.

Since the persistence at all time of the primary constraints is conditioned to the persistence
of the second-stage constraints (for all time), one then should necessarily have é&z) (q(t),p(t)) =0
for any physical path t — (g(t),p(t)) (in addition to the condition that d)&l)(q(t),p(t)) =0 for
any such path). Thus, we deduce that any solution of the Hamilton equations should sit in
I'® for all time ¢t. Equivalently, this means that the hamiltonian vector field X Hp should be
tangent to '@, Then, assuming that '@ is an embedded submanifold of T*Q, we deduce that
the latter condition is satisfied when:

{6V, Hr}|poy =0  and  {¢Q), Hr}|pe =0 (4.53)

By definition of the second-stage constraints, the first equation is satisfied only if the second
holds. For brevity and clarity of the statement (and to stick to the usage), until the next step

19The terminology ”second-stage”, ”third-stage”, etc. is taken from [ ], not to be
confused with the notion of L-th stage reducibility of gauge theories introduced in | ] and
presented in Section 5.4.
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of the algorithm, we will drop the restriction symbol IF(Q) and rather extend the meaning of the
weak equivalence sign A~ by interpreting it as defined relatively to the submanifold I'®) defined
by all the constraints generated up to this point: all the primary (equivalently, first-stage) and
second-stage constraints, and not only the primary ones.

Then Equations (4.53) translate as:
{0 Hr}~0 and  {¢{) Hr}~0 (4.54)

where the ~ sign is now evaluated with respect to I'®. In other words, Equations (4.54) are
a condition for any physical path to sit in the constraints surface I'®. Expanding the total
Hamiltonian in the second equation, we obtain:

{62, H} + 0P (62,0} ~ 0 (4.55)

If these equations are not trivial (of the form 0 = 0), they will either provide a new relationship
between the undefined parameters v%’s, or a set of relationships between dynamical variables
that we interpret as third-stage constraints QSS') = {(;5,(12), H}. This analysis can be performed in
details by looking at the rank of the rectangular matrix whose coefficients are {(ﬁ(f), (bgl)}. At
the cost of redefining the first-stage and second-stage constraints, we can put the rectangular
matrix in a convenient form where only the eigenvalues appear and then proceed as we did above
for A. We impose the weak equivalence in Equation (4.55) relatively to I'® because there may
happen that the third-stage constraints could be redundant with the primary or second-stage
constraints. Putting the latter — first and second stage constraints — to zero would then enforce
the former to be automatically zero as well, and we could then avoid any redundancy.

We then define IT'® to be the surface defined by all the constraints found up to this point:
primary (first-stage), second-stage, and third-stage constraints:

PO =1 () ()

Persistence of the second-stage constraints requires the third-stage constraints to vanish over any
physical path t — (q(t),p(t)). Any physical path satisfying Hamilton equations (4.39) should
then belong to this third-stage constraint surface. Equivalently, the hamiltonian vector field
X, should be tangent to I'®). As for the second step, until the next step of the algorithm, the
weak equivalence sign is now interpreted to be defined relatively to the submanifold T'®) defined
by all the constraints generated up to this point: all the primary, second-stage and third-stage
constraints. And then, the algorithm goes on with ¢<(;¢3) whose time derivative should vanish on
I'® as a necessary condition for gb,(f) and thus gb&l) to stay invariant through time. The vanishing
of (;5&3) translates as:

{0 1) + {0, 0} ~ 0

where the weak equivalence sign is now understood to be computed with respect to I'®). If these
equations are not trivial, we may find four-stage constraints, and then fifth-stage constraints
and so on, but the algorithm terminates because the dimension of the phase space T*( is finite.
We end up, for each «, with a sequences of k-th stage constraints qb((f) (the qﬁgk) are considered
to be smooth functions, at least on some local neighborhood W of a fixed point (g, p) on I'), and
the sequence terminates, for each «, at some integer k, > 1. In other words, cZ)&k”‘) = 0 while
(ko) — (as smooth functions defined over W or T*Q). See section 3.4 in [
|, pp. 98-107 of | ] or sections 1.1.5-1.1.7 in |

], and section 2.2 of [ | for various explanations on the

Bergmann-Dirac algorithm.
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Ezxample 4.34. We have seen in Example 4.29 that the Hamiltonian Hy could be straightforwardly
extended to the whole phase space as a function H. Since there is only one primary constraint
¢ = py, the second term in Equation (4.45) vanishes and persistence of the primary constraint

then reads:
{py, H} 0 (4.56)

The parameter u is thus left undetermined, and using Equation (4.29) one obtains that Equa-
tion (4.56) is equivalent to:

T—p, =0
This is a necessary condition so that ¢ = 0 for all times. Then it is promoted to a second-stage
constraint ¢(2) = o — py. Since {x — py, py} = 0, persistence of this constraint does not give rise
to any new constraint, and the algorithm stops there.

Example 4.35. Let us proceed in the same way for Example 4.30. There was only one primary
constraint ¢ = p,. Persistence of this constraint gives the following condition:

{pz, H} =0

where H is the straightforward extension of the function Hy defined in Equation (4.31). This
gives the following condition:

pye’ =0
which in turn implies that we have a second-stage constraint ¢(2) = py (the dependence on z
does not appear because e® # 0). Persistence of this second stage constraint reads:

{py,H} =0

which in turn implies that p, ~ 0. This necessary condition for the persistence of ¢ — and
then of ¢ altogether — gives rise to the following third-stage constraint ¢(® = p,. Persistence of
this function does not provide any new constraint so the algorithm stops here.

Example 4.36. On R? with coordinates ¢, p;, the following Lagrangian is a modification of the
one presented in Equation (1.22) on page 5 of this paper:

LZ%(U%-FU%)—%U?, (q%+q§—r2>

We decided to change the variable g3 into v3 (and remove the mass m) to see what is changing
at the Hamiltonian level. The Lagrangian is obviously singular because the velocity vs only
appears linearly thus we expect constraints to show up. There is a primary constraint ¢; =
p3 + % (q% +q3 — 7"2), so that the total Hamiltonian reads:

Hy = 5 (p} +3) +uén

where u is (yet) an arbitrary smooth parameter (originally played by the velocity vs).

The persistence equation for ¢; (also possibly denoted ¢§1)) reads:
{¢1, Hr} = qip1 + qop2

The right-hand side is promoted to be a new — hence second-stage — constraint ¢o or ¢§2). The
persistence equation for ¢o gives:

{62, Hr} ~ p} +p3 — u (¢} +63) ~ p} + p3 — wr?
We have indeed added and substracted ur? to make the first constraint appear. Then we deduce
that there is no third-stage constraint (contrary to the original example in Matschull’s paper),
pi+p3
Pitps

but that the parameter u can be fixed to the following value: v = =
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All k-th stage constraints are called secondary constraints, in order to emphasize that they
come after imposing some condition on the primary constraints. The subset of T*@ consisting
(at least locally) of the zero level set of the set of all the constraints (primary and secondary) is
called the (secondary) constraint surface and is denoted 3:

L= 1"
k>1

This surface is independent on the choice of primary (and then secondary) constraints that is
originally made (that was already implicit in the discussion following Remark 4.16). From now
on, we will consider now that the weak equivalence is now defined with respect to the secondary
constraint surface X, and not I" anymore, so that we will use the notation ~ of Definition 4.31
to indicate equivalence of functions on the constraint surface ¥. As for the primary constraint
surface IV = T, the secondary constraint surface X is assumed to satisfy a regularity condition
similar to that of Scholie 4.19.

Scholie 4.37. Regularity condition on secondary constraints. FEvery point (q,p) € ¥
admits a neighborhood U on which there exists codim(X) constraints which play the role of
local transverse coordinates. In particular, the secondary constraint surface X is an embedded
submanifold of T*Q.

Let us explain the importance of the regularity condition on secondary constraints. The
regularity condition for the primary constraint surface — Scholie 4.19 — was a statement about
I', and not about the primary constraints, which by construction were natural local transverse
coordinates of the image of the Legendre transform. In Scholie 4.18, we merely asked that this
image did not self intersect itself, leading to the fact that the primary constraint surface was
an embedded submanifold. The primary constraints were by construction then automatically
playing the role of local transverse coordinates. Scholie 4.19 can be interpreted also by saying
that the primary constraints form a regular sequence’’. However, it may well happen that
secondary constraints cannot be used as transverse coordinates to Y because they emerged
from the equations of motions and not from the rank theorem as primary constraints did. The
regularity condition for the secondary constraint surface however solves this issue by specifically
requiring that the constraints play that role. For example, it allows us to extend the validity of
Proposition 4.24 to 3.

If this regularity condition was not satisfied, but the secondary surface ¥ still assumed to be
embedded, by Proposition 2.43, we would deduce that locally it is a closed embedded submanifold
which is a level set of a submersion from some open set U to R4m(X)  Then, the components
of this submersion play the role of transverse coordinates to ¥ and thus locally generate Zs, N
C>®(U) (and the constraints). Then, we would always be able to find a local replacement of the
constraints that locally generate Zx, but such functions only have a mathematical meaning and
do not have the same physical meaning as the constraints since they did not emerge from the
formalism. The role of Scholie 4.37 is precisely to have the best of both worlds: to keep the
constraints for their physical importance, but also use them for their mathematical relevance
(as local generators of the ideal Zy, on the open set U, say). If the regularity condition is not
satisfied directly, it is possible to modify some (secondary) constraints without changing ¥ so
that we obtain a new set of constraints that satisfy Scholie 4.37.

Ezample 4.38. Take Q = R™ and assume that one of the secondary constraint is ¢ = (p1)2.
Then the secondary constraint surface is included in the plane of equation p; = 0, but the very

20At the cost of slightly changing the Bergmann-Dirac algorithm — by not computing the constraints stage by
stage, each stage at a time, but rather by implementing every new secondary constraint directly in the algorithm
by requiring that it is weakly zero — one can ensure that this new set of secondary constraints (possibly smaller
than the one defined in the present section) forms a regular sequence.
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form of the constraint prevents to use it as a transverse coordinate because it is never negative.
Thus, a proper secondary satisfying the regularity condition for ¥ would be ¢ = p;, which is
of course physically equivalent to ¢, but mathematically quite different (as it is only linear and
generates ¢).

The Bergmann-Dirac algorithm tells us that any physical path — i.e. a solution of Hamil-
ton equations (4.39) — should then be sitting in ¥ (thus modifying the original statement of
Lemma 4.32). This is a consequence of the fact that secondary constraints, which are hidden in
the persistence equations of the primary constraints, are actually needed to draw an equivalence
with Euler-Lagrange equations:

Proposition 4.39. The Euler-Lagrange equations (4.6) are equivalent to the following set of
Hamilton equations:

qi = {qza HT}

pi = {plu -HT}

o =0 forallk>1
where we choose the nmotation {qb&l),gb,(f), S’), el &k), ... }ak to denote the set of k-th stage
constraints. 7
Proof. See page 29 of | | and the subsequent section. O]

The Bergmann-Dirac algorithm then amounts to finding the parameters u® (equivalently,
v®) in the total hamiltonian Hr so that the hamiltonian vector field Xy, is tangent to the
primary constraint surface I' = I'M) . This requirement leads to a chain of new conditions: that
the secondary constraints hold at all time, i.e. that the persistence equations gb&k) ~ 0 hold for
every constraint. Then, assuming the regularity condition for ¥, Lemma 2.58 tells us that this
set of conditions can be summarized in a simple geometrical statement:

the hamiltonian vector field X, should be tangent to the secondary constraint surface ¥

The solutions of Hamilton’s equations forming the integral curves of —Xpg,, we deduce that
the physical paths are then necessarily constrained to X, and the image through the Legendre
transform of a solution of the Euler-Lagrange equations consequently also sits in 2.

Notice that the difference between primary and secondary constraints is not so clear because
the k-th stage secondary constraint (bf(xk) (when it exists) often involves primary constraints in
its expression, which then vanish when evaluated over I'. Even the choice of primary constraint
is not unique, since the choice of a minor in the Hessian matrix of the Lagrangian determines
the primary constraints, and we have later even performed a ‘rotation’ in the space of primary
constraints by Equation (4.47). Eventually, a given system of Lagrangian equations of motion
can sometimes be derived from more than one Lagrangian, but which constraints are primary
and which are secondary depends on the functional form of the Lagrangian. Then, any other
choice of first-stage constraints gi)’a({l) would give rise to secondary constraints qS/CEk), so that the new
constraints could be obtained from the set of original constraints through a linear transformation:

N h o0
o8 =30 Clyats (4.57)

>1

where summation over repeated indices is implicit and the (C(;));>1 is a family of square matrices
whose coefficients are smooth functions. Although secondary constraints are often undistinguish-
able from primary constraints, some author value primary constraints as carrying noticeable
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information: see e.g. page 39 and page 72 of | |, page 10 of |
], page 148 of [ ] or subsection 3.3.2 in |
|. In the latter reference, it is postulated that the parameters u® appearing in the total
Hamiltonian may be considered as the projections of the velocities on the zero eigenspace of
the Hessian of the Lagrangian. The primary constraints in this context simply state that these
velocities stay finite.

Ezample 4.40. This example is taken from | |. In order to study the
meaning of primary constraints, let us modify Example 4.14 so that its Lagrangian is obtained
as a limit & — 0 of the following (non-singular) Lagrangian:

1

;4‘5(1‘—9)2

0%
—

1
L(q,v) = §v§ + oy + g

As much as « # 0 the Hessian of L is non-singular:

H(q,v) = (é 2)

The Legendre transform is then bijective and given by:
Zp(q,v) = L(q,v)(0z) =v, +y and Zy(q,v) = ZL(q,v)(0y) = avy

In particular, the relationship between velocities and momenta is given by v, = p, — y and

Uy = %. Thus, evaluating the canonical Hamiltonian H. on N¢ as in Example 4.29, gives Hy:

o) — Dy 1 2 1 5 1 )
Ho(q,p,oz)—px(pzfpryE* <2(pxy) +(pz*y)y+%py+§(x*y)
1, 1

=ort %pi - %:v? + Y — Ypa (4.58)

Let us rewrite the second term %pz as iiﬁ where ¢ = awvy, because this is how the
y-velocity and the y-momentum are related to one another via the Legendre transform. This
rewriting emphasizes that, although the denominator makes the fraction i diverge when a@ — 0,
at the same time the numerator 12 will converge to 0 twice quicker, making the overall term
to vanish. Then, we have Hy(q, p; o) = Hy(q,p), where Hy(q,p) is the Hamiltonian defined in

Equation (4.29). One can recast Equation (4.58) as:

1
Ho(q,p; ) = Ho(q,p) + 3 VuPy (4.59)

Under this form, one is reminded of the general form of the total Hamiltonian of Equation (4.30).
Comparing the latter equation with Equation (4.59) one realizes that the parameter u associ-
ated to the primary constraint in Equation (4.30) is related to the velocities (they may be
interpreted as coordinates on the preimage of p;, as is explained on page 10 of |

]). The example of the free electromagnetic field in Section B.4 also shows that
the coefficients associated with the primary constraints are related to velocities.

Remark 4.41. Notice that there exists a similar algorithm for the Lagrangian picture, see Sec-
tion 2 of | ]. The counterpart of the constraint surface in the Lagrangian
picture is an embedded submanifold of the tangent bundle T'Q), on which the Euler-Lagrange
equations are deterministically solvable. It has been shown that this perspective is equivalent
to that obtained through the Bergmann-Dirac algorithm | ,

|. As a concluding remark, on the mathematical side, Gotay and collaborators |

| have generalized the Bergmann-Dirac algorithm to the more general case where the phase
space is not a cotangent bundle but a presymplectic manifold.
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4.4 First-class and second-class constraints, gauge transformations

We have seen that the true object of physical interest may not be the constraints themselves
but the surface induced by the constraints, which can actually be generated by many different
functions as their zero level set. In particular, a distinguished choice of such functions would be
those generating the multiplicative ideal of all functions vanishing on the secondary constraint
surface Zy, C C®°(T7Q). These functions, if they do not coincide with the constraints, would
however generate them, as the latter vanish on Y. Let us provide a more rigorous statement to
this claim.

Locally, the choice of primary constraints made in Equation (4.25) is such that they are
‘trivially’ functionally independent on the open subset W, in the following sense:

V f* € C®(W) such that Y f%¢a=0 = =3 095 with 0 = —’*
o 8

Thus, the primary constraints chosen in such a way are not exactly functionally independent
on the open set W, but the dependence functions are minimal — or ‘trivial’ — in the sense that
they intervene only because of their antisymmetry property. However, when performing the
Bergmann-Dirac algorithm, the k-th stage constraints have been defined at the condition that
all other lower stage constraints only be kept to zero. it might happen that some of the k-th
stage secondary constraints be functionally dependent, via some functions f® which are not
trivial in the above sense. We thus end up with a total set of constraints which may or may not
be functionally dependent. This justifies the following terminology:

Definition 4.42. We say that the (primary and secondary) constraints ¢, are irreducible if the
only functional dependence between them is minimal in the following sense:

V f* e C®(W) such that Zfo‘géa =0 — fo = Zgaﬁqsf), with o8 — _ B
@ B

We say that they are reducible if their functional dependence is non trivial, i.e. if there exists
a set of smooth functions {Z¢} 1 on T*Q which do not vanish everywhere on ¥ and such that
we have, for every I:

Z7¢a =0 (4.60)

Irreducible constraints are virtually functionally independent; the functional dependence of
irreducible constraints is thus sometimes said to be ‘trivial’, in accordance with the denomina-
tion of trivial gauge transformations (see subsection 3.1.5 in | D).
Notice that the functions f¢ in the former part of the definition vanish on the secondary con-
straint surface 3, while the reducibility functions Z§ precisely do not (everywhere). Obviously,
the choice of such functions is not unique as one can always add to Z§ a contribution aaﬁgbg
which does not change Equation (4.60). The functions Z§ might additionally be functionally
dependent, opening the possibility of having higher reducibility functions (see Section 5.4).

The notion of (ir)reducibility will have large consequences in the geometrical treatment of
constrained Hamiltonian systems. As shown in Section 4.2, one can always find an irreducible
set of primary constraints. The role of the regularity condition for the secondary constraint
surface is to assume that this is true for secondary constraints as well. Indeed, Scholie 4.37
establishes that the secondary constraint surface 3 is an embedded submanifold, and as such,
there exists locally a minimal number of generators of the ideal Zs, of functions vanishing on
Y., to which the primary and secondary constraints belong. Moreover, one can always find
these generators within the set of constraints. This is straightforward if the constraints are
irreducible as they have no non-trivial functional dependency so they generate Zyx,. For reducible

147



constraints, the regularity condition establishes that, locally on an open set W of a point of ¥,
there exists a subset of irreducible constraints which generate all the others (this is the first
regularity condition appearing in subsection 1.1.2 of | ). On
another open neighborhood W’ of a point of ¥, this subset might change, hence the impossibility
in the reducible case to pick up a consistent, globally defined, subset of irreducible constraints
generating all the others on T*@Q. While it is always possible to locally work with an irreducible
set of constraints, keeping a reducible system of constraints might be preferable not only because
it enables to work globally, in a coordinate free description of the problem, but also because it
may not be so easy to reduce the full set of reducible constraints to an irreducible subset without
spoiling amenable physical properties such as Lorentz covariance, locality, unitarity, etc.

This discussion shows that the set g of (primary and secondary) constraints defined in
Section 4.3 is geometrically not particularly relevant, and that we can find another, alternative
set of constraints which is in some sense equivalent to the former, at the condition that the
regularity condition for the latter is still satisfied.

Definition 4.43. A set Q) of functions vanishing on the secondary constraint surface 3 is said
to be equivalent to the set of primary and secondary constraints )y and we note:

Q~Q

if elements of Q) can be used as local transverse coordinates as in Scholie .37. We will also call
constraints the elements of such a set.

Remark 4.44. An alternative, equivalent definition (which always works locally) is as follows.
Assume that the primary and secondary constraints ¢, are irreducible. Denote by (5/3 the
elements of {2 and suppose that they are irreducible as well. Then 2 is equivalent to g if and
only if there is a square matrix O, invertible on ., such that gz~55 = 03 ¢a, as in Equation (4.47).

We see that the present notion of equivalence is an equivalence relation between sets of
smooths functions. All such sets generate the ideal Zy; of vanishing functions on . The ele-
ments of an equivalent set of constraints ) are obtained by linear combinations of primary and
secondary constraints, while the converse is true as well (see top of page 25 in |

| for a small discussion about this topic). This notion offers some flexibility in the
way of treating hamiltonian system. We observed at the end of Section 4.3 that the splitting into
primary and secondary constraints is neither mathematically nor really physically relevant. A
better distinction is that of first-class and second-class constraints, originally proposed by Dirac
and which has deep relationship with gauge transformations and the Dirac conjecture. This
section is dedicated to study these kind of constraints and we will first introduce the following
central notion:

Definition 4.45. Let Q = {¢;} be a set of constraints equivalent to that of primary and sec-
ondary constraints Q. A smooth function f € C*(T*Q) is said to be first-class (relatively to
Q) if its Poisson bracket with every constraint ¢; € Q vanishes everywhere on ¥, i.e. we have:

{fidi} =0 (4.61)

for every constraint ¢;. The function f is said to be second-class (relatively to Q) if, for every
x € X, there exists a constraint ¢; € § such that:

Ezample 4.46. If one considers that the weak equivalence is now defined with respect to the
secondary constraint surface — as it should be, the total Hamiltonian Hy is a first class function,
with respect to the set of primary and secondary constraints 25. Indeed, by construction the

)

persistence equation {qbgk ,Hr} =~ 0 is satisfied for both primary and secondary constraints.
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While we can easily understand the notion of first-class functions, we need to discuss the
latter notion of second-class functions. Physicists often define the former as the negation of
the latter by saying that second-class functions are those which are not first-class (even in
Dirac’s lectures, top of page 18 in | ]). This poses a problem of interpretation because
mathematically, the converse of Equation (4.61) would be the following statement: there exists
a point z € ¥ and a constraint ¢; € Q such that {f, ¢;}(z) # 0, but nothing is said about
elsewhere. In particular the bracket of f with any constraint could possibly vanish entirely on
> sufficiently far away from x. To avoid such misunderstanding, physicists sometimes precise
that f is second-class if there exists a constraint ¢; such that the Poisson bracket {f, ¢;} never
vanishes on ¥ (see e.g. subsection 1.1.10 in [ ]). Notice that not
being a first-class constraint does not imply this property. In other words, in this sense, the
non-triviality condition { f, ¢;} # 0 is satisfied globally over ¥, so f is ‘maximally non first-class’.
This is still not the same assumption as in Definition 4.45, and we will see in Example 4.52 that
this assumption is sometimes not satisfied. The correct definition is that of Definition 4.45, that
we will reformulate later when we apply the notion of first-class and second-class to constraints
themselves (see Definition 4.49 and Proposition 4.51).

Although we defined first-class and second-class functions relatively to a set of constraints,
their dependence on this particular set of constraints is artifactual: we did it to facilitate further
discussions on the topic. We can then state the following result:

Proposition 4.47. If a smooth function f is first-class (resp. second-class) relatively to a set
of constraints, it is first-class (resp. second-class) with respect to any other set of constraint
which is equivalent to the former.

Proof. Let Q and € be two equivalent sets of constraints, then it means that the latter is
obtained using linear combinations of elements of the former, e.g. ¢; = X/¢; where A = (X\]) is
an invertible matrix at each point. Then, by using the Leibniz property of the Poisson bracket
applied to X ¢;, if f is first-class relatively to Q, it will also be first-class relatively to €.
The same argument is used in order to show that the statement holds as well for second-class
functions: suppose that f is second-class with respect to the set €2, but that it is not anymore
relatively to the set of constraints €. That is to say: there exists a point x € ¥ such that
{f,¢;}(x) = 0 for every constraint ¢, € €. Since Q and 2’ are equivalent, every constraint of
Q) can be written as a linear combination of the constraints ¢;. But then by the same Leibniz
property as before, it means that, at =, we have that X! (z){f,¢;}(z) = 0 for every i. By
inverting the matrix A\ we deduce that {f,¢;}(x) = 0 for every constraint ¢; € €2, but this is a
contradiction with the assumption that f is a second-class function. O

By Proposition 4.47, we do not need to specify with respect to which set of constraints
a first-class (resp. second-class) function is first-class (resp. second-class). This fact has the
following nice consequence regarding the bracket of two first-class functions:

Proposition 4.48. The Poisson bracket of two first-class functions is first class, so they form
a Lie subalgebra of (C*(T*Q),{.,.}).

Proof. Let 2 = {¢;} be a set of constraint equivalent to the set € of primary and secondary
constraints. Let f, g € C*°(T*Q) be first-class functions relatively to Q. Although f and g need
not be vanishing on the constraint surface X, their Poisson brackets with any constraint ¢; is
vanishing. Since the regularity condition for the secondary constraint surface ¥ is satisfied by
the elements of €2, Proposition 4.24 applied to the constraints ¢; implies that these Poisson
brackets are strongly equivalent to a linear combination of the constraints:

{f:0i} =D Fyo; and {g,¢i} =) Gijo;
i i
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To evaluate if the Poisson bracket of f and g is first-class we compute:

{{fag}a ¢z} = {{fv ¢i}7g} + {f’ {gv @1}}
= {Fij0;,9} +{f, Gixr}
= Fii{og, 9} +{Fij, 9} 0j + Gad fr o} +1f, Gir} on

which identically vanish on X because on the one hand ¢;, ¢y ~ 0 and on the other hand the
functions f and g are first-class. O

Definition 4.45 applies straightforwardly to constraints themselves, which are smooth func-
tions as any other:

Definition 4.49. A smooth function ¢ is said to be a first-class (resp. second-class) constraint if
it vanishes on X and is a first-class (resp. second-class) function relatively to the set of primary
and secondary constraints €.

Example 4.50. The primary and secondary constraints found in Example 4.34 and 4.35 are
all first-class, with respect to the set of primary and secondary constraints. The primary and
secondary constraints found in Example 4.36 are second-class because their Poisson bracket is
equal to g7 + g3, equal to the positive constant 7 on the constraint surface, i.e. non vanishing.

The set of primary and secondary constraints 2y is not necessarily adapted to make the
splitting into first-class and second-class constraints. That is to say: it is possible that no such
constraint has a vanishing bracket with every other constraint (see Example 4.52). However, at
the cost of redefining the constraints via functional linear combinations, it is possible to define
a new set of constraints €2 which is equivalent €}y, and which splits into two subsets of first-class
and second-class constraints. By construction, this set of constraints satisfies the property that
no linear combination of second-class constraints is first class.

In order to find an adapted set of constraints 2 = {¢;} which allows the splitting into first-
class and second-class constraints, there is a straightforward technique. Let D be the matrix
made of the Poisson brackets of the primary and secondary constraints: Dy o3 = {qbgg), gi)llg} We
assume from now on that the rank of this matrix is (at least locally) constant on the constraint
surface ¥, and that its rank is 2r. The rank is necessary an even integer because D is an
antisymmetric matrix. By Proposition 4.33, the matrix D is diagonalizable by block and on the
constraint surface ¥, it is semblable to the following matrix:

0 &

_51
0 62
—02 0

0

such that the §;’s are strictly positive numbers. The columns of the orthogonal matrix diagonal-
izing the matrix D give us the coefficients appearing in Equation (4.57) in order to define the
new constraints ¢;. They are divided in two sets: the first-class and the second-class constraints.
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Usually first-class constraints are denoted ¢; and second class constraints are denoted x;.
On the matrix A, we see that the number 2r corresponds to the number of independent second-
class constraints. The latter can then be seen as labelled by indices from 1 to 2r and are such
that {x2i—1,x2i} = ¢ for any 1 < i < r, while any other bracket with y2;,—1 or x2; vanishes.
If the primary and secondary constraints were irreducible, then the dimension of D is n — Ry
and the number of first-class constraints ¢; is n — R¢ — 2r. Their Poisson bracket with every
other constraints x; and ¢; is materialized by the last n — Ry — 2r lines (or columns) of the
matrix A. These functions vanish on ¥ and are irreducible if the original primary and secondary
constraints were irreducible as well. The set Q@ = {x1,...,X2r,¢1,--.,¥Yn—Ry—2r} is then the
desired set of constraints split into first-class and second-class constraints. From this discussion
we deduce the following property:

Proposition 4.51. A smooth function x is a second-class constraint if and only if there exists
a set of constraints Q0 equivalent to Qo such that x belongs to a subset of constraints {x;} C
which has the property that the determinant of the matriz {x;, xx} is nowhere vanishing on X.

Proof. One direction is straightforward: if such a constraint y satisfies the above condition
then it is automatically second-class by Proposition 4.47. Conversely, assume that a function x
vanishing on ¥ is second class (relatively to )p). Assume that we had proceeded to the block
diagonalization of the matrix D to obtain the matrix A as in the above discussion. This provides
us with a set of constraints = {x1,...,x2r, ©1,-- -, ¥n—Re—2r}, €quivalent to Qy, and which
splits into first-class and second-class constraints. The number of second-class constraints is
minimal and they generate all possible second-class constraint, in particular x. Then, under the
assumption that y is regular in the vicinity of ¥, i.e. that it can be used as a local transverse
coordinate, then one can always find a second-class constraint from €2 and replace it by y, while
keeping the set of second-class constraints independent. In that case, the determinant of the
matrix of the Poisson brackets of the second class constraints would still be non vanishing on .
Indeed, if the determinant of this matrix would drop under the replacement of one of the second-
class constraints of {2 by x, then it would mean that there are less second-class constraints than
expected, which is not possible. The assumption of Proposition 4.51 is then satisfied. O

The condition stated in Proposition 4.51 is the definition appearing at the beginning of

Section 2.3 of [ ]. This definition is often presented in physics textbooks
as a consequence of the fact that second-class constraints are precisely those constraints which
are not first-class. However, as we have seen when diagonalizing the matrix D, it is not at
all certain that a given set of constraints )y coincides with the eigenvectors of A. This is
illustrated in Example 4.52, which shows that the original set of constraints 2y may not even
possess first-class constraints. The latter appear only one performs an invertible change in
the set of constraints (using linear combinations) so that the resulting set € can be split into
first-class and second-class constraints (in the sense of Definition 4.49). Then, yes, a constraint
which is not first-class is second-class, but this definition would not hold regarding the original
set of constraints. This is why the physicists’ definition of second-class constraints is often too
imprecise to make mathematical sense.
Example 4.52. Let Q = R? so that 7@ admits as coordinate functions qi, g2, p1, p2. Let ¢1 =
q1 — q2, 2 = w — 1 and ¢3 = p; + po three smooth functions that we consider to be
the constraints and we suppose that there are no other. The constraint surface X is the circle
of radius 2 sitting in the plane defined by the equations:

Q@ =q and  p; = —po (4.62)

Let A = /(q1 + q2)% + (p1 — p2)? > 0; although this continuous function is not smooth every-
where on the phase space, it is at least smooth in a tubular neighborhood of the constraint
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surface ¥ since, by Equations (4.62) and the identity ¢ = 0, on ¥ we have that:

N =g 46+ +05+ 00+ —pip:—pipy =4 (4.63)
M~ N N
2 2 .2 2
ap 95 P P3

Let us compute the matrix D obtained by computing the Poisson brackets of the constraints
with themselves:

0 p1 — P2 0
D=1 —p1+p2 0 q1 + ¢
0 —q1 — Q2 0

The matrix D is skew symmetric so has even rank; it cannot be zero on the constraint surface
Y, for then g1 = g2 = p1 = p2 = 0 by Equations (4.62), which cannot be allowed by the identity
¢9 = 0. Then it has rank 2 on X so we expect to find two second class constraints x1, x2 and one
first-class constraint . Notice that on the constraint surface X, we can already say that ¢o is a
second-class constraint (we cannot have at the same time both p; = ps and ¢; = —¢2), but none
of the constraints ¢, ¢3 is first-class or second-class. We then have to make a transformation of
the set of constraints {1, ¢2, @3} to obtain the set {x1, x2, ¢} which makes explicit the splitting
of constraints into first-class and second-class constraints.

The matrix D admits the following eigenvectors and null vector:

0 1 —(p1 — p2) 1 [ ata
u=1] 11, v=— 0 and w= — 0
0 Q1+ q DP1 — D2

in the sense that:
Du = —)v, Dv = )u and Dw =20

We can block-diagonalize D, using the orthogonal matrix O = (v v w). One can indeed check
that OTO = I3, and that A = OT DO reads:

0 X0
A= -2 0 0
0 0 O

From Equation (4.47), we read on the columns of O (equivalently, on the lines of O) how
to define the eigenvectors of A from the three constraints ¢1, g2, 3. So we set:

X1 = ¢2
1
X2 = X( — (p1 — p2)o1 + (a1 + 42)93)

p= %((Ch +q2)¢1 + (p1 — p2)93)

Notice that by performing this transformation we did not lose any geometric information: both
the initial constraints ¢1, ¢, @3 and the new constraints x1, x2, ¢ can be used as local transverse
coordinates on ¥ and thus generate the ideal Zyx, of functions vanishing on ¥ (at least in a
tubular neighborhood of ¥, since A is not smooth everywhere). Since OTO = I3, we can indeed
generate the initial constraints from the first-class and second-class constraints (in a tubular
neighborhood of ¥, where A is not zero):

o1 = %( — (p1 —p2)x2 + (1 + @2)p)
2 = X1

63 = 3 (01 + @) + (01 — p2)y)
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Then, the two sets of constraints are equivalent in the sense of Definition 4.43.

The role of A is the definition of the constraints x1, x2, ¢ might seem superfluous because it
is constant on X and will play no role whatsoever, but then A would not have been the matrix
of the Poisson bracket of these constraints anymore. Indeed, one can compute that:

2
{o.x1} =0,  {o.x2} =0, and  {xi,x2} =~ X(AZ —2)=2A

The last equality is obtained from Equation (4.63), which shows that A = 2 on the constraint
surface X. Thus not only we have that A is the matrix of the Poisson brackets of the new
set of constraints {x1, x2, ¢}, but we also we see that ¢ is first-class with respect to the set
of constraints {x1, x2, ¢}, and since A # 0 on ¥, the two constraints xi, x2 are second-class
relatively to the same set. We already knew that x; = ¢ was second-class and this confirmed
here, because we found another constraint x» such that the matrix {x;, x;} has non vanishing
determinant on Y. Notice as well that in the original set of constraints neither ¢, nor ¢s
were first-class or second-class. This is why we had to perform a transformation to obtain an
equivalent set which allows such splitting into first-class and second-class constraints. Finally,
since the initial constraints can be generated by the new ones, one can check that the constraint
 is not only first-class with respect to x1, x2, ¢ but also with respect to ¢1, ¢, ¢3, proving once
again Proposition 4.47.

Since the matrix used to block diagonalize D and obtain the set ) split into first-class
and second-class constraints is orthogonal, its transpose is its own inverse so we can obtain
the original primary and secondary constraints back from 2 by a formula similar to Equation
(4.57). This has the consequence that the set of constraints 2 generates the same ideal of
functions Zy, as the primary and secondary constraints. If the latter were irreducible, then the
former will be as well. In particular, by Lemma 2.58, it means that the Hamiltonian vector
fields of every first-class constraints X, = {¢;,.} are tangent to the secondary constraint
surface 3, while the hamiltonian vector field of secondary constraints are nowhere tangent to
Y (see Proposition 4.64). This was not necessarily the case with the Hamiltonian vector fields
of the primary and secondary constraint alone. Moreover, the C*°(T™*Q)-module of first-class
constraints is the intersection of the ideal Zy, and the Lie algebra of first-class functions (as
defined in Proposition 4.48). Then we see that by passing from the original set of constraints to
the new one, we do not lose any mathematical information, but we gain some things which are
quite valuable — and we will see that this has some physical relevance.

Notice also that there is some latitude in the choice of first-class and second-class constraint,

since e.g. one cannot make the difference between {y;,.} and {x; +a]p;, .}, when evaluated on
the constraint surface against another constraint. Conversely, adding a linear combination of
squares of second class constraint to a first-class constraint defines another first class constraint:
w; — @ + bé?lele which eventually would be decomposed on the first-class generators ;
of course. Then, reinterpreting Proposition 4.48 in light of these ambiguities, saying that the
Poisson bracket of two first-class constraints is again a first-class function — hence a first-class
constraint —amounts to saying that it is linear in first class constraints and square in second class.
Moreover, the result of the Poisson brackets between first class constraints with second class
constraints must be linear in first-class constraints and quadratic in second-class constraints.
This is a heuristic way of checking that first-class and second-class constraints are well-defined,
see e.g. section 1.3.1 in | ] or the examples treated by Alberto
Escalante on ArXiv where he mentions several times this property.
Remark 4.53. Our procedure to obtain a set {2 admitting a splitting of first-class and second-
class constraints is particular. See Chapter 2 of [ | for a less straightforward but
maybe more concrete explanation of how to isolate the first-class and second-class constraints
without block diagonalizing D.
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During the above process of finding independent first-class and second-class constraints, we
have certainly mixed up primary and secondary constraints. There is a finer way of doing
things where we can preserve the primary or secondary character of constraints. There exists
linear combinations of primary (resp. secondary) constraints which splits this set into first-
class and second-class functions, with respect to the entire set of constraints. We call these
functions first-class primary (resp. secondary) constraints. Notice that although the Poisson
bracket of two first-class constraints is first-class as explained in Proposition 4.48, it does not
mean it is still a primary constraint and in general it will not be. Notice as well that, even if
the splitting of primary constraints into first-class primary and second-class primary involves
primary constraints only, we cannot make this splitting before having found every secondary
constraints. A strategy to perform this splitting can be found in subsection 1.1.10 of |

| and possibly pp. 25-27 of [ ]

Here is how we can proceed: let ¢&k) denote the k-th stage constraints; in particular first-
stage constraints are denoted qﬁg}), that we suppose to be irreducible. Then the persistence
equations are:

{60, H} + P {¢, ¢} ~ 0 (4.64)

These are differential equations where the unknown variables are the u”. The general solutions

of these equations are given by:
uw? =UP + VP

where U” are particular solutions of Equations (4.64) while V' are solutions of the associated
homogeneous equations:
VIoE 6} ~ 0 (4.65)

These solutions can be decomposed over a set of independent solutions Viﬁ of Equation (4.64),
so that V= iniB . Then we set Lp(l) = V;ﬁ qﬁ(ﬁl), and these constraints satisfy:

(o, 0®} = V{6, o) + oDV, o} ~ 0

Thus the 9051) are first class functions with respect to the initial set of primary and secondary

constraints. Moreover they are independent as the functions V;B are independent.

Then by construction any first-class function of the constraints that is also a linear com-
bination of the primary constraints — i.e. it can be written f = f6¢(61) and satisfies Equation
(4.65) — is functionally dependent on the first-class primary constraints. We can complete the

set {cpz(l) } by a set of constraints X,(:) obtained from linear combinations of primary constraints

such that the entire set QM) = {gol(l), X/E;l)} is irreducible, then equivalent to the initial set of pri-
(1)

mary constraints {qﬁg)}. Then the constraints Xk,l are automatically second class (with respect
to the entire set of all constraints), for otherwise the exception would be a linear combination
of first-class primary constraints. In particular their number is minimal. See also |

| for an interesting discussion about the interactions between the Bergmann-Dirac
algorithm and the separation of first-class constraints from second-class constraints.

The use of first-class and second-class constraints has an enlightening consequence on the
treatment of Hamilton’s equations of motion. The total Hamiltonian (4.28) contains primary
constraints which, when split into first-class and second-class constraints, can be recasted as:

Hpr=H+ wicpz(-l) + wkxl(gl) (4.66)

k

where for the sake of the argumentation we assume for now that the parameters w’, w* are not

specified. Assume that the set of secondary constraints has also been split into independent
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first-class constraints ; and second-class constraints xj, where the latter set is the smallest
possible (this is possible, see page 27 in | ].). Then for consistency both
primary and secondary constraints should satisfy the persistence equation (4.45). By definition
of first-class constraints ¢; and second-class constraints xx, Equation (4.50) becomes:

{pi,H} =0 (4.67)
(ks HY + 0! e, XV} ~ 0

Since we assumed that the number of independent second-class constraints is minimal, the
square matrix C' whose coefficient is C,;, = {Xm, Xn} is invertible and one can then compute
explicitly the parameters w' as functions of the canonical variables.

w' = —(C7H"* {x, H} (4.68)

where the sum is made over all k, and where [ is a label associated to a primary second-class
constraint only. The difference between this equation and Equation (4.69) is that we may have
more than 2d specified parameters, where 2d is the rank of the matrix in Proposition 4.33, so
that we can find as many parameters w' as there are second-class primary constraints. We
see that the splitting of primary constraints into first-class and second-class constraints allow
us to identify which ‘velocities’ (equivalently represented by the coefficients u®, v? or w’ and
w¥) can be fully determined. We see on Equation (4.67) that the parameters w’ associated
to the primary first-class constraints in Equation (4.66) cannot be determined from Hamilton
equations. They will remain undetermined so they are then free functions of time and will play
the role of gauge parameters of the system.

Moreover notice that we have defined the parameters w! by a strong equation, rather than
as a weak equality. The classical equations of motion are insensitive to this, but it will turn out
to be relevant for defining the corresponding quantum theory. Moreover, under the assumption
that we have a minimal set of second-class constraints, the solution w' of Equation (4.68) are
unique for the following reason: indeed, the only freedom in the choice of w! would come from the

solutions of the homogeneous equation w!{xz, Xl(l)} ~ 0, but if w' is such an arbitrary solution,

then it would mean that wlxl(l) is a first class constraint because it commutes with all second
class constraints, which is impossible given that it would then be equal to a linear combination
of first-class primary constraints. See subsection 3.5 in | ] for additional

informations.

In the case were there are no primary first-class constraints, i.e. if the primary constraints
are all second-class and the matrix M defined in Equation (4.46) has rank 2d = n — Ry, then
it is invertible and all ‘velocities’ u® associated to the primary constraints are fully determined
via Equation (4.45). We can then define them strongly:

u’ = — (M) ¢o, H} (4.69)

so the equation ¢, = 0 holds strongly. The fact that, in that case, there are no secondary
constraints has two consequences. First, I' = I'M) so for any choice of initial point (go,po) €T,
the physical path starting from this point and satisfying Hamilton’s equations (4.39) necessarily
stays on the constraint surface. Second, in the present context, the total Hamiltonian is the
sum of a global extension H of Hy and a linear combination of second-class constraints and it
additionally satisfies Equation (4.44) (by definition of the persistence equations). It is then a
first-class function, and it is then legitimate to ask is such sum — H + second class constraints
— is always a first-class function, even in the case where the primary constraints are not all
second-class (and thus when there exists first-class primary constraints):
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Definition 4.54. Let H be the smooth function which coincides with Hy on the primary con-
straint surface T' used into Definition /.26, and let w' be the uniquely defined parameters as-
sociated to the primary second-class constraints Xl(l) in Equation (4.68). Then we define the
first-class Hamiltonian as:

H/ — H +lel(1)

Authors often consider that it is permissible to add any linear combination of primary first-
class constraints to H' (this would correspond to a rewriting of the free parameters w'), but for
clarity we would not consider this option here. This occurs in particular if one chose another
particular solution U® of Equation (4.64) (see subsection 1.1.10 of |

). While it was obvious that the total Hamiltonian was a first-class function because
it satisfied Equation (4.49), it turns out that this property is also shared by the first-class
Hamiltonian, justifying its name:

Lemma 4.55. The first-class hamiltonian is a first-class function, i.e. the first class hamilto-
nian provides a splitting of Hp into two first-class functions:
_ gy’ i (1)
Hr =H' +w'y, (4.70)
Proof. The so-called first-class hamiltonian is indeed first-class: for any constraint ¢, (be it
primary or secondary), we have by Equation (4.70):

{H', ¢} = {Hr, ¢a} — {0, 60 }!") — w'{ol", ¢} = 0

The first term vanishes on-shell — i.e. on the constraint surface ¥ — by Example 4.46. The
second term is proportional to a constraint while the third term vanishes on ¥ because 9051)
a first-class constraint. We see that the first-class hamiltonian is not uniquely defined because

any other choice of free parameters w’ still gives a first-class function. O

is

We will now study the relationship between first-class constraints and gauge transformations,
and what does the latter mean in the Hamiltonian context. Ideally, the physical state of a system
at any time t should be determined by a unique point (g(t), p(t)), if the path t — (q(t),p(t))
satisfies the Hamilton equations of motion. However, it may well happen that at each time t,
the state of the system can be specified by various, equivalent points of the phase space. In
other words, although the state of the system at time ¢ is uniquely defined once given a point
(q(t),p(t)), the converse is not true, i.e. there is more than one set of values of the canonical
variables representing the same physical state. Ideally, we would expect the equations of motions
to fully determine the time evolution of physical states. However, we have seen that some
parameters in the total Hamiltonian — those w’ associated with the primary first-class constraints
goz(l) — are still unspecified. This implies that, given a physical state at time 1, determined by a
point (q(t1),p(t1)), the solution of the equations of motion corresponds to a path t — (q(t), p(t))
in phase space which depends on the value of the afore mentioned free parameters w?, until
a terminal state at time t5. Although different such parameters induce different endpoints,
we consider that a physical observable shall not depend on such arbitrary smooth variation —
because they are arbitrary. In other words, any ambiguity in the canonical variables at any time
should be a physically irrelevant ambiguity: this precisely characterizes gauge theories. We will
now reformulate Definition 4.4 to be more amenable to computations (see [ 1):

Definition 4.56. Two points (q(t2),p(t2)), (¢'(t2),p'(t2)) € X are gauge equivalent if they are
both obtained from a point (q(t1),p(t1)) € ¥ as solutions to Hamilton’s equations (4.39) in the
same lapse time 6t = to — t1.
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Remark 4.57. This definition concerns points in phase space. It can be straightforwardly adapted
to histories, see e.g. Def. 2 in [ |, while Def. 1 is Definition 4.56. The consequences
of this slight difference of perspective has generated heated debates in the philosophy of physics
[ , ]. We will not address these questions here, but advise
the interested reader to turn to the rich literature addressing the notion of gauge symmetries in
the philosophy of physics; for an overview of the field see | ]

We will now explore in what sense the primary first-class constraints generate (at least part
of) the gauge transformations. The idea of gauge transformations, as any regular symmetry in
physics, is to preserve the form of equations of motions. This is a sort of covariance principle,
as the one from general relativity, and one can consider gauge transformations as a sort of
arbitrary change of coordinates. An infinitesimal gauge transformation is thus defined on the
configuration space @, so its time derivative defines a small variation in velocities (i.e. it would
correspond to a tangent vector over the tangent bundle 7'Q)). It can be then transported to
the phase space via the Legendre transform, where constraints are defined, and corresponds to
a vector field on 7*Q. We will then study the notion of gauge transformations based on the
behavior of smooth functions under such transformations. A gauge transformation would define
a transformation of a smooth function at a given time, and then could indeed be seen as a vector
field on T*@Q.

Let f be a smooth function on 7*@ and let us compute two different time evolutions of f
depending of two different sets of arbitrary smooth parameters attached to the primary first-class
constraints. Let to = t; 4 0¢, then by Lemma 4.32 and Equation (4.70) we have:

ft2) = f(t1) + f(t1)5t + O((6¢))
~ f(t1) + {f, Hr}(t1)dt + O((6t)?)
~ f(t) + {f H'}(8)6t + ' { £, 08V} (81)6¢ + O((61)?) (4.71)

where the w' are a set of unspecified smooth functions associated to the primary first-class
constraints gol(-l), possibly depending on time ¢. Now, if one takes up another set of parameters

w', the time evolution of f is now:
Ft2) ~ f(0) + {F H' Y00t + w0} (01)t + O((51)%) (4.72)

Notice that here, although we used the same notation, the value of f(¢2) differ in both
expressions (4.71) and (4.72) because the point (q(t2),p(t2)) is not the same in both cases. By
construction, the first-class Hamiltonian H' is however the same in (4.71) and (4.72). Then they
cancel out when we compute the difference between the two expressions of f(t3) and we have:

5f & —0¢ {£.01"} (1)t + O((51)?)
where de! = (w'® — w')dt. Thus, the primary first-class constraints %(1) are generators of lo-

cal transformations with infinitesimal parameters (w” — w?)dt. More precisely, denoting the
(1

hamiltonian vector field associated to ¢; ) by Xw(_l), one has:

5f ~ 6eiX¢<_1> (f) +O((6t)?) (4.73)
Since the parameters w® and w’* — and hence € — are arbitrary, these transformations can be
considered as legitimate gauge transformations, see Figure 22. In other words, the primary

first-class constraints generate (a subset of) gauge transformations in the sense that the flow of
the Hamiltonian vector fields Xw(l) are precisely gauge transformations.
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Figure 22: A gauge theory is a physical theory were the solutions of the equations of motions
contain arbitrary smooth functions of time, here the parameters w’ and w”. They are free
smooth parameters that one can choose at any time, thus giving different time evolutions of a
physical path ¢t — (q(t),p(t)). The difference between the two different values of a function f at

the same time ty characterizes the gauge transformations generated by the primary first-class
(1

constraints ¢, .

We will now show that the primary first-class constraint cannot be the only set of functions
generating gauge transformations. Indeed, starting from the former discussion, assume that
between to = t1 + 0t and t3 = to + 6t we decide to apply H' + w’igaz(l) to f(t2) as defined in
Equation (4.71) and H’ +wig0£1) to f(t2) as defined in Equation (4.72). Then we compare f(t3)
obtained via the first path, and f(¢3) obtained via the second path. Since we expect that any
ambiguity in the canonical variables at any time should be a physically irrelevant ambiguity,
we deduce that the difference between the two values of f at time t3 is the result of a gauge

transformation.

Proposition 4.58. Beyond the primary first-class constraints, the set of generators of gauge
transformations contains the following smooth functions:

1. the Poisson bracket of any two primary first-class constraints;

2. the Poisson bracket of any primary first-class constraint and the first-class Hamiltonian.
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Proof. We first apply H' + w'o\") to f(t;) as defined in (4.71) and we obtain:
F(ts) = F(t2) + {f, H'}(12)3t + w {£, 0\ } (t2)5t + O((61)?)
~ f(tr) + {f H'} ()5t + w'{ £, 0" }(t1)ot
+{f + L, Yot + w'{ £, 0l yot, H'} (1)t
W {f + {f, H'}ot +w { £, 00"}t o} (81)6t + O((61)%)
~ f(t) + 2{f, H'Yot +w' { £, oV Yot + w T { £, o Yot + {{f, H'}, H'}(51)2
+{fo ot ot H'Y (66 + w {{ £, oV}, H'Y(80)2 + w {{f, H'}, o{V}(01)?
+wTw {{f, 0"}, @D} (06)? + w { £, 00w, oV }(81)2 + O((68)%)(4.74)

where the evaluation at time ¢y is implicit for each term. Then we apply H' + wigogl) to f(t2)
as defined in (4.72), and we obtain:

Flts) = f(tr) +2{f. H'Yot + /' { £, o{" Yot + w? { £, 0" Yot + {{ £, H'}, H'}(61)?
{1 oM Hw =Y (602 + 0 {{f, otV H'H08)? +wd {f, H'}, o1 (6t)?
+wlw {{f, oMY, 01662 +wl {f, o H ', o168 + O((51)*)(4.75)

where again the evaluation at time t; is implicit. Computing the difference between Equa-
tions (4.74) and (4.75) one obtains, after reordering the terms and noticing that their respective
first line cancel each other:

of ~ ({f e " By (£, o Huwi, H'}) (61)°
+ 0 ({0 HY = (U, H Y oV ) (68)7
+wi ({{f, H'}, 05} = ({0}, B} ) (5¢)?
+wlw ({1,600} = ({1, 6501, 010} ) (61)?
+ (W { £ o Hu', ) — w {0 Hut, 910 (01) + O((0t)?)

Let us show that the two underlined terms combine to give the term {f, {w’icpl(-l), H'}} on the
constraint surface. Then it is straightforward to antisymmetrize the computation and deduce
that the two overlined terms give the term —{f, {w’ gog-l), H'}}, again on X. Indeed, since the
constraints vanish on X, we can rewrite the first term while the regarding the second we use the
Jacobi identity for the Poisson bracket:

(e W, H Y+l ({00}, BY={{f, H'}, 9V} ~ (£, 000 {w, H' 4l { £, {ol?, H'})

The last term is weakly equivalent to the following one: {f, w’i{goz(l), H'}}, because H' being
first-class, its bracket with any linear combination of constraints such as {cpl(-l), H'} vanishes on
Y. Thus, the sum {f, wgl){w’i, H'} Y +w'{ f, {%(1), H'}} is weakly equivalent to { f, {w’igogl), H'}}
as desired.

Now, let us compute the sum w’/w'{{f, %(1)}’ tpg-l)} + wi{f, @Sl)}{w’i,¢§1)}, when it is re-
stricted to the constraint surface. Start by factorizing out w’ and make w’ enter the bracket so
that the sum is weakly equivalent to:

W {07}, 00} +wl {f, o Huw', o0} & w0 {{F, 08 Y, o)
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Then the bracket {{f, wgl)}w’i, g0§-1)} is weakly equivalent to {{f, gogl)w’i}, 905-1)} because:

(0 oMy, oDy = (£ oM ,% Oy + (oM {0, o)
= { £, oM, oD} {0t @DV ) + oD f, w0, o0

Both last terms vanish on the constraint surface; the middle one because the Poisson bracket
of two first class constraints vanishes on ¥ by definition. Then, it turns out that the term
wl{{f, (pgl)}w”,npgl)} is weakly equivalent to w’{{f, gpl(l)w’i},goy)}, which in turn is weakly
equivalent to {{f, gpgl)w’ a, gog-l)wj }. By antisymmetry, we straightforwardly deduce that the sum

—ww (£, 05} ) — w0l w7} s weakly equivalent to —{{f, o} w}, o).
By the Jacobi identity, the two terms combine and give:

(0 oMy, oDl y — (oM}, o Dwy = {f, {pMuw, oD}y

Gathering all the simplifications we obtained, we have the following weak equivalence, which
characterize the gauge transformation applied to f:

8f ~ {f.Aw ", HY (62 — {f {wolD, H'YY(60)2 + {f, {w'l) wi D11 (66)% + O((6¢)?)

where the evaluation at time ¢; is implicit. Then We see that the gauge transformation §f
is generated by the three terms {w''p; (1) H’},{uﬂ H’} and {w"p; (1) wj<p§~1)}. Since the
parameters w’ and w/ are arbitrary, we have the result O

Proposition 4.58 shows us that primary first-class constraints are not the only functions
acting as generators of gauge transformations. The Poisson brackets {w”gpZ H'}, {wJ ) H' }

and {w" gogl),wj ¢§1)} should indeed generate gauge transformations as well. Since by defini-

tion of the Bergmann-Dirac algorithm the bracket {gpgl),H’} ~ {gpgl),H} is a second-stage
constraint, we deduce that the two first brackets involve secondary constraints. Moreover, the
third bracket {w’igol(l),wj gag-l)} vanishes on ¥ by definition of first-class constraints, hence it is
strongly equivalent to a linear combination of primary and secondary constraints. Eventually,
by Proposition 4.48 we know that the brackets {w”cp( ) ,H'}, {wJ H’} and {w”gp b, wgl)}
are first-class functions. Together with the above arguments, it 1mphes that these brackets are
not only strongly equivalent to linear combinations of primary and secondary constraints, but
also that these constraints are all first-class.

Although it is in general not possible to infer from these observations alone that every sec-
ondary first-class constraint generates a gauge transformation, we will usually assume that it is
the case (this is the Dirac conjecture, Scholie 4.59). Indeed, we have seen that the distinction
between primary and secondary constraint is contingent because it heavily relies on the original
choice of coordinates when we perform the Legendre transform or on the functional form of the
Lagrangian. On the contrary, first-class and second-class constraints is a fundamental distinc-
tion, brought up by the Poisson structure of 7#Q. Additionally, first-class constraints form a Lie
subalgebra of C*°(T™*Q) so they form an ideal candidate for generators of gauge transformations,
but one has then to consider all of them. Moreover, we will see later that quantization methods
put the first-class constraints on the same footings; there is no known quantization scheme if one
does only consider part of them as gauge generators. For more details and further discussion,
see the fruitful subsection 1.2.1 of | ]. These observations led
Dirac to formulate the following assumption:

Scholie 4.59. Dirac conjecture. The generators of the gauge transformations are the first-
class constraints, both primary and secondary.
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The status of the Dirac conjecture is debated. Its name first — a conjecture — would in
general implicitly say that it has not yet been proven, however see subsection 3.3.2 of |
| for a proof of Dirac conjecture under mild assumptions. Fifty years
of heated discussion have shown that the well-grounded character of this statement seems to
mostly depend on its interpretation. For example, Henneaux and Teitelboim use the following
Lagrangian defined on R? (subsection 1.2.2 of | D:

The first constraint is a primary first-class constraint go(l) = py, and it induces a unique sec-
ondary first-class constraint ¢(2) = %e_ypi which turns out to coincide with the Hamiltonian.
There are no other constraints. Then, if one considers that the true secondary first-class con-
straint is 3 = p, — as Henneaux and Teitelboim did — one observes that it does not generate
gauge transformations. These authors chose to pass from ¢ to the mathematically equivalent
constraint $(®) because they considered as ‘true’ constraints those that can serve as coordinate

transverse to the secondary constraint surface.

However, Rothe and Rothe have shown (subsection 6.4 of | ]) that if one
sticks to the secondary first-class constraint ¢(2) then it generates a gauge transformation. They
say that the ambiguity in the Dirac conjecture comes from an ambiguity in the interpretation of
what is a ‘true’ first-class constraint, and that the validity of Dirac conjecture depends crucially
on the chosen form for the constraints. The replacement of constraints by a formally equivalent
set of constraints — choosing @ instead of (2 — in fact may obliterate the full symmetry of
the total action and will lose some important physical informations. Hence, this example shows
that mathematically equivalent constraints may not be physically equivalent. A way of avoiding
such a trouble is to accept both @® and ¢ in the new set of constraints. There would be some
redundancy but at least both the regularity condition and the fact that ¢(2) is first-class would be
satisfied. Discussions about the Dirac conjecture have been vivid in the 1980s and the literature
on the topic is rich [ , , , ,

, , |. In particular, it seems admitted now
that a first-class constraint generates a gauge transformation if the iterative procedure which
generates it does not pass through an ineffective constraint, i.e. a constraint whose gradient
vanishes weakly | ], as in the above example. From now, we will stick to the
modern view that the conjecture holds.

Now that we have determined all the generators of gauge transformations, we soon realize
that the total Hamiltonian Hp does not contain every first-class constraints, and thus cannot
generate all the gauge transformations. Thus we are led to adding the remaining first-class
constraints to Hr to obtain a proper, more general Hamiltonian:

Definition 4.60. Assume that there are p first-class constraints @; in total (both primary and
secondary) and let w', ..., wP be arbitrary smooth parameters on the canonical coordinates (pos-
sibly depending on time also). Then we define the extended Hamiltonian as the following smooth
function:

Hp=H +uw'y;

where H' is the first-class Hamiltonian.

Remark 4.61. As was said in Remark 4.27, the extended Hamiltonian, even more so than the
total Hamiltonian, can be considered as the equivalence class of all the first-class Hamiltoni-
ans equivalent to the first-class Hamiltonian by addition of first-class constraints. This should
certainly correspond to being a cocycle in a particular cohomology.
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Thus, the extended Hamiltonian contains the primary second-class constraints (hidden into
H’) and all the first-class constraints. Equivalently, Hg is the sum of the total hamiltonian
Hp with all secondary first-class constraints. When Hamilton equations involve the extended
Hamiltonian, all the gauge transformations are allowed to be performed. However, a physical
observable, being by definition gauge invariant, should not depend on such gauge transforma-
tions. Hence the choice of Hamiltonian one picks up in the equations of motion — be it H', Hy
or Hg — will not have any consequence on the smooth functions that are physically relevant,
but will impact any other smooth function. Notice however that, while the total Hamiltonian
was directly obtained from the Lagrangian formalism and would give back the Euler-Lagrange
equations (see Proposition 4.39), the extended Hamiltonian is a new feature of the Hamiltonian
formalism that does not have a Lagrangian counterpart (see subsection 1.2.3 in |

]). The extended Hamiltonian allows to set all the first-class constraints on the
same footing, which is useful to apply canonical quantization. The difference between the total
and the extended Hamiltonians are further explored in sections 3.2 and 3.3 of |

], as well as section 5.4 of | ]. See | ] for a full
treatment of a singular Lagrangian following Bergmann-Dirac algorithm, where the extended
Hamiltonian appears.

4.5 The geometry of the constraint surface

Let us now address the geometrical meaning of first-class and second-class constraints. Fix once
and for all some irreducible first-class and second-class constraints, and assume that the latter
are minimal in number. Then the zero-level set of the second-class constraints is called the
second-class constraint manifold and forms a cosymplectic submanifold 3¢ of (M, {.,.}) (see
Section 3.3). It is assumed to be an embedded submanifold, and that the rank of the matrix D
has constant rank over it (and not only on ¥). We then know that in a tubular neighborhood
W of ¥y (or at least locally) one can define a Poisson bracket — called the Dirac bracket, see
Equation (3.42) — so that ¥, is a symplectic leaf of (W,{.,.}pirac).- In particular, we have
shown that the Poisson bracket on ¥ induced by the Poisson-Dirac reduction coincides with
the Dirac bracket (see Equation (3.48)) [ ]. So the second-class manifold is a
symplectic manifold and can be taken to be a replacement of the original phase space. Then the
first-class constraint define a submanifold of ¥, which turns out to be the constraint surface 3.
For simplicity in the following we will often assume that the constraints are defined globally over
the entire phase space T*(@), but remember that in full generality the results are only defined on
a tubular neighborhood W C T*Q of X, or at least locally around each point:

Lemma 4.62. The constraint surface ¥ is a coisotropic submanifold of the second-class con-
straint manifold (3o, { . ,. }x,), where{.,.}x, is the restriction of the Dirac bracket to ¥o. When
the Dirac bracket is defined globally over T*Q, then the constraint surface ¥ is a coisotropic

submanifold of (T*Q,{ .,. }Dirac)-

Proof. The second-class constraint manifold ¥ is a symplectic leaf of the Dirac bracket, so
the restriction {.,. }x, is well-defined (see Proposition 3.83), and (£0,{.,. }x,) is a symplectic
manifold. Then, let us show the second point directly. Assuming that the constraints — both
first-class and second-class — are globally defined, we have that the secondary constraint surface
> is a closed embedded submanifold of T*@Q. Then by Proposition 3.92 it is sufficient to show
that the ideal Zy, = Span(pg, Xe) of vanishing functions on ¥ generated in C*°(7™*Q) by the
first class and the second class constraints is a Lie subalgebra of (C*°(T*Q),{ ... } Dirac).- The
definition of the Dirac bracket, Equation (3.42), has the following consequences:
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1. the second-class constraints y. are Casimir elements of the Dirac bracket, so the Dirac
bracket with any of them vanish, so in particular on 3;

2. the first-class constraints ¢, are such that {¢,,Zx} vanish on ¥ by Definition 4.45, which
implies that on ¥ we have:

{®as - Y Dirac = {¢as - } — {¥a, Xa} Cde{Xea 3 ={ba,-} (4.76)
~0

This implies in turn that {@a, ¥ } Dirac = {©a, gp} on X which, by Definition 4.45, vanish
on X.

These observations show that we have that the smooth functions belonging to the set {Zs;, Zs. } Dirac
vanish on the secondary constraint surface ¥, i.e. they belong to Zs,. This proves that Zy is a

subalgebra of (C*(T*Q),{ ., }Dirac)- L

Remark 4.63. There exists however an alternative way of getting rid of the second class con-
straints: instead of using the Poisson-Dirac reduction, one extends the phase space so that the
second class constraints become gauge fixing conditions of first-class constraints. This is called
the BFT formalism — from Batalin, Fradkin and Tyutin who formalized it at the end of the 1980s

— and is described in Section 1.4.3 of | ], in Chapter 7 of |
|, and in the references there-in. E As the constraint surface is a presymplectic
submanifold of the second-class submanifold [ ], extending the phase space

in such a way corresponds to solving the problem of coisotropic embedding of presymplectic
manifolds into a bigger symplectic manifold | ].

Although the secondary constraint surface X is a coisotropic submanifold of the symplec-
tic manifold (T*Q,{ .,. }Dirac), it is not a coisotropic submanifold of the symplectic manifold
(T*Q,{.,.}), with the standard Poisson/symplectic structure. Indeed, the ideal Zy; is not sta-
ble under Poisson bracket, for not all Poisson brackets of second-class constraints vanish on X,
but it is stable under the Dirac bracket because the second-class constraints are Casimir ele-
ments of the latter. This situation has actually a great mathematical relevance: this is called
the problem of coisotropic embedding. We say that a submanifold S of a symplectic manifold
(M,w) is pre-symplectic if the restriction of w to T'S has constant rank (but is not necessar-
ily non-degenerate). In our case, one can check that the secondary constraint surface ¥ is a
pre-symplectic submanifold of T*(@ equipped with the canonical symplectic structure. Then we
have two important results regarding pre-symplectic (sub)manifolds:

1. for any pre-symplectic submanifold S of a symplectic manifold M, there exists a symplectic
submanifold C' of M such that S is coisotropically embedded into C' | ], and

2. conversely, for any pre-symplectic manifold P, there exists a symplectic manifold M such
that P is coisotropically embedded into M [ ].

Thus, from these observations, one sees that knowing that the secondary constraint surface 3 is
a pre-symplectic submanifold of T*(Q) is sufficient to know that it embeds as coisotropic subman-
ifold into a symplectic submanifold of T#@Q), that we can take to be the second-class submanifold
Y. See this chapter for a clear presentation of this latter point approach. A generalization of
the work of Marle and Gotay to Poisson geometry has been achieved by Cattaneo and Zmabon
in the 2000 [ ]

The proof of Lemma 4.62 has a very interesting consequence: Equation (4.76) shows that
on the (secondary) constraint surface 3, the hamiltonian vector fields of any first-class function
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f — either computed with respect to the original Poisson bracket {.,.} or the Dirac bracket —
coincide. Indeed, it is straightforward to see that on X, Equation (4.76) is actually valid for any
first-class function. This has to do with the fact that a first-class function with respect to a set
of constraint is first-class with respect to any other equivalent set (see Lemma 4.47). There is
then no ambiguity of talking about hamiltonian vector fields of first-class functions, when we
restrict ourself to the constraint surface 3. In particular, that would be the case for the first-
class hamiltonian H' and every first-class constraint ¢,. However for second-class constraints,
it is another story because they form Casimir elements of the Dirac bracket. We then have the
following important, geometric observation, with physical ramifications (Theorem 2.2 and 2.3

in [ ]):

Proposition 4.64. The hamiltonian vector fields X, associated to the second class constraints
{xe} — and computed with respect to the original Poisson bracket {.,.} — are nowhere tangent
to the second-class constraint manifold ¥o (and hence to X).

The hamiltonian vector fields X, associated to the first-class constraints {p.} are every-
where tangent to the secondary constraint surface ¥ and moreover induce a reqular foliation
on .

Proof. The hamiltonian vector fields associated to the second class constraints are nowhere
tangent to the second-class constraint manifold Yy because for any second-class constraint yy
and any point of ¥, there is at least one bracket {xq4, xe} = Xy,(Xe) with another second-class
constraint y. which does not vanish at this point (see Definition 4.45). So the action of the
Hamiltonian vector field X, , on the ideal of vanishing functions on ¥y never lands in this ideal,
so X, is not tangent to o, and hence to X C Xo.

On the contrary, by Definition 4.45 of first-class functions, {¢4, Zs} C Zy;, so the hamiltonian
vector fields X, are tangent to 3. Now let us show the last item: if the set of first class-
constraints is not irreducible, the regularity condition 4.37 implies that there are at least k
independent first-class constraints which generate all the others. This is a local condition because
even if the constraints are defined over the whole of T#(@Q), their generators may change. So,
locally, the set of first-class constraints is generated by k constraints. Let D be the smooth
distribution generated by the hamiltonian vector fields X,,,. It has constant, finite rank k.

Now let us show that it is involutive. Since, moreover, X is a coisotropic submanifold of
(T*Q,{.,. }Dirac), the multiplicative ideal Zyx, of vanishing functions on ¥ is a subalgebra of
(C®(T*Q),{ -, }Dirac), i.e. there exist smooth functions C, on T#Q such that:

{®a; Pc}Dirac = Cappe (4.77)

Then, by Equation (3.7) and Equation (3.42) we have:

[X‘PG’X‘»%] = X{@avﬂob} = X{@ava}Dirac + X{@de}Cde{XeWb} (478)

The second term on the right-hand side reads:

X{paxa}Cle {xeon} = C%{xa; b} X {puxat + {Par Xa} Xcae gy, ) = 0

It indeed vanishes on ¥ because {4, xq} and {x¢, s} vanish on ¥ by definition of first-class
functions. The first term on the right-hand side of Equation (4.78) reads:

X{@aa@b}Di’rac = Xcsblpc = SOCXC;;, + Cng c ~ Cngﬂac (479)
We then conclude that Equation (4.78) can be written on X as follows:

[XSoa ) Xﬂob] ~ CngWc (480)
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Then, the regular distribution D is involutive on ¥ (and a priori only on ¥). We say that
the algebra of vector fields generated by the X, closes on-shell. By Frobenius theorem, it is
integrable and induces a regular foliation (on X). O

Remark 4.65. The structure functions C, appearing on the right-hand side of Equation (4.77)

are not uniquely defined outside of the constraint surface, as one can always add a term Dg‘ggod

to them, such that Dfﬁf = —Dgg. But this additional term would vanish on X, so that, in
the irreducible case, the structure functions are uniquely defined on the constraint surface.
Moreover, Exercise 9.5 in | | establishes that such a modification

of the structure functions C¢, could be absorbed by a change of coordinates on the phase space.
In the reducible case, Equation (4.80) establishes that these structure functions C¢, may not be
uniquely defined even on X, because in that case the Hamiltonian vector fields X, would not
be independent on the constraint surface. This dependence prevents to extract the structure
function from Equation (4.80), resulting in an ambiguity in their definition.

The definition of first-class functions tells us that if a hamiltonian vector field X is tangent
to the secondary constraint surface ¥, then f is a first-class function. If additionally this func-
tion vanishes on X, it can be written as a combination of the first-class constraints ¢,. Then
the vector field Xy decomposes on the basis X, and it is tangent to the leaves of the regular
foliation described in Proposition 4.64. By this observation, adding to Xp, any hamiltonian
vector field Xy tangent to the leaves of the regular foliation does not change Hamilton’s equa-
tions of Proposition 4.39. This is why defining the extended Hamiltonian Hr by adding any
combination of secondary first-class constraints to Hy does not change the physics contained in
Hamilton’s equation and is a very natural and most general thing to do. The integral curves of
the hamiltonian vector fields X/, Xg, and Xpg, will however be transversal to the leaves of
the foliation if the hamiltonians H’, Hr and Hg do not themselves vanish on X. Indeed we will
see later that the leaves of this foliation represent the gauge equivalent physical states of the
model, so the Hamiltonian vector fields Xg/, Xp, and Xp, indeed indicate physical evolution
of the system because their integral curves do not live in only one leaf (if H', Hr and Hp are
not weakly vanishing).

Remark 4.66. We understand now that the hamiltonian vector fields of the original primary and
secondary constraints may not be tangent to ¥. Only particular combinations of them, giving
the first-class constraints, have their Hamiltonian vector field tangent to 3. These are the vector
fields defining the regular foliation presented in Proposition 4.64. There is a priori no reason
that the hamiltonian vector fields of the initial primary and secondary constraints generate this
foliation.

By Lemma 4.62, the secondary constraint surface X is a coisotropic submanifold of (X0, {.,. }x,),
and under the assumption that the leaf space corresponding to the foliation of Proposition 4.64
is a smooth manifold, one can proceed to Poisson reduction since the assumptions of Proposi-
tion 3.97 are satisfied. The leaf space is then called the reduced phase space and is denoted ¥,
because it corresponds to the true non-gauge equivalent physical states of the system. When the
leaf space if a smooth manifold, Proposition 3.97 applies and the Dirac bracket descends from X
to X,, by Poisson reduction, so that the resulting Poisson bracket is non-degenerate on X,,. On
the reduced phase space the equations of motions are the usual Hamilton’s ones (see Appendix
2.A in | ] to obtain more informations on the symplectic struc-
ture on X,4). The smooth functions on X, are the physical observables, and thus we should
characterize the space C*°(X,},) explicitly before quantizing the theory. Although it would seem
desirable to work on the reduced phase space, it turns out that one often loses desirable fea-
tures of the physical model such as Lorentz manifest invariance or, in the case of field theory,
polynomiality of fields and locality in space. Moreover, it is often impossible to reformulate the
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theory in terms of gauge invariant quantities only and then to subsequently quantize it from
the reduced phase space picture. It is thus often a better choice to carry along the dynamical
variables and keep track of the first-class constraints, without using Poisson reduction, and then
quantize the theory (see subsection 2.2.3 of | ]). This is the object
of BRST formalism, which provides an algebraic formulation of gauge invariant functions, i.e.
physical observables.

Assume now that the constraints are globally defined, so that ¥ is a closed embedded sub-
manifold of 7*@Q. The constraint surface is characterized by the ideal Zy, = Span(p,, x¢) of
vanishing functions on ¥ generated in C*(7*Q) by the first class and the second class con-
straints. Then, by the proof of the second item of Lemma 3.72 we have:

€ () ~ C¥(T°Q) /1,

By Lemma 4.62, ¥ is a coisotropic submanifold of (T*Q,{.,.}pirac) (or possibly only on a
tubular neighborhood W of ¥). Indeed under the Dirac bracket the second class constraints
behave as zero thus Zy is a Lie subalgebra of C*(T*Q), i.e. {Zs,Zs}pirac C Ixn. Let us
now make sense of the Poisson reduction to ¥, in light of the knowledge we have on gauge
transformations.

One may consider the set of gauge transformations as a family of infinitesimal transforma-
tions on C*(T*Q), i.e. as vector fields on T*Q. Each gauge transformation is proportional to
a (set of) smooth parameters €' (which in Section 4.4 corresponds to the difference w — w?
for example), where a priori ¢ ranged from 1 to p, the number of first-class constraints, both
primary and secondary (see Dirac conjecture, Scholie 4.59). We can then consider the family
of parameters € as the respective components of a smooth section € of the trivial vector bun-
dle E = RP x T*@Q. We then denote the corresponding gauge transformation as a vector field
Je : C°(T*Q) — C*°(T™*Q), acting on smooth function f as:

Sc(f) = € Xy, (f) (4.81)

where the X, are the Hamiltonian vector fields associated to the first-class constraints ¢, (we
know that on ¥ they do not depend if we picked up the Poisson bracket or the Dirac bracket to
define them). Recall that the vector fields are independent if the primary first-class constraints
are irreducible. Moreover notice that the dependence in 6t — which is explicit in Equation (4.73)
— has been suppressed in Equation (4.81) because its role was only to emphasize the infinitesimal
character of the transformations. Thus, we have defined a vector bundle map § : £ — T(T*Q)
— corresponding to a C*°(T*Q)-linear map § : I'(E) — X(T*Q) — sending a section € € I'(E) to
the corresponding vector field d. defined in Equation (4.81).

The space X(T*Q) is a Lie algebra (of infinite dimension) of which the image of § is an
infinite dimensional subspace. The Lie algebra ¢4 C X(T7™Q) generated by the space of gauge
transformations Im(9) is abusively called the algebra of gauge transformations. It is generated
by the Hamiltonian vector fields X, and their successive brackets:

[Xsoaaxs%]? [wa[XsOvawc”a [X80a7[X‘Pb7[X<Pc7X<Pd]H7 etc.

If the vector fields X, are involutive then we have the equality ¢ = Im(d). If not, we nonetheless
always have that ¢ defines an involutive —hence integrable — generalized distribution, to which
corresponds a singular foliation [ |. On the constraint surface, the leaves of this
foliation coincide with that of the Hamiltonian vector fields X, as they are involutive on X
(see Equation (4.80)). Moreover, by Chow-Rashevskii theorem 2.72 and its Corollary 2.73, every
two points belonging to the same leaf of ¢4 outside of ¥ are linkable by a smooth path, tangent
to which are the Hamiltonian vector fields X, .
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The notion of ‘algebra of gauge transformations’ is misleading in the Hamiltonian formalism.
It is indeed originating from the Lagrangian formalism, in which the gauge transformations take
a different form (this is the content of Chapter 3 in | ] and most of
Section 2 in [ ]). There, one defines a gauge transformation dp with infinitesimal
parameter 6 as a infinitesimal transformation leaving the action invariant: dpS = 59yi§—; =0,
where § in the fraction indicates functional derivation. Usually such a transformation dgy; can
be decomposed into a ‘true’ gauge transformation, and a ‘trivial’ one:

. 4 55
69:E+My2 = Rflﬁa + ,U/U@

where the notation of the first term on the right-hand side contains more than what is written,
and is taken from subsection 3.1.3 in | ], while ¥ = —p7* is any
kind of fully antisymmetric smooth function. Trivial gauge transformations of the form 4,y" are
not gauge transformations, as they are artefactual and emerge from mere indices symmetries:

05 08
=y =
0uS =p 57 o

The identity is automatically trivial because u¥ is fully antisymmetric on the indices while

%g—; is fully symmetric. Every physical theory admit such trivial transformations, even if they

are not gauge theories.

The Lie bracket of two gauge transformations in the Lagrangian formalism is still a gauge
transformation, so they form an infinite dimensional Lie algebra .%. Computations show that
the subspace 7 of trivial gauge transformations forms a Lie ideal in the Lie algebra .%#. The
subspace .7 of non-trivial gauge transformations is a complement of .7 in .%, but may not form
a Lie subalgebra of .%, as their bracket may involve a trivial one (Equation (3.17) in [

D):

ORI R ; 5 05
Zbéy;’ - idy; = Cpple+ Méb@
for some smooth function M, ;’g =-M C’fg Thus, we may not have a semi-direct sum .% = .7 ®©g.7

of Lie algebras as we have the following identities:

(7,91 c 7, [7,7)cZ, [7,7)cF

One can always choose another set of generators for the non-trivial gauge transformations, which
is then equivalent to choosing another complement to .7 in .%, which might, this turn, be a
proper Lie subalgebra. The semi-direct sum is then dependent on the choice of gauge generators,
as not every complement of 7 defines a semi-direct sum.

Definition 4.67. We call the subspace J C .F the algebra of (non-trivial) gauge transforma-
tions; it is said to be closed if

(7, 7| Cc T
and open otherwise. It is said rigid if the structure functions are constant, and soft otherwise.

Remark 4.68. For historical reasons, we say that .7 is an ‘algebra’ even if it may not be a Lie
algebra per se.

Now, we would like to know what is the translation of this statement in the Hamiltonian
formalism, where we work with a Poisson bracket on the phase space. Gauge transformations in
the Hamiltonian formalism are more general than in the Lagrangian formalism, as can be seen
from the fact that the extended Hamiltonian (Definition 4.60) contains more informations that
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the original total Hamiltonian, and thus, the Lagrangian. In particular, trivial gauge transfor-
mations in the Lagrangian formalism do not possess associated constraints in the Hamiltonian

formalism (see Section 2 in [ | for a good discussion), while gauge transforma-
tions in the Hamiltonian formalism have a geometrical meaning: they correspond to canonical
transformations (subsection 3.2.4 in | ]). The algebra of gauge

transformations .7 is not straightforwardly apparent in the Hamiltonian formalism as the La-
grangian gauge transformations and the Hamiltonian ones only coincide on the constraint sur-
face. What occurs outside is specific to the Hamiltonian formalism. The condition of closedness
or openness of the algebra 7 then translates to a condition on the (first-class) constraints, as
they are the generators of the gauge transformations. A result by Pons and Gracia establishes a
sufficient condition for the algebra of gauge transformations to be closed: this happens if at least
all constraints but one are (at most) linear in the momenta (see Section V in |

]). For geometrical reasons that will be clear later, we decide to take a slight restriction of
this condition:

Definition 4.69. In the Hamiltonian formalism, we say that the algebra of gauge transforma-
tions is closed if the first-class constraints are linear in the momenta; it is said open otherwise.

Remark 4.70. Henneaux and Teitelboim seem to claim that in the Hamiltonian formalism the
algebra of gauge transformations is closed if and only if the structure functions are constant
(subsection 3.2.5 in | ]), i.e. if and only if it is rigid. However,
this seems a bit contradictory with their statement in subsection 3.1.8 where they implicitly say
that not every closed algebra of transformations is a (finite dimensional) Lie algebra.

Let us deduce some geometrical consequences of the closedness of the algebra of gauge
transformations. Every (first-class) constraint ¢, is of the following form in local coordinates:

Pa = —pLpi (4.82)

where pi € C*°(Q) does not depend on the momenta. Then, closure of the algebra of the first-
class constraints (Equation (4.77)) implies that the structure functions C¢, neither depend on
the momenta, because the left-hand side is linear in those, and the constraint on the right-hand
side is linear as well (here we use Definition 4.69). In other words:

Lemma 4.71. If the algebra of gauge transformation is closed (in the sense of Definition 4.69),
then p, and C¢, are smooth functions on Q.

Remark 4.72. If the constraints are irreducible, the smooth functions pf,, C¢, are uniquely defined
because we cannot add a term proportional to a constraint as was explained in Remark 4.65,
but if the constraints are reducible then there is some ambiguity in their choice.

The following argument is taken from | ]. The Jacobi identity of the
Poisson bracket applied to the constraints then reads:

{@as e we}} + {00 {per Pa}} + {0e {as w0} } =
({goa, Cgc} + Cgeclfc + {9067 Cgb} + Cgecgb + {(pba Cga} + CgECEG)QOd
Since the left-hand side is zero everywhere, as a function, the right-hand side is zero as well.
Then, assuming in full generality that the constraints are possibly reducible, Definition 4.42 and
the exhaustion property (5.81) of reducibility functions (see also subsection 10.2.1 in |

|) imply that the sum of terms on the parenthesis on the right-hand side is
of the following form:

{90a7 Cgc} + Cgeclfc + {9007 thzlb} + Cgecgb + {Qpb’ Cga} + Cgecga = szcZ;l + Uggc% (4'83)
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for some smooth function 71 abes abc fully antisymmetric on the lower indices, and for the latter, on
the upper indices also: agbc gf)lc The functions Z¢ are the reducibility functions appearing
in reducible systems of constralnts. But since the structure functions C, do not depend on
the momenta, while the term ¢% ¢, does, it means that the latter is identically zero (even

for reducible systems). Even more precisely, it means that % = 0 because if it were not, it

would be of the form p abf ¢ with antisymmetry on the indices e, f but this is still containing one

momenta while the left-hand side of Equation (4.83) does not. Moreover, for the same reason, for
reducible constraints, neither Talbc nor Z}i depend on the momenta so they are smooth functions

on Q.

Lemma 4.73. If the algebra of gauge transformation is closed (in the sense of Definition 4.69),
then

abc

=0 (4.84)

abc

and thus, in full generality :
{(paa Cbc} +C Cbc + {9007 leb} + Cd C ab + {‘pbv ga} + Cgecga = achI (4'85)
where 71, ., Z¢ € C*(Q), and Z% =0 for irreducible constraints.

Remark 4.74. The tensor oggc is the higher order structure function encoding the algebra of

constraints. For more details, see subsection 3.2.5 in [ ] and

[ J

In order to make sense of Lemma 4.73, one needs to introduce the following geometric
structure:

Definition 4.75. Let M be a smooth manifold. An almost Lie algebroid over M is a smooth
vector bundle E, together with:

1. a skew-symmetric bracket [.,.|g : T'(E) ANT(E) — T'(E) on the space of sections,

2. and a vector bundle morphism p: E — T M called the anchor,
such that the Leibniz rule holds:

[a, fblr = fla,blE + p(a)(f) b (4.86)

together with the morphism property:

p(la,b]E) = [p(a), p(b)] (4.87)

for every a,b € T'(E), and f € C*(M). An almost Lie algebroid is said regular if the anchor
map has constant rank.

Remark 4.76. An almost Lie algebroid justifies its name because the bracket is not a Lie bracket,
i.e. it may not satisfy the Jacobi identity, contrary to Lie algebroids. That is why we need to
assume the morphism property (4.87), while in the Lie algebroid case, it was a consequence of
the Leibniz rule (see Exercise 2.27).

We introduced the notion of almost Lie algebroid as it can very efficiently encode the con-
straints. We have the following extremely nice and useful result:
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Proposition 4.77. Let 1,...,pp be a system of (possibly reducible) globally defined first-class
constraints defining a closed algebra in the sense of Definition 4.69. There exists a unique reqular
almost Lie algebroid structure on the trivial vector bundle E = @ X RP over ) satisfying the
following identities:

plea) = piaaqi and  [ea, ep]m = Copec

where ey, ..., ey, is the canonical global frame on E.

Proof. From Lemma 4.71 and 4.73, we know that all the structure functions are smooth functions
on Q. The Leibniz rule (4.86) is enforced, and using it on the bracket [eg, €], one deduces that:

i 00 ;0 I X aplg iap’g i
[pa aql ) Py 5(1]}}3 - <pa 8ql Pb aql 8qk (488)

The coefficient of the right-hand side appears in the formula of the Poisson bracket {¢q, ¢p}, as
we have (using the definition of the constraints in Equation (4.82)):

{ } _ 7 6pll;C . 181013
Par Pby = Pa 8q’ Po 8(]2 Pk
The left-hand side being equal to C5,¢., we deduce that:

c za ¥ 18 Iac
Coy(—pkpy) = — (pa 82? — Pp agi ) Pk

implying that :
i aplg ; Opk

k
Pa aqi Py Oqi = Cgb Pc

(4.89)

This shows that Equation (4.88) is equal to p(Cye.), which is Equation (4.86) for eq, €.

Regularity of the almost Lie algebroid structure is a consequence of the fact that locally, the
set of (possibly reducible) constraints is generated by a subset of irreducible ones, always the
same number. This requires that locally, the image of the anchor map has constant rank. [

Remark 4.78. The almost Lie algebroid E being regular, it implies that the image of the anchor
map is a vector subbundle of TQ). It is involutive by Equation (4.87), hence integrable by
Frobenius theorem 2.68. So every system of constraints — be they reducible or irreducible
— which are linear in momenta and satisfying the regularity condition 4.37, defines a reqular
foliation on ). The constraint surface X then coincides with the annihilator bundle F° C T*Q.
Conversely, a singular foliation on @, in the sense of | |: a (locally)
finitely generated involutive subsheaf of the tangent sheaf of @), induce constraints on 7@ which
are linear in momenta (by the identification between vector fields on @ and linear functions on
T*@), but which do not satisfy the regularity condition 4.37. More precisely, the singular
foliation F C X(Q) gives rise to a Lie subalgebra Zr C C*°(T™*Q) generated by functions which
are linear in the momenta. Then, because of the singularities of the foliation, the zero level set
of Zr does not define an embedded submanifold of T*(), and a fortiori not an annihilator bundle
as it was the case for regular foliations.

Notice that the reducibility condition on the constraints appears only when one computes
the Jacobiator of the bracket [.,.]g, which is not necessarily Lie. Then, Equation (4.85) implies
that we have:

[ea; [en, ecl] + [ev, [ec, ea]] + [ec, [€a, p]] = ({bCZ;led (4.90)
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This hints to the existence of a higher Lie algebroid structure. Let A; be the number of re-
ducibility equations (4.60), and define E’ to be a trivial rank A; vector bundle over @, equipped
with a global frame {e;}1<7<4,. Then 7% (resp. Z¢) would be interpreted as the coefficients of
a 3-bracket: 7: A2E — E',T(eq, ep,ec) = 7L e (resp. alinear map Z : E' — E, Z(er) = Z$ ey).
Then Equation (4.91) becomes:

[eas [en, ec] + [ev, [ec, €al] + [ec, [€as eb]] = Z (T (€a, eb, €c)) (4.91)

This equation is typical of higher Lie algebroid theory, where the (graded) Jacobi identity is only
satisfied up to homotopy. This observation, together with Remark 4.78, shows that F encodes
the regular foliation F' = p(FE) in the following way:

Proposition 4.79. Let E be the regular almost Lie algebroid associated by Proposition /.77
to a system of (possibly reducible) globally defined first-class constraints ¢, ..., p, defining a
closed algebra in the sense of Definition 4.69. Let F' = p(E) be the regular foliation — reqular
tnvolutive subbundle of T'Q) — induced by the anchor map. Then:

1. if the constraints are irreducible, E is a foliation Lie algebroid of F';

2. if the constraints are reducible, E is the first term of a universal Lie co-algebroid of F
(see [ | for a definition).

Remark 4.80. Notice that in the discussion there are two kinds of regular foliations at hand.
One on @, defined when the constraints are linear in the momenta and one on the constraint
surface ¥ C T*Q, defined for every constrained system via Proposition 4.64. The former is the
restriction of the latter to the zero section Z = {(¢,0) € T*Q} ~ Q of the cotangent bundle, as
Z C .

Remark 4.81. When we have a closed algebra, the fiber of the almost Lie algebroid F — Q
associated to the constraints via Proposition 4.77 can be used to define the vector bundle in
which the gauge parameters live (see the discussion around Equation (4.81)), but the anchor
map p: E — TQ is not the bundle map § : E — T(T*Q). In particular, the latter map is not a
Lie algebra morphism, since dj, ¢,] = 5(jgbec = (¢, 0., while, as can be read from Equation (4.79),
[Xous X | = Cop Xop. + peXce,, s0 we have O, ¢,) 7# [0e,, 0e,]-

Since the tangent spaces to the leaves of the foliation integrating the distribution D on X
are generated by the hamiltonian vector fields X, associated to the first-class constraint ¢,, we
deduce that the leaves of the regular foliation characterize gauge equivalent physical states. In
other words, two points on the same leaf — this is a geometric equivalence relation — are ‘gauge
equivalent’ in the sense that any physical observable O € C*°(X) should take the same value in
these two points. Physical observables are said to be the gauge invariant functions on ¥ and,
in the geometric picture, they correspond to those functions being constant along each leaf of
the foliation. Then they are invariant with respect to the vector fields tangent to the leaves:

X (0) =0

for every first-class constraints ., both primary and secondary. In the mathematical literature,
functions which are invariant under the flow of the vector fields of a regular foliation are called
basic functions | ].

The gauge invariant functions on 3 are then constant along the the leaves of the foliation
induced by the vector fields X,,,. As we assume that the leaf space ¥, is a smooth manifold,
we deduce that the gauge invariant functions on the constraint surface ¥ pass to the quotient
Y — Ypp, and define smooth functions on X,,. Conversely, any smooth function on ¥,, — the
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putative physical observables — induce a smooth function on ¥ which is constant along the
leaves of the foliation, i.e. gauge invariant. Then we conclude that, as expected, there is a
one to one correspondence between physical observables (on X,,) and gauge invariant smooth
functions (on ). Moreover, the properties of Poisson reduction, and in particular the fact that
Proposition 3.97 applies to the current situation, shows that taking the Dirac bracket of any
(global) extensions of two gauge invariant functions on ¥ is equivalent to taking the reduced
Poisson bracket of the corresponding physical observables on X,p,.

Definition 4.82. By abuse of denomination, we will call gauge-invariant function or observable
any smooth function f € C*(T*Q) (or possibly only on a tubular neighborhood W of X)) such
that:

Xo(f) %0 (4.92)

for every first class constraint p,. Moreover, if O € C*(X) is constant along the gauge orbits,
then any smooth function f € C>®(T*Q) restricting to O on X is a gauge-invariant function
called a gauge-invariant extension of O.

Any such gauge invariant function, when restricted to the constraint surface ¥, is a proper
gauge invariant function, i.e. a physical observable O = f |E € C™(X), and any such latter
function admits a (possibly global) extension satisfying the assumption Definition 4.82. We
would now characterize the space of physical observables by using such extended notion of
gauge invariant function. It is indeed easier to work on 7*(Q) as we do not work on a quotient,
as would be the case if one worked with C*°(X). However, notice that while there was a one-to-
one correspondence between physical observables — i.e. smooth functions on ¥,, — and gauge
invariant functions on Y, there are much more gauge-invariant functions f € C*(7T*Q) as
characterized in Definition 4.82. The latter are however quite useful to characterize the space of
function C*°(X,),) because they are defined over the whole phase space 7*@Q, which has a more
regular smooth structure than the constraint surface 3.

Condition (4.92) equivalently means that X¢(Zy;) ~ 0, where here the Hamiltonian vector
field is computed with respect to the Dirac bracket (so that Xy vanishes anyway on second-class
constraints). Since the constraints span the ideal Zy, of functions vanishing on 3 and since ¥ is
a (closed) embedded submanifold of 7*Q), by Lemma 2.58 it implies that the hamiltonian vector
field of f (with respect to the Dirac bracket) is tangent to ¥. Hence, the smooth functions
f € C®(T*Q) inducing gauge invariant functions on ¥ or, equivalently, physical observables, are
precisely those smooth functions f € C*°(T*Q) such that:

{fa IZ‘}Dirac ~0 (493)

These are precisely the gauge-invariant functions of Definition 4.82, because on the one-hand
second-class constraints are Casimir elements of the Dirac bracket, and on the other hand first-
class constraints are such that {ip,, . }|E = {pa,-} Dimc|2.

The maximal subalgebra of (C*®(T*Q),{.,. }Dirac) generated by such functions is denoted
Ns. It contains Zy, because, although it is generated by both first-class and second-class con-
straints, the second-class constraints are Casimir elements of the Dirac bracket, while the bracket
of Zs, with any first-class constraint vanishes on . By construction, we can identify the physical
observables C*°(X,;,) with the following quotient:

C™(Epn) ~ NE/IE

By Equation (4.93), Zy, is a Lie ideal of (Nx,{.,. }Dirac), S0 this quotient inherits a canonical
Lie algebra structure induced from the Dirac bracket. An alternative view on this approach,
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using the original canonical Poisson bracket and not the Dirac bracket, hence replacing Condi-
tion (4.93) by (4.92), is given in | ]. It has the benefits of not passing through the
Dirac bracket and thus circumvent the difficulty of handling second-class constraints.

Another characterization — relying on Poisson reduction — is based on the following argu-
ment: by Lemma 4.62, we know that X is a coisotropic submanifold of the second-class constraint
manifold (2o, {.,. }x,), where {.,. }x, is the restriction of the Dirac bracket to ¥y (see Proposi-
tion 3.83). The gauge orbits on ¥ form a regular foliation generated by the Hamiltonian vector
fields associated to the first-class constraints, and that the leaf space is the reduced phase space
Y,n and is supposed to be a smooth manifold. Then, by Proposition 3.97 we can proceed to
a Poisson reduction from (X, {.,.}s,) and define a Poisson bracket on X, that we denote
{.,. }ph- We deduce that (C®(X,),{.,. }pn) is a Poisson algebra, and (X,4,{.,. }pn) is a Pois-
son manifold (in fact symplectic). The relationship with the previous argument is that the Lie
algebras (C*°(X,1),{.,- }pn) and (NE/IE A }Dimc) are isomorphic (where in the latter the
bracket is the one induced from the Dirac bracket).

The reduced phase space X, corresponds, in constrained Hamiltonian systems, to the clas-
sical unconstrained picture in Hamiltonian mechanics: each and every point correspond to a
different physical state and the Hamilton equations of motion take the usual form on it (i.e. as
in the unconstrained formalism). Although the symplectic structure on X, is open to quan-
tization, it is difficult to directly quantize the theory on the reduced phase space. Indeed, in
practice, the explicit construction of the reduced phase space in terms of the given canonical
variables may not be possible, since it requires solving the equations of motion for arbitrary
initial data. The Dirac bracket, being constructed from inverting a matrix, has also certainly
a quite complicated expression. Then, it is often advisable to work in the full 2n-dimensional
phase space T*(@) with the original and more flexible form of Poisson bracket. This gives us the
freedom to think of functions defined over all of phase space, compute their partial derivatives,
for example, with respect to each of the ¢ 's and p ’s, and delay to the end the restriction of the
variables to the constraint surface X, or even to the reduced phase space X,;,. Dirac achieved
this strategy by quantizing the canonical coordinates on the total phase space T*@Q — which is
a well known procedure — together with the constraints, by promoting them operators. This is
necessary to keep track of which function of ¢ and p are physical observables or not. However,
even there some issues arise, when the constraints are for example rather complicated to express
with the position and momentum operators (due to ordering for example). Expressing and
quantizing the gauge invariant functions, i.e. the observables, could then become tedious. See
Chapter 5 for a discussion about quantization of constrained systems and how to circumvent
the difficulties.

Remark 4.83. There is an alternative procedure leading to the same reduced phase space, es-
tablished by Faddeev and Jackiw in the late 80’s | ] (or also Section
4.4 in | ]). It has been shown since then that this approach is equivalent
to the Bergmann-Dirac algorithm [ ]

The reduced phase space X, is obtained as a quotient of the secondary constraint surface X:
it corresponds to the leaf space of the foliation on ¥ induced by the gauge transformations —
equivalently, the hamiltonian vector fields of the first-class constraints. In theory it does not
live inside T*() then. However, it could be convenient to have a representent of ¥, inside .
Indeed, this would allow to use the usual variables ¢* and p; or those attached to 3 if they are
well-adapted to the situation. In our case, we assumed that the leaf space is a smooth manifold
(this is rarely the case) and in that case, if dim(X) = m and the dimension of the gauge leaves
is p (so it is also the number of independent first-class constraints ¢,), we can expect that there
exists — at least locally — an embedded m —p dimensional submanifold N of ¥ which is transverse
to the gauge orbits: it intersects each of them in only one point and at that point z, we have
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T,.M =T,N & T,L,, where L, is the gauge orbit (leaf) to which x belongs. Then, by counting
dimensions one realizes that this so-called transversal is diffeomorphic to the leaf space. Notice
that there can be an infinite number of transversals to the leaves (because), and each of them
could be considered as a legitimate representent of the leaf space.

Figure 23: On this representation of the secondary constraint surface 3, the gauge orbits (rep-
resented by the plain lines) form the leaves of a regular foliation, generated by the hamiltonian
vector fields associated to the first-class constraints. The dashed lines represent two possible
transversals: N1 and Ny — they are defined by different gauge fixing conditions. They cut each
leaf at only one point, and they satisfy T,M = T, N; ® T, L., where L, is the leaf through x.
Under sufficiently mild assumptions, any two transversals to the leaves are diffeomorphic, and
they are diffeomorphic to the reduced phase space Xy,.

Usually, such a transversal IV is materialized in the theory under the form of a zero-level set
of p independent smooth functions Cy:

N =[G, (0)
b

The equations Cp = 0 characterizing N are called gauge conditions and the procedure of defin-
ing N by using such equations is called gauge fixing. For now on, we will assume that these
functions are globally defined to facilitate our discussion (obstructions to this are called global
anomalies, while gauge conditions that do not fix a gauge uniquely are called Gribov ambigu-
ities). Due to the diffeomorphism between N and X, there is a one-to-one correspondence
between different attainable physical states of the system and points on N. As Henneaux and
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Teitelboim point out, the gauge conditions Cj, = 0 are therefore ad-hoc equations brought from
the outside of the theory to avoid "multiple counting of states” (see Section 1.4 in |

]). Since N is defined as the intersection of zero-level sets of p smooth
functions Cp, Lemma 2.58 indicates that the tangent vectors to IV should vanish on each CY,
when evaluated on N. Thus, since the choice of the functions Cj, has been made so that it
defines a transversal to the gauge foliation — i.e. such that T, N NTxL, = 0 for every gauge
orbit — we deduce that no Hamiltonian vector field X, can be tangent to N (they span L, and
adjacent leaves). So for every 1 < a < p, there exists at least one function C} for which:

X@a(cb)’]\/' = {90(17 Cb}z()‘N # O

Alternatively, this result can be reformulated as saying that the matrix of coefficients {¢q, Cb} Dirac
is invertible on N. But this condition means that the set {¢,, Cp} forms a system of second-class
constraints in the manifold (3o,{.,.}s,). Thus, one can proceed to Poisson-Dirac reduction
on N and restrict the Poisson bracket (in fact symplectic structure) {.,.}s, to N and obtain
there a Poisson (in fact symplectic) structure, denoted {.,.}y. This structure would then be
equivalent to the one on X,,:

Proposition 4.84. Given any transversal N of the gauge orbits on % obtained via gauge fixing,
the symplectic manifold (N,{.,.}n) induced by Poisson-Dirac reduction from (Xo,{.,.}s,) s
symplectomorphic to the symplectic structure defined on the reduced phase space ¥, via Poisson
reduction from X.

Hence, not only have we N representing X, as an embedded submanifold of 3, but also
as a Poisson (symplectic) submanifold. It might thus be sometimes more convenient to work
on (N,{.,.}n) than on the reduced phase space (Xph,{.,.}s,,). Then, we observe that the
first-class constraints can be turned into second-class constraints under an appropriate choice of
transversal, whose choice is based on the characteristics of the leaf space X,,. So the first-class
constraints ¢, are a consequence of the theory, while the gauge fixing functions Cj are brought
from the outside, and can be arbitrarily chosen as soon as the transversal N that they define is
diffeomorphic to ¥,,. Notice as usual that here we assumed that both constraints and functions
are globally defined but rigorously this discussion is only local: the transversals only exist locally
in general. Indeed, in the more general case, the Cj, might not be defined everywhere on X. In
this context, the transversal N can be understood as a local section of the fibre bundle ¥ — ¥,
but it may not be a global section. Obstructions to the existence of global sections are called
global anomalies. A global anomaly is different from the Gribov ambiguity, because in a global
anomaly, there is no consistent definition of the gauge field, while a Gribov ambiguity is a lack
of uniqueness of the determination of the physical state after gauge-fixing. A global anomaly is
a barrier to defining a quantum gauge theory that was discovered by Witten in 1980.

Remark 4.85. Seeing ¥ as a fiber bundle — not a wvector one — over ¥, justifies the princi-
pal bundle perspective of gauge transformations, that was developed to manage Lie groups of
symmetries as in Yang-Mills theory. Indeed, in that case X — Y, is a principal bundle and
the hamiltonian vector fields of the first-class constraints define a Lie algebra (the structure
functions are in fact constant). See the book of Baez and Muniain | 1,
together with the lecture notes of Figueroa-O’Farill for a thorough introduction to this material.

A final remark on this: we have shown that any set of first-class constraints can be turned
into second-class constraints upon (non unique) gauge fixation. This leaves open the converse
question: does any second-class system comes from gauge fixation of a purely first-class system?
The answer is yes, in a non-unique way, see subsection 1.4.3 in | ].
It implies in particular that, instead of proceeding to Poisson-Dirac reduction of the standard
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Poisson bracket onto the second-class constraint submanifold ¥, one can on the contrary drop
half of the second-class constraints so that the remaining half is a first-class system. The second-
class constraints indeed always come in pairs, so their total number is even. To perform this
choice, it is sometimes necessary to enlarge the phase space by adding degrees of freedom.
However, the price is low compared to that of proceeding a Poisson-Dirac reduction on .
Indeed, we know that the Dirac bracket involves an inverse matrix and is polynomial in the
constraints, hence it is very complicated and this would bring complications for quantizations.
On the contrary, extending the phase space preserves the standard Poisson bracket (in fact the
symplectic structure) and the Poisson reduction is much more amenable to perform on this
extended phase space with standard bracket, that on the secondary constraint surface ¥. For
more on the procedure of embedding a mixed system of first and second-class constraints into a
purely first-class system by extending the phase space — this is called the BF'T procedure — see
Chapter 7 of | -
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5 BRST formalism and quantization of constrained systems

Inspired by the first developments of quantum mechanics, physicists proposed to find new quan-
tum models by quantizing classical systems. What this process is about is still subject to hot
debates, precisely because quantization appears to be more a heuristics than a proper and clearly
stated mathematical method | ]. For example, we observed that a unique clas-
sical system can be the limit of several quantum systems, hence drowning the hope of having
a uniquely defined quantization scheme. In physics, there exist many such quantization proce-
dures — canonical quantization, path integral formalism, stochastic quantization — the usefulness
of each one of them being relative to the situation, and depends on the aim of the researcher.
Historically, canonical quantization was the first to emerge, and is a good heuristics to find
simple quantum systems from classical ones, such as e.g. the quantum harmonic oscillator. It
has been popularized through the work of Dirac on constrained Hamiltonian systems, and as of
now it has been mostly used to quantize field theories.

When it comes to quantization of a classical mechanical system however, there is a set of
properties that most physicists agree on. A quantization scheme is a map Q : f — Qy sending
physical observables to self-adjoint operators on a separable Hilbert space, which satisfies the
following properties:

L Qu= ¢*- and Qp, = %8%@' are the well-defined operators position and momenta,
2. the quantization scheme f — Qy is R-linear and satisfies Q(1) = id,
3. the Poisson bracket-commutator correspondence, or Dirac rule [Qf, Qg] = ihQy f7g}721 and

4. the von Neumann rule Qgor = g(Qy).

The latter rule is necessary for example when a physical observable f is written in terms of the
coordinates functions ¢ and p;, such as f(q*,p;). Then by the fourth item, the quantization
of f would be f(Q%, P;), where we do not know precisely how to interpret the order of the
non-commuting operators Q' = Qg and P; = Q). From the end of the 1920’s, we possess a
prescription for quantizating polynomials of ¢* and p; — the Weyl’s transform — representing
its quantization as the totally symmetric ordering of the operators Q¢ and P;. Unfortunately,
Groenewold and de Hove have shown that one cannot consistently quantize the Poisson algebra
of all polynomials in the positions ¢* and momenta p; as symmetric operators on some Hilbert
space [ ]. Thus it is in principle impossible to quantize every classical observable, or
even every polynomial observable, in a way consistent with the Schrodinger picture. At most one
can only consistently quantize certain Lie subalgebras of observables, for instance polynomials
which are at most quadratic, or observables which are affine functions of the momenta. Even
worse, it can be shown that not all four items — not even three of them! — can be satisfied at

the same time [ |. Notice also that there may be another set of rules to
be chosen | , ], illustrating the varieties of existing quantization
schemes.

In light of this, canonical quantization should not be understood as a legitimate procedure to
obtain quantum systems from classical systems, because quantum physics is not a consequence

21Under this natural correspondence, we have the canonical commutativity relation [Qj, Py =ih 5£Id, and the
correct formula for the time evolution of operators in the Heisenberg picture: d%—tf‘ = %[Q #, Qa]. This observation
provides a physical a posteriori justification to the choice of convention for the definition of Hamiltonian vector
fields in Poisson geometry. Indeed, although the convention Xy = {H,.} has the unfortunate consequence that
the flow of X is minus the flow of time (as can be seen from Hamilton’s equations of motion), it eventually

generates the well-known formulas of quantum mechanics under their most accepted form.
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of classical physics. For example, physicists have been aware as early as the 1930s that there
exist different quantum systems sharing the same classical limit. Then, canonical quantization
should rather be seen as a recipe to get insights about the quantum theory, without putting too
much emphasis on their mathematical correspondence: the primary role of the classical theory
is not in approximating the quantum theory, but in providing a framework in its interpretation
[ |. The canonical quantization of non-singular physical systems (i.e. those for
which the Legendre transform is invertible) is in general straightforward. In that case physical
observables form (a subalgebra of) the algebra of smooth functions on the phase space T*@Q and
the Hilbert space of quantum states is defined relatively to the original phase space and could
in general be found by hand when it is obvious. Although promising, canonical quantization
quickly runs into difficulties because it depends on the initial choice of coordinates and is not
invariant under general canonical transformations; that is why it should only be taken as a probe
of the quantum theory.

These problems about non-consistency of canonical quantization arise when the physical
system is singular, i.e. when the Legendre transform is non-invertible because in this context
the role of the coordinates is central. We have indeed seen that if the Lagrangian is singular —
as is the case in gauge theories — constraints emerge in the Hamiltonian setup, and the physical
observables consist of the algebra of smooth functions defined on the reduced phase space ¥,.
In general the geometry of this submanifold can be quite complicated: it has a much more
intricate structure than the secondary constraint surface ¥ because the former is obtained as a
quotient of the latter (as the leaf space of the foliation induced by the gauge transformations).
Computing the algebra of physical observables C*°(X,;) is then not a trivial problem and is
an huge obstacle to quantization, not even to mention that there might not be any ”nice”
choice of coordinates. However, quantizing the physical observables could be done through a
little detour, by first identifying them as the gauge invariant functions on ¥, since we have a
relatively transparent way of defining C*°(3) from the well-known algebra C>°(7*@Q), and then
quantize the latter while keeping track somehow of the gauge invariance and the constraints.

An additional problem is that the induced Poisson bracket on the reduced phase space ¥,
is not as simple as the standard one on T*(Q. This obstruction arises from both the definition of
the Dirac bracket, and from Poisson reduction. For example, for a purely second class system
of constraints, the definition of the Dirac bracket on ¥y = X necessitates to invert a matrix
and to multiply it by constraints. The terms on the right of Equation (3.42) are thus possibly
highly complicated and do not facilitate quantization (see subsection 13.1.3 in |

]). On the other hand, the Poisson structure of a purely first-class system
of constraints relies on Poisson reduction, which is a quotient, hence inducing also a possibly
complicated Poisson structure on (C*(Xpp),{.,. }pn). However there exists an algebraic way
of encoding the physical observables of a purely first-class system, which then allows to define
a simpler Poisson structure (even symplectic) on a bigger phase space. This Poisson structure
is in some sense equivalent to that on (C*(3,4),{.,. }pn) but has the enormous advantage of
being standard. The process of constructing this complex and its associated Poisson structure
from a purely first-class system of constraints is called the BRST formalism??.

This formalism relies on algebraic techniques which are much more insensitive to the geo-
metric subtleties of the problem: instead of reducing the phase space in an intricate way to X
and then to X4, the BRST formalism treats the constraints as what they are — generators of an
algebra, admitting a resolution — and extends the phase space so that the geometric information

22Notice that the BRST formalism corresponds to two different things in mathematics and in physics, although
related. Its mathematical formulation — presented in this chapter — mostly refers to the Hamiltonian setup,
while its physical one is most often understood in the Lagrangian setup (with Fadeev-Popov ghosts etc.). The
correspondence between the two formalism is addressed in several places | R

I ]

178



contained in X and X, is exactly contained in the zero-th group of cohomology of this resolu-
tion. We have thus transported the complicated informations carried by ¥ and 3, from the
geometric picture of the canonical hamiltonian formalism to the algebraic, more abstract but
more linear picture of the BRST formalism. Then, the extended phase space developed in the
BRST formalism can be equipped with a standard Poisson (even symplectic) structure, which is
much more easy to quantize. Indeed, although the zero-th group of cohomology is defined as a
quotient so in the end we still have this quotient procedure that is characteristic of the Poisson
reduction on X, it is in general much more transparent to use cohomological techniques that
geometric reduction. As the following diagram shows, quantization of the theory after applying
the BRST formalism should coincide with what would have been obtained from the canonical
quantization perspective:

BRST formalism extended

T*

@ phase, space
canonical easy
formalism quantization

complicated
Eph . .
quantization

Eventually, there are two alternative quantization schemes provided by mathematicians: ge-
ometric quantization and deformation quantization. While the former is state-oriented and tries
to provide a Hilbert space of quantum states, the second is operator-oriented and tries to deform
the algebra of observables — i.e. gauge invariant smooth functions on the phase space — so that
we obtain a non-commutative associative algebra resembling the operator algebra physicists look
for. None of them give a definite answer to quantization because they have their own, respec-
tive, issues. Notice also that deformation quantization is the mathematization of an alternative
interpretion of quantum mechanics, what physicists call the phase space formulation of quan-
tum mechanics | , ]. This formulation of quantum mechanics places
the position and momentum variables on equal footing in phase space, while the traditional
Schrédinger picture uses either the position or the momentum representation. As a historical
note, see | , | for historical surveys of quantization from the
physics side.

5.1 Canonical quantization of a Hamiltonian system

Throughout this section, we will keep in mind that canonical quantization is more a heuristics
than a rigorous procedure to find quantum physical models. We will also use the notation f
to denote the image of a classical observable f under the quantization scheme Q : f — Q.
Usually, such an operator is obtained by quantizing first the canonical coordinates ¢* and p; and
then, based on the functional dependence of f on these variables, find its associated operator
f. This process obviously implies to choose an ordering of the operators ¢ and p;, and this in
general leads to major complications. For now on however, we will leave these details aside and
concentrate on the general theory of canonical quantization.

First, assume that the Lagrangian is non-singular, meaning that the Legendre transform
2 TQ — T*(Q is bijective. In that case, there are no constraints, and no gauge transformations:
there is a one-to-one correspondence between points of the phase space and physical states of
the system. We can then use the Poisson bracket-commutator correspondence:

[7,3] = ih{f. g} (5.1)
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in order to define the commutator of operators. The Poisson bracket here is the standard Poisson
bracket on T*@Q, it is non degenerate and dual to the canonical symplectic form on T*Q (see
subection B.3).

Equation (5.1) implies the well-known equation governing time-evolution of operators from

quantum mechanics:

dA i~ -

— =-[/H,A 5.2

= LA (52)
where H represents the Hamiltonian operator. Equation (5.2) tells us that canonical quantiza-
tion gives a quantum model in the Heisenberg picture, where the operators are time dependent.
The quantization scheme:

O : classical observables +——— quantum operators

indeed provides us with a set of self-adjoint operators. The separable Hilbert space H of
quantum states would then correspond to an irreducible representation of this Lie algebra of
operators, some insight can be obtained by studying the Lie algebra of classical observable
(C®(T*Q),{.,.}). In particular see this page explaining that the latter Lie algebra is the Lie
algebra of the quantomorphism group, which is an important Lie group governing the corre-
sponding quantum model. This discussion can also be useful.

Ezxample 5.1. The quantization of the standard phase space T*R™ would give the Hilbert space
H = L?(R") of functions on R™ whose norm is square integrable. Then the canonical quanti-
zation scheme is straightforward and the position and momenta operators are the usual ones.
By using the Weyl’s prescription for ordering of operators, we can quantize polynomials of the
canonical variables ¢* and p;. For example:

Q:q'p;

However by Groenewold-Van Hove theorem | , ,
|, this prescription contradicts other axioms of canonical quantization, and there are
no existing ordering prescription that would fit.

When the Lagrangian is singular, i.e. when there are constraints in the Hamiltonian for-
malism and that the physics is restricted to the constraint surface ¥, canonical quantization
has to incorporate the constraints in some way or another. Interestingly, the way of quantizing
first-class and second-class constraints are quite different. Depending on the situation, it may
be advantageous to transform a system of second-class constraints into first-class constraints to
quantize them, or the other way around. As a matter of references, see Chapter 9 of |

| and Chapter 13 of | | for a presentation of
quantization of first-class and second-class constrained systems, as well as the original lectures
of Dirac | |. The paper | | presents some more details on quantiza-
tion of first-class constraints which are worth looking at. Section 8 in [ | quickly
summarizes the four various alternatives that we have at hand when confronted with a sys-
tem of first-class constraints: gauge-fixing, reduced phase space, Dirac quantization and BRST
quantization.

Since in general, one usually proceed to the Poisson-Dirac reduction of the standard Poisson
bracket to the Dirac bracket on the second-class constraint manifold ¥ before considering the
first-class constraints (see Section 4.5), we will first look at the quantization procedure of second-
class constraints. We will then study how to quantize a set of first-class constraints and discuss
the properties of both procedures. Let assume that we have a pure second-class system, then the
second-class constraint submanifold Yy coincides with the secondary constraint surface 3. The
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Dirac bracket is a redefinition of the standard Poisson bracket of T#() and is defined on at least
a tubular neighborhood of ¥ = X, so that the latter is a symplectic leaf of the Dirac bracket.
By Poisson-Dirac reduction, the Dirac bracket {.,.} pirqc restricts to a non-degenerate Poisson
bracket {.,.}x on the second-class constraint submanifold ¥, which could then be considered
as the ‘true’ physical phase space of the classical theory. In particular, there is a one-to-one
correspondence between points on ¥ and different physical states of the system; We could then
quantize the theory as if it were an unconstrained hamiltonian system.

Ideally, one should find a set of coordinates (17, s;) adapted to X; there are an even number of
them because X is a symplectic leaf of (T*Q, { ., . } Dirac). Because there are no gauge symmetries
in this kind of theory, the classical observables are the smooth functions on ¥, which would then
locally depend on the coordinates 77, sj. Then in the canonical quantization procedure these
coordinates should replace the standard coordinates g¢*, p; and the Poisson bracket { ., . }s, should
replace the standard Poisson bracket in Equation (5.1):

~ - h 0
J = rJ. &= —
r r and 5; pie
[f 9] =il [, g} (5.3)

The expression of the operators f,ﬁ is based on their expression as functions of the variables
1/, s;, and a choice of operator ordering. The Hilbert space of quantum states would then
be found as an irreducible representation of the Lie algebra of commutators defined by Equa-
tion (5.3), which would be possibly related to irreducible representations of the Lie algebra
(C>*(2),{.,.}n), as this explanation shows.

There are two main problems arising when quantizing second-class constraints, see subsection
13.1.2 of | |. First, the fact that smooth functions on ¥ — the
classical observables in a pure second-class system — can be easily formally described by the
quotient C(T"Q) / Ty, while their explicit form in terms of the local coordinates rd, sj may
admit a much more complicated description. At least, another choice of local coordinates give
another quantized system which is equivalent to the former, see bottom of page 85 of |

]. Second, it may be difficult to find an explicit representation of the Lie algebra
of self-adjoint operators defined by Equation (5.3). This problem can be caused by the fact that
the very definition of the Dirac bracket necessitates to invert the matrix Cy; = {x%, x;} and then
turn it into quantum operators. The result can be quite involved because of ordering problems,
which sometimes generate additional term on the right-hand side of Equation (5.3) at order 2:

[/,3] = ih{ /. g}s, + O(h?)

This makes even more difficult to evaluate the irreducible representation of the Lie algebra of
quantum operators, hence the Hilbert space of quantum states.

A solution that avoids the first problem is to work directly on the phase space T*@Q. Then
the usual position and momenta operators of the canonical variables ¢*, p; are used, while Equa-
tion (5.1) becomes:

[f’g] = Zh{fv g}Dirac (54)
Since the second-class constraints y; are Casimir elements of the Dirac bracket, their associated

quantum operators x; have vanishing commutator with any other operator obtained through
quantization:

[fv )?l] - Zh{f, Xl}Dirac =0
The second-class constraints are then understood to generate a set of equations at the level of

operators:
xi=0 (5.5)
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The interpretation of the set of Equations (5.5) is the following: as the self-adjoint operators
X1 are functional expressions of qAZ and p;, Equations (5.5) put some relationship — or constraint
— between these operators qAZ and p;. This is how the second-class constraints could be enforced
in the quantum world, and the two methods of quantization should give equivalent quantum
systems. Although the latter strategy of quantization of second-class system seems to be more
promising than the former one, we are still left with the necessity of defining the Dirac bracket,
which implies to invert the matrix Cy; = {x%, x;} and then turn it into quantum operators,
which can be a costly operation. Moreover, the equivalence of this method with the reduced
phase space quantization coincide when the gauge group is unimodular and seems to be always
provable [ ]; see also Reference [7] of | ]-

Now let us turn our attention to pure first-class systems. Recall that in that case the
constraint surface 3 is a coisotropic submanifold of 3y, which in the present case is T*Q. The
first-class constraint generate gauge transformations and the reduced phase space X, is the
quotient of ¥ by the orbits of these gauge transformations. Poisson reduction then allows to
define a Poisson bracket { f, g}, — in fact a symplectic structure — on 3, which then become the
‘true’ phase space of the physical theory, where each point is in one-to-one correspondence with
a different physical state. We can then proceed to quantization following the same lines as for
unconstrained systems. The smooth functions on X, are the classical observables and quantizing
them consists in finding an adapted set of coordinates on 3, and modifying Equation (5.1) as:

o~

[ 7§] ih{/f’?}ph

Obviously, this is often a much more difficult task than quantizing a second-class system.
So sometimes, one uses the fact that 3, is diffeomorphic to some adapted choice of transversal
to the foliation of gauge orbits in X, obtained by gauge-fixing (see Section 4.5). Then, getting
a number of gauge-fixing conditions transforms the first-class system of m constraints into a
pure second-class systems of 2m constraints, and apply the above procedure. Quantizing this
system as was done earlier is possibly much more attainable that quantizing the reduced phase
space directly but is conditioned to the absence of global anomalies. These two procedures —
reduced phase space and gauge fixing — a priori give the same quantum theory if the reduced
phase space is a well-defined smooth manifold and if there are no global obstruction to gauge
fixing, see | ).

The above strategy for quantizing first-class systems has the advantage of quantizing directly
the true classical observables — i.e. the gauge invariant functions on ¥ — but has the drawback
that it breaks manifest gauge symmetries, which are sometimes a necessary feature of physical
theories (see subsection 13.2.3 in | ]). Dirac then proposed a way
to circumvent it by quantizing the first-class constraints in such a way that they preserve their
valuable property: being generators of gauge transformations. Let us assume that we work with
a set of first-class constraints ¢;, and that we neither proceed to Poisson reduction ¥ — X,
nor will use gauge-fixing conditions. Rather we want to first quantize the classical model on
T*(@) and then proceed to some reduction of the state space.

Quantizing the first-class system then begins by defining the Hilbert space H obtained by
quantizing (7*Q,{.,.}). Then we say that an element |¢)) € H is an admissible quantum state
if it obeys the following equation:

Pi¥) =0 (5.6)

for every first-class constraint ¢;. More precisely, if H is the Hilbert space associated to the
symplectic manifold T#Q, then the admissible quantum states form a subspace S of H called the
physical state space | |, defined as the null eigenspace of the contraint operators
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;. In other words, the physical state space is the following;:
S= {\\I/> € H such that @; |¥) = 0 for every l}

Condition (5.6) is considered as the way of implementing gauge invariance in the quantum world.
There is an alternative, maybe more explicit way of seeing this interpretation, that is presented
on pp. 20-21 of | ].

Now, we know that a gauge-invariant function f € C°°(X) by definition satisfies Equa-
tion (4.92). This should be translated at the level of operators, by the statement that physical
quantum observables map S into S. Let us show this: let f be a gauge-invariant function on 3
— i.e. a classical observable — so by Equation (4.92) we know that in a pure first-class system
the Poisson bracket of f with any first-class constraint ; vanishes weakly. Thus, it is strongly
equal to a linear combination of constraints: {f, p;} = f7 @;. Now assume that we have found an
operator representation ffor f, and that the commutator of operators as given in Equation (5.4)
satisfies:

[f. 5] = ih f} o By (5.7)
which is the direct quantization of the Poisson bracket {f, ¢;} = f]’-“gok. Then, for any admissible
state [¢) € S, we have:

Giofly=Ffog;l)— [f.@5]lw) =0 (5.8)
>y o

=ihfFoprlih) =0

This proves that the state f|1/)) is admissible, i.e. it belongs to the subspace S.

Remark 5.2. There is an alternative way of implementing the quantification of first-class con-
straints on the Hilbert space H, without using Equation (5.6). This is done by identifying two
states |®) and |¥) if they differ by a linear combination of contraints:

@)~ [U) if [R) = W) =i |)

for some states |€2;). Then the quotient of H by this equivalent relation is S. See page 20
of | ] and subsection 13.3.5 in [ ].

Notice however that the condition that quantum observables leave the subspace S invariant
is based on the assumption that Equation (5.7) holds. In some cases however, due to some
choice of ordering, the right-hand side may contain some terms which are not proportional to
the constraint operators: .

[f, @51 = ih ¥ o ok + h°B;
Permuting the operators on the right-hand side could indeed generate a term at second order
in Planck’s constant. Condition (5.8) is then satisfied if B; |) = 0 for every admissible state
|t)). More precisely, we shall reduce the subspace S to the sub-subspace of states which have
this property. This is an additional condition that one has to enforce to ensure that Dirac quan-
tization of first-class constraints is sustainable. In particular this can occur for two important
cases, when the other constraints and the Hamiltonian are involved.

It can indeed happen that if one wants the first-term on the right-hand side to be the one
we want, some reordering of operators could be necessary and we have some terms of order 2
which emerge:

[H,55] = ihak o @i + 1*C;
@1, %3] = ih Cf o Gk + K2 Dy
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The first equation comes from the fact that the Hamiltonian is a first-class function so that the
Poisson bracket {Hr, ¢;} vanishes on 3, while the structure functions in the second equation
are characterized by the Lie algebroid structure of the first-class constraints: {¢;, ¢;} = C’fj Pk-

The operators é; and 5; are called gauge anomalies, because they break gauge-invariance
by possibly sending admissible states outside the physical state space S. Then, in both cases,
for consistency of the quantization, one needs to enforce the two conditions:

Cil¢)=0 and  Dylg) =0 (5.9)

Then the admissible states would be those satisfying both Conditions (5.6) and (5.9). However it
may happen that imposing the latter two conditions is too strong and we end up with a subspace
of admissible states which is much smaller than S, if not vanishing. This is an obstruction to
Dirac quantization of first-class constraints, but it can be avoided when passing through BRST
formalism. See subsection 13.3.2 in | ] for a detailed discussion
of this problem.

Ezxample 5.3. One can draw on the canonical formalism of Maxwell’s electromagnetism presented
in Section B.4 to quantize the electromagnetic field. This is done in details in | 1,
where the space of admissible quantum states is justified to be constructed as a Fock space. A
complete and more advanced treatment of the electromagnetic field via the BRST and antifield
formalisms can be found in Chapter 19 of | ].

As a final remark, when we have a mixed system of first-class and second-class constraints,
there are in general two ways of quantizing it: either by turning the system into a pure second-
class system by adding gauge-fixing conditions (see e.g. Section 9.3 in | D,
or by turning it into a pure first-class system, by adding formal variables, and seeing the second
class constraints as gauge-fixing conditions on this extended phase space (such a procedure is
called the BFT procedure — see Chapter 7 of | ). Both methods meet
their own issues: in the former, it may not be possible to find globally defined gauge-fixing
conditions because of the so-called Gribov obstructions (see subsection 1.4.1 and Appendix 2.A
in [ 1), while the latter strategy may be a bit challenging. After
one has reformulated the theory in terms of a pure first-class system, one can then avoid the
problems of gauge anomalies discussed earlier by using the BRST formalism, which precisely
aims at providing a unified framework to treat and quantize a pure first-class system.

5.2 First principles of the BRST formalism: the irreducible case

Suppose that the Poisson-Dirac reduction has been performed on X, then we are left with the
first-class constraints ¢;. Then the ideal Zy, although generated by all the constraints (both
first-class and second-class), is a Lie subalegebra of (C*°(X0),{.,. } Dirac). Since the bracket of
two first-class constraint is by definition vanishing on 3, we deduce that the above issue is not
met with such constraints. However we are confronted with the issue of quantizing the physical
observables, equivalently the gauge-invariant functions on 3. The reduced phase space X, is
quite complicated to describe, as well as its induced Poisson bracket obtained through Poisson
reduction from that on X. A better way to describe the space of functions on 3, is to use the
BRST formalism: by extending the phase space we allow more degree of freedom and the theory
becomes easier to handle, but we recover the underlying physics through the cohomology of a
particular differential on this space. The central idea of the BRST formalism is to substitute for
the original local gauge symmetry a fermionic global symmetry acting on the extended phase
space. That symmetry captures the original gauge invariance and leads to a simpler formulation
of the theory. Then quantization may be easier on this extended phase space than on the
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original reduced phase space ¥,,. From the mathematical point of view, the (Hamiltonian)
BRST formalism is an alternative to Symplectic reduction [ ,

, ], and thus could have been introduced already in the XIXth
century, had physicists then been interested in extending classical mechanics to Grassmann
variables [ , ].

BRST formalism applies to purely first-class systems, so from now on we assume that our
classical physical system only contains first-class constraints. In particular, the second-class
constraint manifold ¥ coincides with 7@, and the Dirac bracket is the standard Poisson
bracket on T*@Q. The secondary constraint surface 3 is the zero-level set of the first-class (and
only) constraints ¢;, which are labelled from 1 to p say. We additionally suppose that they
are globally defined and irreducible (see Definition 4.42). This has the consequence that ¥ is a
closed embedded submanifold in T*@), which by the proof of the second item of Lemma 3.72,
implies that the smooth functions on ¥ can be identified with the following quotient:

c2(%) ~ CX(T7Q) /1,

where Zy, is the free multiplicative ideal generated by the (first-class) constraints in C*°(T*Q).
We recognize a quotient. The idea behind BRST formalism is first to obtain this quotient as
the zero-th (co)homology group of a particular differential ¢ acting on some abstract space.
Then, gauge invariant functions, which form a subspace of this (co)homology group, would be
obtained by an additional quotienting operation, using another differential d. Then, having the
gauge-invariant functions on X is by definition equivalent to having the functions on ¥, i.e.
the physical observables. In other words, the BRST formalism involves two steps:

1. Restriction to the constraint surface X, using the differential ¢;

2. Implementation of the gauge invariance condition on ¥, using the differential d.

Luckily, mathematicians have already described the quotient 5.2 using chain complexes and
(co)homology. This quotient can indeed be seen as the quotient of the ring C*°(7*Q) by an ideal
generated by p elements which form what we call a reqular sequence. Then it is known that this
kind of quotient admits a resolution, that we call Koszul complex:

0 —— K, 25K, 2. 23K, 25C°TQ) — 0
K
0

The K_; are negatively graded by convention, because we will introduce later some spaces which
would be their dual, and positively graded. By resolution, we mean the following: it is a chain
complex (see Definition 1.42) such that the homology of the differential § is zero except possibly
at level 0 (see Definition 1.53). We use the term homology and not cohomology because we will
soon see that the map § reduces the number of anticommuting variables, contrary to e.g. the de
Rham differential (1.32) or the Poisson differential (3.18). We denote the homology groups with
an index downstairs, to emphasize that we do not work with cohomology. Then, in the present
case, saying that we have a resolution of the quotient Ce(T*Q) / Ty, means that H_;(6) = 0 for

every i > 1, ie. Im(6: K_j_1 — K_;) = Ker(6 : K_; — K_;11), while Hy(6) = CW(T*Q)/ZE.
We will show that such a resolution exists by giving an explicit expression of the K_;’s and the
action of the map ¢.

We know the mathematical expression of K_;, it is the following;:

K_; =C>®(T*Q) ® \'RP
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In other words, K_; is the sheaf of sections of the trivial vector bundle over T%() whose fiber is
N'RP. Let us denote by Py, ... , Py the standard basis of R in the present context, and we call
these variables ghost momenta and we assign to them an abstract degree of —1, called the ghost
number, and which will be discussed in Section 5.3 once we have introduced their dual entities:
the ghosts. This abstract grading is denoted gh and we have:

gh(P;) = -1

The grading can be extended to any homogeneous alternating powers of ghost momenta by the
following convention: the monomial of ghost momenta P;; A...AP;, € K_j of k ghost momenta
is considered to have ghost number —k (the number of ghost momenta in the monomial):

gh(Pj /\.../\'ij) =—k

So we see that so far the (negative) ghost number measures the polynomial degree of alternating
powers of ghost momenta.

Then, we define the map ¢ on the basis Pi,...,P, so that each element P; is sent to the
first-class constraint ¢;:

0: Koy —— C™(T"Q)

ANPi—— N,

where the A! are smooth functions. The linear map ¢ is then extended to a C*°(T*Q)-linear
graded derivation on Ko = @_; K_; by the following formula:

k
S(fRPj A AP =D (1) 0 fOPj A APji_y APjiiy Ao AP (5.10)
=1

We say that the map 0 has ghost number +1 because there are k — 1 ghost momenta in each
monomial on the right-hand side so the ghost number of the right-hand side is —k + 1, while
the ghost number of the monomial P;; A ... APj, is —k.

We can quickly see that § is a differential by applying it again on Equation (5.10), when
k> 2:

k
S(fOPH A AP =33 (1) =105 fOPL A AP A AP AL AP,

i=1 I<1

k
I ()T D P00, f O P A AP AL AP AL AP,
i=1 1>

One can check that the second line is minus the first one, so 62 = 0. This identity also holds at
the lowest level, when k& = 1, because the image of § : K1 — Kj is by construction Zy, C K,
and J ‘ Ko = 0. Then, the zero-th homology group is the quotient we desire:

Ho(6) = C¥(T7Q) /7, ~ ¢>(3)
The fact that the homology of the chain complex (K,,d) is zero except at the lowest level is

stated in Theorem 9.1 and proven in Appendix 9.A of | ]. So we
have managed to express C*°(X) in terms of a homology group. The Koszul complex can be

186



understood as a ‘de-quotienting’ of Cx(T"Q) / Ty, and in general it is much more easier to use
such non singular structures, than working with the quotient directly.

What we want now is to describe the functions on ¥ which are gauge invariant; we will de-
note them C*°(X);,,. Since gauge transformations are generated by the Hamiltonian vector fields
associated to the (first-class) constraints, the gauge invariant functions satisfy Equation (4.92)
and are moreover in one-to-one correspondence with the smooth functions on the reduced phase
space X,;. We will describe the gauge-invariant functions in cohomological terms — with re-
spect to a differential d — so that the algebra of functions C*(%,}) could be obtained by purely
(co)homological methods. To each first-class constraint ¢; corresponds its hamiltonian vector
field X; (and denoted X; in Section 4.5) and, dually, a differential one-form 7’ on T*Q. More
precisely, since the constraints are irreducible (the reducible case may be treated slightly dif-
ferently, see Section 5.4), no vector field X; ever vanishes, otherwise they would be dependent.
They define a rank p regular distribution on T*@Q — i.e. an assignment, for every (q,p) € T*Q,
of a p diensional subspace D(q ) of T{4,»T*Q. This distribution is involutive on the constraint
surface ¥ because [X;, Xj| = X, 01 = XCZ%% ~ C’Z-Xk (see Proposition 4.64).

Then it admits a dual bundle D* which is isomorphic to a rank p regular codistribution, i.e.

the assignment, for every (q,p) € T*Q, of a subspace DE p) of T(”;l p)T*Q. The corresponding

one-forms generating this codistribution are some nowhere vanishing differential one-forms n’
such that:
n'(Xj) =0 (5.11)

The one-forms 7’ are smooth sections of the codistribution D’, and since they are nowhere
vanishing and independent at every point of the phase space T*@Q, D’ can be identified with a
subbundle of T*T*(Q and the 1’ are a frame for it. While the dual bundle D* is canonical, this
codistribution is not, although isomorphic to the former. Indeed, there is some ambiguity in the
choice of one forms n® because one can always add a component which sits in the annihilator
bundle of D without changing Equation (5.11). Another choice of differential one-forms would
define an alternative codistribution D’. However the number of free generators is always p, equal
to the number of vector fields X;, the codimension of the constraint surface in the irreducible
case.

Remark 5.4. More generally one can elaborate on Equation (5.11) by defining longitudinal vector
fields — the vector fields on T*(@) which are parallel to ¥ — and subsequent longitudinal differential
forms. While the longitudinal vector fields are not generated by the X; —i.e. they form a bigger
C>®(T*Q)-module — the longitudinal differential forms are generated by the 7. See Section 5.3
of | ] for further details on first-class constraint surface.

We call the differential one-forms 1* dual to the X; the ghosts®*. We attribute to them an
arbitrary ghost number of +1, so that any monomial 't A ... A n* € I'(A*D’) of k ghosts has
degree +k:

gh(n’) =1 and gh(n* A...AD*) =k

As its name suggests then, the positive ghost number then measures the polynomial degree of
alternating powers of ghosts. We can define a map d : A®*D’ — A*t1D’ of ghost number +1 —
and abusively called the longitudinal differential — by the following identities:

df = X;(f)n' for every f € C*(T*Q) (5.12)
1 . .
dnt = —§ij n' A’ (5.13)
238ee the introduction of | | for a short survey of why the ghosts were introduced

and gained prominence in theoretical physics, both at the quantum and at the classical level.
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where the smooth functions C'fj € C®(T*Q) are the structure functions appearing in the formula
{pi,pj} = Cz-kj ©r. The map d is defined to satisfy the usual Leibniz rule:

A(fr/t A AR =df At AL AR 4 fd(P AL A E) (5.14)

Be aware that in general we do not have df (X) = X(f) for any random vector field, because
here d is not the de Rham differential. These data — Equation (5.12) and (5.13) — do not make
the map d a differential on the entire phase space, but only on the constraint surface, as the
following discussion will show.

One recognizes in Equation (5.13) something reminiscent of the Cartan-Eilenberg formula
characteristic of the differential of Lie algebras. Then we expect that the action of d? on nF
corresponds to some Jacobi identity. And indeed we observe that Equations (5.12) and (5.13)
imply:

1 A .

i = =3 (Xi(Chy) + CECL, ) 0 Am™ A" (5.15)
where full antisymmetry on the i, m,n indices in the coefficient is brought by the product of
the three ghosts. The right-hand side of Equation (5.15) does not automatically vanish on 7*Q
but instead satisfies Equation (4.83), without reducibility functions and rewritten in the present
(irreducible) context as:

; 1

m jmn] =

The factor % on the right-hand side comes from the fact that the left-hand side possesses a factor
L contained in the full antisymmetrization of the indices i, m, n:

3
j 1 , . A
X[i(cﬁm]) + C[’qujmn] =3 (Xz‘(Cﬁm) + ClChn + X (CR) + Oy Chi + X (Chy) + Cr]fjcfm)
Thus, Equation (5.15) becomes:
1 :
&t = —coiuprn A" A" (5.17)

This expression does not vanish on the phase space, but when restricted to the constraint surface,
it does, because of the presence of ;. The differential d on the ghosts n* thus measures the
closure of the Jacobi identity (4.83).

The action of the differential d on the smooth function is easy to compute:

d*f =d(n"Xi(f)) = _%ij Xe(F)n' A’ + 1" Xo(Xi(f))

= % ([Xz‘an](f) - C{}Xk(f)) Ay = %cpkx%(f)ni A (5.18)

where we passed from the first line to the second by using the following identity: n‘An*X; (Xk(f)) =
21X, X51(F)m* Ami. We used Equation (4.79) to obtain the very last term of the last line. The
last line then shows that d?f ~ 0 on the constraint surface only, and that there, we indeed
have the already known result (Equation (4.80)): [X;, X;] ~ ijXk. So, using Equations (5.17),
(5.18) and the Leibniz rule (5.14), one deduce that:

d?~0 (5.19)

on any section of I'(A®*D").

The fact that d> does not square to zero outside ¥ implies that the following diagram is not
a chain complex:
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0 —— C®(T*Q) —4— (D) —4— ... — L T(A71D") —4 D(APD') —— 0

However, the introduction of the linear map d is necessary as we will now show. Since the
vector fields X; are tangent to ¥ (see Proposition 4.64), their action on the smooth functions
vanishing on X is zero. Thus, any function f € Zy is sent to zero under the action of the
differential of Equation (5.12). Then, by the Leibniz rule (5.14), we see that restricting each
vector bundle A* D’ to the embedded submanifold ¥ does not have any impact on the definition of
the differential in Equations (5.12) and (5.13). More precisely, since dp; = {¢;, i}/ = ijgok 0
is weakly vanishing, we deduce that d(Zsy) C I's(D’), where I's, means the section of D’ vanishing
on Y. More generally, we observe that:

d(Ts(A*D")) € T (AM1D) (5.20)

Then, let W* be the space of sections (with respect to ¥) of the vector bundle A¥D’. As
C®(X) ~ COO(T*Q)/IE, the quotient of T'(AFD’) by Ty, gives W*, because when quotienting
we only consider the sections that differ on X, and their values outside the surface is of no
importance for us whatsoever:

E ke
wk ~ D(A\"D) / Ts,
So, the space W* is the sheaf of sections over ¥ of the vector bundle A*D’, and by Equa-
tion (5.20), the map d passes to the quotient and canonically induces a map d : W* — Wh+1,

Thus, we can pass each term of the sequence I'(A®D’) to the quotient by Zy; and obtain, this
time, a chain complex:

0%(3""(?’0)/1E d gt 4, el 4 0
| S ——
~ (%)

This is a chain complex because each term is a space of sections over ¥ and d?> = 0 on X. Notice
however that the chain complex is not necessarily exact, i.e. a priori there is no reason for it to
be a resolution. We call the corresponding cohomology groups the cohomology of d relatively to
& and we denote it by H*(d|H*(5)) in full generality, or H*(d) for simplicity.

Our main group of interest is the zero-th cohomology group of d. Since C*°(X) is isomorphic

to the quotient C™ (T"Q) / T, , the equivalence classes in H Y(d) are in one-to-one correspondence
with the gauge-invariant functions on X:

HY(d) = {equivalence classes of C™(17Q) / Ty, invariant under the Xi’s}

~ { gauge invariant functions on E} ~ C*(Xpn)

We emphasize that the present cohomology is defined with respect to the chain complex (W*,d)
and not (I'(A®D’),d). Thus, we managed to express the physical observables using only coho-
mological techniques, that we will push a bit further later. Notice that the higher cohomology
groups of the chain complex (WW*, d) are related with anomalies in quantum field theories (i.e. the
failure to finding a quantum action that is gauge invariant), see subsection 11.1.2 in [

| and | ].

As the ghosts 7" are differential one-forms, we see that they can be understood as coordinate
functions on some p-dimensional vector space R?, identified with the fiber D, of the regular
foliation D at each point (¢,p) € T*Q. We will let p; be the corresponding free generators of
this vector space RP, and consider that they have ghost number —1. They are then in one to
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one correspondence with the vector fields X; which generate the foliation made of the gauge
orbits. Similarly, we will consider that the ghost momenta are also linear coordinate functions,
conjugate to the ghosts, and then dual to p abstract elements u’ that we consider carrying
a ghost number +1. More precisely, the ghost momenta P; can be identified with the linear
fiber coordinates p; on the cotangent bundle 7*RP, and their dual abstract elements u’ can be
identified with the generators dq’ of the fiber of T*RP.

Let us now define a new phase space containing the variables that we introduced. The
extended phase space is the following vector space:

P=TQR N (11,...,1p) @A (ul, ... uP)

The letter on the left is a gothic capital P. Several remarks should be made: first, notice that
P~ T*Q ® RP ® RP; we used the notation A' to emphasize that the elements on the right-hand
side have ghost number —1 (for the y;) or +1 (for the u’). We could have used for example the
notation Span(j1,...,up,) or just RP but this would have obliterated the ghost number of the
variables. This degree will turn out to be quite important later on. So in the end, we could
formally write that ¥ ~ T*Q ® T*RP, where we should keep in mind that the generators of the
last cotangent bundle actually carry a ghost number.

Now, for a reason that will become clear in Section 5.3, we will formally define the ‘functions’
on ‘P as the following space:

C®(P) =C(T*Q) @ A*(n*, ..., ) @ A*(P1, ..., Pp) (5.21)

Notice that, as usual, the ‘functions’ on the space B depend on the coordinate functions ¢*, p;, n*
and P;. The product A*(n,...,nP) ® A*(P1,...,P,) plays the role of C*°(T*RP) where the A
symbolizes that ghost numbers have been taken into account (see Section 5.3). As in the classical
cotangent bundle situation — see Example 3.3 — the space 3 comes equipped with a standard
graded Poisson bracket that in the present context can be defined on alternating powers of the
variables n%, Py, as follows (the formula will be explained in Proposition 5.46):

OF 0G _OF0G _ _\var) Z OF 0G , OF 0G

F, .22
{ra)= Z dq* Op; 8p Oq on® P, 87% an® (5.22)

In the above formula, the polynomial functions F' and G are both homogeneous functions of
C>(B). The plus sign between the two last terms comes from the fact that n* and P, have odd
ghost number, so that their derivatives anti-commute:

0o _ 0 0
on® oP, 0Py on®

(5.23)

For more details see the discussion around Equation (5.68).

The bracket (5.22) is compatible with the original Poisson bracket on the cotangent space
T*Q by setting that the Poisson bracket with a smooth function f € C>°(T*Q) and a ghost, or
a ghost momentum, is zero. On C*(7*Q), we decide that the Poisson bracket is the canonical
standard one. These rules then extends the Poisson bracket (5.22) to the whole of C*° (). It
should be emphasized that this bracket is graded skew-symmetric, i.e. we have:

(F,G} = —(— 1)@, F (5.24)
In particular, if F' and G are ‘functions’ on 8 of odd ghost number, the commutator {F, G} is

symmetric. In such a case, if F' = G then {F, F'} does not automatically vanish, so if it does it
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is not a trivial identity (see e.g. Equation (5.72)). Moreover, the fact that the ghosts and their
ghost momenta are conjugate variables translates as:

", Po} = {Po,n"} =8 (5.25)

=

where the symmetry of the bracket comes directly from Equation (5.24) and the fact that
gh(n®)gh(Py) = —1.

The space of ‘functions’ on B (see Section 5.3) — denoted C*°(B) — can be understood a
bi-graded vector space M**® such that for any 0 < m,n < p, one has:

M™™ =CT*Q) @ N™(n', ..., ") @ N (Py,..., Pp)

The elements of M™™ have ghost number m — n. This bi-graded vector space can be equipped
with an ‘almost’ bi-complex structure. More precisely, we can extend the maps § and d to M**
by defining their action on ghosts and ghost momenta, respectively, so that these two maps d
and § can be graphically represented as follows:

0 0 1
MO,Z d M1,2 d M2’2 d
0 0 1)
MO,l d Ml,l d M2’1 d
0 0 1)
MO’O d Ml,O d M2’0 d

The map d is not a differential on the lower line so there is a priori no reason that it would
square to zero on the whole bigraded space, preventing it to be a bicomplex.

The bi-graded vector space M**® is equal to the tensor product of K, with A®(n!,... nP).
We let Nj be the graded vector space defined as:

N, =K_y, ®/\'(771,...,77p)

It corresponds to the horizontal lines in the above diagram. The properties of the Koszul
resolution — in particular Lemmas 15.30.2 and 15.30.3 for such a statement in this stack where
one should identify M with A®(n!,...,nP) — imply that N,, when equipped with the differential
§ only, is a resolution of C*®°(X) ® A®(n!,...,nP) ~ W*. More precisely, the zero-th homology
group of § : N — Nj_1 is isomorphic to the chain complex W*:

Ho(N,6) ~W*

Since (W*,d) is a resolution of C>°(3,), we deduce that the latter space can be obtained as the
zero-th cohomology group of the restriction of d to Ho(NN,d). The procedure can be illustrated
as first passing to the d-homology, and then to the d-cohomology:
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d

c(x) w1 4

w2 4, .. (%) HYD)  HE(d)

The above procedure allows to unify homological properties of both ghosts and ghost mo-
menta. However, the problem with this procedure is that it is not implemented in the formalism:
one has to take one homology first, and then take another cohomology. We would like to obtain
the final data — smooth functions on the reduced phase space ¥, — as the zero-th cohomology
group of only one differential. Working with a bi-graded vector space and two differentials §
and d in general allows to take their sum s = § + d as a total differential on M**. However in
the present case, since d?> # 0 on M**® — it is only weakly vanishing on the lower line — we will
not have s2 # 0. As we have seen so far, it seems not sensible to require d to be a differential,
but we can require it to satisfy a weaker condition:

Definition 5.5. We say that the linear map d : M*®* — M*+1* is a 6-exact differential is there
exists a derivation A of M**® satisfying:

d? = —[5,4] (5.26)

Since d? increases the number of ghosts by 2, and since § decreases the number of ghost
momenta by one, one deduces that, if it exists, the derivation A sends M®*® to Met+2e+l
Moreover, it can be shown that Equation (5.19) can be recasted into the form of Equation (5.26),
if one assumes that 6(n’) = 0. Indeed, since §(C*(T*Q)) = 0 we conclude that the condition
§(n") = 0 implies that §(I'(A*D’)) = 0. Then, knowing how § acts on ghost momenta, one can
find a derivation A : M*? — M*! so that d*>f = —6 o A(f) (the missing term —A o § from
Equation (5.26) being identically zero on I'(A®*D’)):

AW) = =3 Xe (1) AP @ Py (5.27)

Regarding the ghosts 1, by looking at Equation (5.17) we deduce that:

1 ,
AW") = =m0’ A0 A" @ P (5.28)
so that d?(n*¥) = —d 0 A(n*). There is no other choice, because 6(n*) = 0 so we cannot have any

contribution to d?(n*) of the form —A o §(n*). We have a minus sign on the right-hand side of
Equation (5.28) because when —§ acts on it, it has to jump over three ghosts before acting on
Py, hence not changing the overall sign and giving the desired formula (5.17).

These observations show that the lower line of the bigraded vector space M*®*® satisfies
Equation (5.26). The aim of the BRST formalism is then to:

1. extend the action of d to the ghost momenta P, so that it becomes d-exact everywhere on
M*®*®, and
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2. find additional terms to be added to the map:
s =9+ d+ ‘more’ (5.29)

so that it squares to zero.

As a consequence, one can show that the (now well-defined) zero cohomology group HY(s) is
precisely isomorphic to C*°(X,,) (this is the content of Theorem 5.12).

Notice that he first term in the list of additional terms symbolized by ‘more’ in Equa-
tion (5.29) precisely corresponds to the derivation A defined on the right-hand side of Equa-
tion (5.26). Its action on ghost momenta can be determined through the following proposition:

Proposition 5.6. It is possible to extend the maps § and d on the whole bigraded vector space
M**® so that they satisfy their respective properties:

=0 and d? is §-exact (5.30)

and so that they commute as well:
dod+dod=0 (5.31)

Remark 5.7. Henneaux and Teitelboim call a linear derivation d on M®* satisfying Equa-
tions (5.30) and (5.31) a differential modulo § (see subsection 8.2.9 in |

D

Proof. In order to satisfy Equations (5.30), one could naively say that d(n") = 0 and d(P;) = 0,
but this would not be consistent with Equation (5.31). Indeed, on the ghost momenta, one
would have:

(6od+dod)(P;) =dod(P;) =d(e;) = Xi(e;)n' ={ei 05} 0" = Chionn’ (5.32)

which is in general not zero except on the constraint surface 3. A way out of this problem is
to first drop the assumption that d(P;) = 0, and then, knowing that d o 6(P;) = ij@k 7', to
observe that Equation (5.31) applied to P; translates as:

§od(Pj) = ~Chopn' =8(CEPy @) =6(— Chl @ Py)

The last equalities can be understood by recalling that permuting a ghost and a ghost momentum
brings a minus sign. So we set the following prescriptions:

s()=0 and  d(P;)=—-Cin @ Py (5.33)

Remark 5.8. As a remark, if one sees ghosts and ghost momenta as functions on the extended
phase space 3, then the Poisson bracket (5.22) applies to products of ghosts and ghost momenta,
and in particular to terms such as the element ;) = —%C’i’“jni A ® Pr € M?!', which is
equivalent to dn* ® Pj. Equation (5.13) and the second equation in (5.33) can be recasted in
the following way:

dn* ={Qu).n"}  and  dP; = {Qu), P}

So the longitudinal differential is Poisson-exact; this observation will become a key argument in
the BRST formalism.
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In order to show that d? is d-exact, when need to show that there exists a derivation A of
C>(B) of ghost number +1 and such that Equation (5.26) is satisfied. We already know how this
derivation acts on I'(A®*D’), as is presented in the discussion below Definition 5.5. On smooth
functions and on the ghosts, we have defined the map A via Equations (5.27) and (5.28), in such
a way that d?(f) = —0 o A(f) and d?(*) = —6 o A(n¥). These two latter equations correspond
to Equation (5.26) on f and n¥, as 6(f) = 0 and &(n*) = 0.

We now need to show that such a derivation A is well defined on the ghost momenta P;. In
order to do that we will use some algebraic property of the Koszul complex, which will allow
us to deduce that if d? is §-closed on the ghost momenta, then it is §-ezact. When d? acts on
the bigraded vector space M**®, it preserves the number of ghost momenta, while it adds two
ghosts. Then, if one denotes the p-dimensional vector space of ghost momenta by the letter
E = AY(P1,...,Pp), and the full exterior algebra of ghosts by the letter ' = A*(nt, ..., n?), the
map d? can be understood as an element of the vector space E* ® E ® C®°(T*Q) ® F (more
precisely, as an element of B* @ E@C®(T*Q)®A*(n',...,n?) as it has ghost number 2 and does
no increase the number of ghost momenta). But £ ® C*°(T™*Q) is the first space of the Koszul
resolution, denoted earlier by the letter K_1. So we can imagine that there is a chain complex:

[ 0

0—— E*QFQK_, EFQF@K 1 — 5 E*@F@C®(T*Q) —— 0

without a priori knowing (yet) if this is a resolution.

The map § acts only on the ghost momenta, and acts neither on E* nor on F. One can
easily check that the action of 4 on an element o € E* ® F ® K_ is realized via the graded
commutator of operators:

5(a) =[6,0] =doa—(—1)g"¥ago4

Then, since d? is an element of E* ® F ® K_1, if the differential were exact at £* @ F @ K_1,
ie. if H1(E* ® F ® K,) = 0 and if we have that [§,d?](P;) = 0 then d?> would be J-exact on
the ghost momenta. Thanks to very properties of the Koszul complex, this is precisely the case.
Both E* and F' are C*°(T™*@Q)-modules, and the first-class constraints ¢; are a E* ® F-regular
sequence. Then, the new chain complex (E* ® F ® K,,0) is still acyclic, i.e. it is exact with
respect to the differential ¢ (see Lemmas 15.30.2 and 15.30.3 for such a statement in this stack
where one should identify M with E* ® F'). Then, we deduce from this discussion that we only
need to show that d? is d-closed, i.e. that [6, dz](Pj) = 0 or, equivalently, that the following
identity holds (d? has ghost number 2):

S(d*(Py)) = d*(5(Py)) (5.34)

We will first compute the left-hand side, and then we will show that it is equal to the right-
hand side, which have already been computed in Equations (5.18) for a general function. By
the second equation in (5.33) we observe that we have:

d*(P;) = —d(Cfi P @ Py) (5.35)
= —d(CH) N @ Pr — CfdiY @ P+ Cfi ) ® dPy,

. 1 . .

= —{en.CEYn A @ P+ 50{3-0;% N AN @ Pp — CiCi? A" ® Py
1 4 .

= (~ {om Ol + 5CECT, + CLOK ) ™ A" @ Py

1 . . ,
= 5 ({on: Cha} + {om, O} + CEChn + €1,y + OOy ) 1™ A" @ Py
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The term in the parenthesis of the last line ressembles a Jacobi identity. Indeed, it corresponds
to the left-hand side of Equation (4.83), without reducibility functions and missing the term

{301') Cfnn}

Where okl . = —glk = some smooth function fully antisymmetric on the lower and the upper

indices. In particular we have:

CECY, + {on, CE} + CE.CLL + {om, O} + CF .CF = —{i, CE L} + okl i (5.37)

So, recalling that Xcw (f) = —{f, Ck 1, when Equation (5.37) is applied to the last term
of Equation (5.18) for f = ¢; we obtain:

The contribution coming from a%mg@l automatically vanishes because it is contracted with ¢y.

As p; = 6(P;), we deduce that Equation (5.38) corresponds to d?(§(P;)). On the other hand,
the action of § on the last line of Equations (5.35) precisely gives Equation (5.38). Thus, this
implies that Equation (5.34) holds, meaning that d? is J-exact on the ghost momenta (see
Equation (5.40)).

We can actually give the explicit expression of the derivation A on the ghost momenta,
because it resembles that of Equation (5.27). Reinjecting Equation (5.37) into the last line of
Equations (5.35) gives the following expression:

1
P(Pi) = 5 (Xen, (i) + oliier) o™ A" @ Py (5.39)

Here the contribution a,’ﬁfm-gol does not vanish because there is no contraction with ¢y, but it

still vanishes on 3, together with the second term. So, if one sets (notice the position of the k, 1
indices):

A(Py) = 7%07]?1{77,1'77”1 A" @ Pr APy
then by Equation (5.27), together with the fact that §(P;) = p;, one has:
d*(Pi) = ~[5, A](P) (5.40)
which is Equation (5.26) on the ghost momenta.

Now one only needs to show Equation (5.31). Let 7 A... Anm @ Pj, A... AP, € M™",
for n > 1. Then, since the differential § has ghost number +1 and does not act on ghosts, one
has:

dod(' A AN QP A AP;) = (=1)™dn" A AD™)Q6(Pj, A AP},
A LAY @doS(Piy AL AP;)

while on the other hand:

Sod™ A AN @Pj A AP;) = (=) AL A R(Pj AL AP;)
A LAY Q80d(Piy A AP;)

Summing the two identities, one finds that:

(Jod+dod) (N A. .. AN QP A. .. AP;) =0 A AR @ (Jod+dod)(Pj A...AP;,) (5.41)
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But the very definition of the action of d on the ghost momenta in Equation (5.33) has been
chosen so that the right-hand side of Equation (5.32) vanishes. Knowing this fact, one can
straightforwardly check that the right-hand side of Equation (5.41) is zero. For n = 0 the
identity (5.31) is trivial because §(M*Y) = 0. This concludes the proof. O

Remark 5.9. The role of Proposition 5.6 is to replace Equation (5.19) by a much more gen-
eral condition symbolized by Equation (5.26) which is valid for d everywhere on the bigraded
vector space M**, and which reduces to Equation (5.19) on the bottom line M*? = I'(A*D’).
Interestingly, Henneaux and Teitelboim claim that it is also possible to show that d?(P;) =~ 0
(see the end of subsection 9.2.3 and Exercice 9.14 | ]) — meaning
that Equation (5.19) could be extended to the entire bigraded space M** — but Equation (5.39)
shows that a priori d?(P}) needs not vanish on ¥. Given the argument below Equation (5.39),
it would indeed require that the structure functions are gauge invariant. Be aware that d? not
being weakly zero on the ghost momenta does not imply that it is not zero on W*, as in the latter
space there are no ghost momenta, hence no obstruction for d being a differential. Eventually,
the BRST formulation of regular Lie algebroids seems to be a counter example to Henneaux
and Teitelboim’s claim (see Example 5.52).

So we have now the knowledge of the action the derivations J,d and A on the functions,
ghosts and ghost momenta:

S(H)=0. dlf)=X(F" A =~ 3 Xex (N1 AW @ Py, (542

5(n") =0, d(n*) = — %CZE n A, An*) = - %Uf&n n AN A" @ Py, (5.43)
SP) =g, dAP)=—CEp @B, AP :iaggnnm AP @ PR AP (5.44)
where af,fm- is the tensor defined in Equation (5.36), and corresponds to the higher order structure

functions encoding the algebra of constraints (see Remark 4.74). Writing s = § +d+ A + ‘more’,
we first observe that each term on the last line has a different relationship with ghost momenta.
When their respective action is not zero, the map ¢ makes the number of ghost momenta
decrease by one, d does not change the number of ghost momenta, while A makes their number
increase by one. To make things more explicit, we would define a new grading, the pure antighost
number®*, which just counts the number of ghost momenta in an element of C*°(%3). This grading
is different than the former ghost number defined earlier because it only sees the ghost momenta.
Knowing both the ghost number and the pure antighost number of an element u € C*° () allows
to know exactly how many ghosts and ghost momenta it contains, because its ghost number
equates the difference of ghosts minus ghost momenta. The maps J, d and A — although they all
have ghost number +1 — inherit a pure antighost number of —1,0 and +1, respectively, based on
their action on monomials of ghost momenta. So the map s has ghost number 41 but contains
terms of various pure antighost numbers. In particular we expect that the additional terms in
the ‘more’ part of the map, have pure antighost number higher than +1 and increasing. For
example we can show the following

Lemma 5.10. There exists a derivation sy of C*°(B) of ghost number 1 and pure antighost
number 2 such that:

?4This is not a standard denomination, as it is usually merely called antighost number, see e.g. [
]. We prefered to add the adjective pure in order to emphasize that this degree should
be considered on par with the pure ghost number, and not with the (total) ghost number. The denomination
antighost will become clear later, when we introduce the corresponding antighosts.
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Proof. The map [d, Al is an element of AY(Py,. .., Pp)*@A(P1, ..., Pp)RC(T*Q)2A3 (0, ..., n?).
It is d-closed, because:

[67 (d, AH = [[57 dl, AH - [d7 [0, A ]

—~— ——
=0 E—)

The first term on the right vanishes by Equation (5.31), while the second term is %[d, [d,d]] =0,
which is always zero, whatever the grading of d. The properties of the Koszul complex —
Lemmas 15.30.2 and 15.30.3 for such a statement in this stack — imply that the chain complex
(Ke @ AY(P1, ..., Pp)* @ A3(nt, ... n?),[6,.]) is exact. Then, we deduce that [d, A] is d-exact,
i.e. there exists a derivation sy of C°*°(*B) (of ghost number 1 and pure antighost number 2)
such that Equation (5.45) is satisfied. O

Let us now add s(9) to the map s and, acknowledging that there are still other terms left
unknown beyond s, we compute s2:

§2 =62+ [6,d]+d*+ [6,A] + [d, A] + [6,52)] + .- -

One can organize the resulting terms in a table depending on pure antighost numbers and
observe that they give no contribution to s:

Pure antighost number | Corresponding equation
—2 =0
-1 [0,d] =0
0 d?>+[6,A] =0
+1 [d, Al +[6,509)] =0
+2 A? 4 [d,s)) + ...

The idea of BRST formalism is to use the properties of the Koszul complex to build by induction
— as was done in Proposition 5.6 and Lemma 5.10 a family of maps (s k))—lgkgp of ghost number
1 and pure antighost number k which belongs to A (P, ..., Pp)* @A (P, ..., Pp) @C®(T*Q) ®
A*(n', ... n?), and is such that, for every —1 < j < k:

Y Sm)©Ssm =0
—1<mn<j
m+n=j5—1

where it is understood that s_;) = 0, sy = d and s;) = A. It stops at k = p because
APHL(Py, . ,Pp) = 0 — this is a particularity of the irreducible case, and would not happen in
the reducible one. Then the map of ghost number +1 defined as:

s = Z S(z) (5.46)

~1<i<p

satisfies by construction s?> = 0. For more details on the computation see Sections 8.4, 8.5 and
9.3 in [ ].

Definition 5.11. The total differential s of ghost number +1 defined in Equation (5.46) is called
the BRST differential and turns the bi-graded vector space M**® into a chain complex:

o—=2>sMP =, L oMt Sy 2, S5 s MP 550

k __ m,n
where M~ = @()Sm,ngp,mfn:k M™T,
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Be aware that although §(P;) = ;, since there are other components of various pure an-
thighost numbers in s — in particular d, say, we do not necessarily have s(P;) = ¢;, because a
minima d and A act as well. From Equations (5.42), (5.43) and (5.44), we can represent the
action of these three differentials in M*®*® by directional arrows:

*%Xcg(f)ni/\ﬁj®73k

— 5T A AT @ Py

/
k 1k

= —30j n' A

s

0

%Ukl N AN QP AP

mn

/

Pi == _LCki o P

This provides a visual understanding of Equation (5.26) (to go further, see |

). We see also that the differential sends an element of M™" to a family of
elements that sit on a diagonal of total degree m —n + 1. We can graphically represent the
action of the BRST differential s on the bigraded vector space M**, as it acts ‘diagonally’:
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For example, starting from M1, §(M*1) ¢ M0, d(M1) € MbH A(MO) € M2, 55)(M*1) C
M?33, etc. The k-th group of cohomology of s is defined as usual:
~ Ker(s: MF — MFEFL)

Hk
(5) = (s s AT S 210)

The importance of the differential s relies on the following fact (Theorem 8.3 in |
| and possibly earlily formulated in | D:

Theorem 5.12. The cohomology of s is equal to the cohomology of d modulo §, that is to say:
H"(s) = H*(d)

for every k (understanding that for —p < k < —1, H¥(d) = 0). In particular, the zero-th group
of cohomology of s coincides with that of d and we have:

HO(s) =~ C>(Z,n)

Remark 5.13. In mathematical language, Theorem 5.12 can be advantageously reformulated
in terms of spectral sequences | ]. The equality of cohomologies is then
understood as the fact that the spectral sequence degenerates after the second page (because §
is an exact differential), which is precisely the horizontal cohomology of the vertical cohomology
HP(d, H1(9)).
Remark 5.14. It turns out that the graded Poisson bracket on C*°(*B) (see Section 5.3) descends
to H%(s) and that the isomorphism H?(s) ~ C>(X,;) is actually an isomorphism of graded
Poisson algebras — where the Poisson bracket on the latter algebra is the canonical one obtained
through Poisson reduction. Thus the BRST formalism is a way to perform Poisson reduction
on coisotropic submanifolds — as stated in Proposition 3.97 — without passing to the quotient,
but through cohomological techniques. This quite important and useful alternative approach to
Poisson reduction has been coined by mathematicians homological Poisson reduction |

| or homological symplectic reduction | , ]
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Remark 5.15. The differential s is strictly equal to the sum § + d only when the algebra of

gauge transformations is a true Lie algebra, in the sense that the structure functions CY, are

structure constant. Then, we have that X« = 0, so the right-hand side of Equation (5.27) is
ij

zero, meaning that A(f) = 0. Moreover, the algebra of gauge transformations is closed in the
sense of Definition 4.69, so Lemma 4.73 implies that the term o' . vanishes, so both A(n*) and
A(P;) vanish as well. This means that the derivation A is strictly zero, so we have d? = 0 on the
bigraded space M**® which is then a bicomplex. In that case the BRST differential is s = § 4 d,

and no higher terms.

To summarize, we have extended the classical phase space T*Q by adding ghosts and their
conjugate ghost momenta, and we defined a differential s on the space of smooth functions
C> (), so that the zero-th cohomology group of this space is precisely the set of gauge-invariant
functions on X, i.e. the classical observables. The main advantage of this approach is that it is
purely algebraic because it only depends on the structure of the algebra of first-class constraints.
The gauge conditions are not implemented so it provides a way of characterizing the complicated
space C*°(Xpy) in terms of the original canonical variables on T*Q), together with ghosts, ghost
momenta and a simple differential. Replacing gauge symmetries by a rigid symmetry controlled
by the differential s is quite helpful because it allows to substitute the action depending on
complicated variables (parametrizing the constraint surface ) with an action that is defined over
the extended phase space ‘B, hence preserving manifest covariance and locality?’. Integrating
over these additional degrees of freedom in the new action yields infinities and divergences,
which are luckily compensated by the presence of ghosts. Quantization of a classical theory
with purely first-class systems turns out to be much more satisfying. For a wider discussion on
these questions, see Section 8.5 and 9.5 in | ].

Remark 5.16. The present section dealt with the BRST formalism of an irreducible first-class
system. For a reducible system, the Koszul complex becomes more complicated and was im-
proved by Tate, becoming a Koszul-Tate resolution. The treatment of such reducible systems of
first-class constraints is dealt with in Section 5.4.

5.3 Graded geometry and its associates

Let us now provide some mathematical background to the graded geometric tools developed in
Section 5.2. We need to start from the notion of graded vector spaces — see Definition A.1 —and
elaborate from it. When FE is a graded vector space, we would like to associate to it an ‘algebra
of functions’. Due to the various degrees of elements of F, this is not straightforward so we
should first give a meaning to the dual space E*. Let E = (E;);cz be a Z-graded vector space,
then we call homogeneous element a vector e who belongs to only one F;, and we denote by
le] = i its degree. Each space F; admits a dual space (E;)* where elements have by convention
a degree —i. The dual space E* is the sum of all the (E;)* and as such, it is a graded vector
space. The degree of the dual elements is chosen so that, for every e € E; and « € (E;)*, the
sum of the degrees of e and « vanishes:

le] +]a|=i—i=0

so that the real number «(e) has indeed degree 0 — as would be expected from a real number.

A monomial on (E;)* is an element denoted oy Aaa A. .. Ay, and its degree is p x (—i) = —ip.
The wedge product in this formula is not the wedge product from the exterior algebra of (F;)*,

25Gee the introduction of [ ] for a glimpse at why gauge transformations and ghosts are necessary
to ensure locality of physical theories. See these lecture notes to understand why fixing the Coulomb gauge in
electromagnetism give a non-local theory.
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as by convention we set it to satisfy the following identity:
ar \Nap = (—1)(_i)2ak N qq

so it it not necessarily skew-symmetric if 7 is even. In particular on (Ey)*, this wedge product
does not coincides with the wedge product of the exterior algebra of (Ey)*, because it is sym-
metric. This is a convention specific to graded geometry to which we will stick from now on.
This wedge product extends canonically to the whole of E* as a graded commutative product.
Indeed, for any homogeneous elements «, 5 € E*, we set:

o /\B — (_1)\04H/3|I3 A«

We see that it is graded because the degrees |a| and || appear, and it is commutative because
if ever one of them is even, the sign results in a +1. Building on Definition A.1, this discussion
allows us to define the following notion:

Definition 5.17. A graded commutative algebra is a graded algebra (A = @,cz Ai, N) such
that the product satisfies the graded commutativity identity:

anb=(=1)PtlpAq (5.47)
for any two homogeneous elements a,b € A.

Example 5.18. A typical example of a graded commutative algebra is the graded symmetric
algebra of a graded vector space E. The graded symmetric algebra S(E) over a graded vector
space F is the quotient of the tensor algebra of F by the ideal generated by the elements of the
form: a ® b — (—=1)l91°lp ® a. The wedge product (5.47) is then the graded symmetric product
making this algebra graded commutative. The algebra of formal power series S (E) built over
S(F) is also an example of graded commutative algebra.

Definition 5.19. Let £ = (Ei)icz be a graded vector space. The graded commutative algebra

(S(E*),N) (resp. S(E*)) of formal power series on E* (resp. of polynomials on E*) is called
the algebra of functions on E (resp. the algebra of polynomial functions on E ).

Remark 5.20. Notice that we used the symmetric algebra of E and not the exterior algebra,
and at first sight it may seem contradictory as we used a wedge product. However, in fact the
wedge product (5.47) is a graded symmetric product, and thus it is the adequate product on the
graded symmetric algebra of E. Moreover, Proposition 5.21 explains that in fact the symmetric
algebra is somehow a hidden exterior algebra.

In order to provide some examples of Definition 5.19, we need to introduce a new notion
which, although coming from algebraic topology — is endogenous to the world of graded geometry.
Let E = (E;);ez be a graded vector space. The suspension operator s — also denoted [—1] —on a
graded vector space £ = @), F; has the property of shifting the degree of homogeneous elements
by +1. Namely,

(sE)i = Ei—

so that if x has degree ¢ — 1, then sx has degree i. Obviously, this operator has an inverse,
called the desuspension operator, which shifts the degree of homogeneous elements by —1. The
latter is also denoted [1] in the literature. Then we define E[1] to be the graded vector space
E[1] = ®icz(E[1]); such that:

E[l]; = Eita
and we call it the desuspension of E. We obviously have E[1][-1] = E[-1][1] = E. By using
successively n times the desuspension functor, we can shift a graded vector space by degree —n:

E[n]l = Lij+n
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By duality, the degree of the functions on E[1] have their degree increased by +1, i.e. the dual
space (E[1];)* has degree —i, although being isomorphic to (E;+1)*, which has degree —i — 1.
The notation [1] precisely indicates that the degree of the dual spaces have increased by one.
Because the degree of the space is odd, formal power series over E terminate and we have the
nice following observation:

Proposition 5.21. Let E be a vector space and let E[1] be its desuspended version. The exterior
algebra of E* is then canonically isomorphic to the algebra of (polynomial) functions of E:

A*(E*) ~ S(E[1])

and it is so that the polynomial degree of an element u € A®(E*) is precisely its degree as an
element of S(E[1]).

Ezample 5.22. The Chevalley-Eilenberg algebra A®(g*) of a Lie algebra g is the algebra of
functions of the graded vector space g[1], which is understood as the Lie algebra g concentrated
in degree —1.

Ezxample 5.23. By convention, we denote by T[1]M the tangent bundle T'M[1] where tangent
vectors are considered to carry a degree —1. The wedge product of the differential forms —
Equation (1.21) — is the graded commutative product on the graded algebra Q°*(M), where the
degree of a differential p-form is p. Example (5.28) shows that it can be understood as the
algebra of functions of the shifted tangent bundle T[1]M.

The natural geometric generalization of graded vector spaces are graded manifolds. In dif-
ferential geometry, an n-dimensional smooth manifold is defined as a topological space which
is locally homeomorphic to R", and such that two coordinate charts are smoothly compatible.
In super and graded geometry, there is a similar idea (developed by Rogers [ | and
DeWitt | ]): a graded manifold is in some sense locally homeomorphic to some
product R™ x E, where FE is a graded vector space. However in the literature, graded manifolds
are usually and were originally defined from the dual point of view: from the sheaf of functions
rather than from a set of coordinate charts, even if the two definitions are equivalent. This dual
conception goes back to Berezin and Leites for supermanifolds [ ,

|, and has naturally been extended to graded manifolds by Kostant | ]. The two
notions happen to be equivalent, as was shown by Batchelor | |. See |
| and [ ] for a comprehensive introduction.

The space of functions on a smooth manifold and its restrictions to open sets can be seen as
a sheaf C*°, that is an application from the topology of M taking values in the category of com-
mutative algebras, and satisfying some compatibility conditions over open sets (see |
] for further details). A topological space X together with a sheaf of rings
0 is called a ringed space, thus any smooth manifold M in the usual sense is a ringed space,
with structure sheaf C*°. Moreover, the smooth case has the additional property that the germs
of smooth functions at a given point of M is a local ring. A ring is local if it admits a unique
non-trivial maximal ideal, different from the ring itself. In the present case, the maximal ideal
of the ring of germs of smooth functions at a point x € M is the one generated by the functions
vanishing at this point. One wants to mimick that property of germs in graded geometry, so that
one additionally requires that the sheaf of functions on a graded manifolds have the property
that their stalks are local rings. Since the ring of polynomial over a finite set of variables is a
not local, but the ring of formal power series over a finite set of variables is, one usually leans
toward the latter to define graded manifolds | ) ]. See in
particular Remark 2.19 in | | which explains that relying on polynomial functions is
often too restrictive because it would be an obstacle to differentiability of functions.
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Definition 5.24. Let E be a graded vector space and M be a smooth manifold. A graded
manifold is a locally ringed space M = (M, Orq) where the structure sheaf Oprq is locally of the
form C=(U) @ S(E*) for some open set U C M. Then the smooth manifold M is called the base
manifold, or body. We say that the graded manifold M is positively graded (resp. negatively)
if the grading of E is strictly negative (resp. positive).

As the space of functions on M is locally isomorphic to the space of functions on some open
set of M tensored with the functions on the graded vector space F, as defined in Definition 5.19,
the sheaf Oy, is a sheaf of Z-graded algebras. When U = M, we find that the structure sheaf
O (M) would be isomorphic to the space of smooth functions taking values in S(E*). It is
thus tempting to identify E with the fiber of a graded vector bundle over M, that is to say:
a vector bundle £ over M, whose fiber is the graded vector space E. That would be helpful
because it would enable to work in local coordinates or to consider only graded vector bundles.
And indeed this result is a famous theorem of M. Batchelor | | which ensures that
we can realize (non canonically) a positively graded manifold as a graded vector bundle over a
smooth manifold:

Theorem 5.25. Batchelor (1979) Let (M, O\ ) be a positively graded manifold, then there
exists a graded vector bundle £ — M with fiber a negatively graded vector space E such that the

structure sheaf Oy is locally isomorphic to the sheaf of sections T'(S(E*)), where by convention
S(E*) is the graded vector bundle with fiber S(E™).

Remark 5.26. Here, we do not explicitly need the use of formal power series because we are
working only with positively graded manifold, and Remark 3.2 in | ] explains that the
problem raised by absence of locality of the stalks can be lifted. Another way of understanding
this is that on a positively graded manifold, the polynomial degree of homogeneous functions
has to be bounded (hence the power series is finite) | |. In any case, the
statement of Theorem 5.25 can be extended to any kind of graded manifold whose grading is
bounded below or above. Recent researches have even extended it to more general cases |

].

This important result stated in Theorem 5.25 allows us to talk of (positively) graded mani-
folds in terms of (positively) graded vector bundles, which is simpler and more systematic. Using
this identification, we will sometimes use the notation £ — M instead of M, to refer to a graded
manifold. Such graded manifold is often called split but we omit this distinction. Whenever the
grading is positive (or negative), the structure sheaf &'y is isomorphic to the sheaf of sections of
the graded vector bundle which fiber is S(E*). The convention regarding positivity and nega-
tivity is chosen so that the name ‘positive graded manifold” designates a graded manifold whose
algebra of functions is positively graded. This emphasizes the prominent role of functions in
graded geometry, since they are much easier to handle than vectors, as the following definition
shows:

Definition 5.27. A morphism of graded manifolds from M to N (with respective base manifolds
M and N ) is the data of a smooth map ¢ : M — N that we call the base map together with a
morphism of sheaves ® : Onr — O g over ¢*:

(fG) = ¢*())2(G)

for every f € C®(V) and G € On(V'), for any open set V.C N. We say that the morphism ®
covers the base map ¢.

For convenience and clarity, we will write ® for a morphism of graded manifold, without further
mention of the base map.
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Example 5.28. A famous example of graded manifold is the tangent space T M whose fiber degree
has been shifted by one: it is denoted by T[1]M. Linear coordinate functions on T[1]M are
1-forms on M and are considered to carry a degree +1. Since the degrees of the fibers have been
shifted, any polynomial of such coordinate functions is a differential form, hence the sheaf of
functions is 07y = Q2°. The formal power series terminate because the degree of the element
generating the functions over T'[1]M is 1 (odd).

For a graded manifold M whose grading is bounded below or above, and whose fiber —
by Batchelor’s Theorem 5.25 — is the graded vector space E = (F;)icz, the dual space of E
can be understood as the space of linear coordinate functions on the fiber E. That is to say,
if £ admits a decomposition into basis elements (e;p)i<p<dim(r;) of degree |e;p| = i, then we
would understand (e )1<q<dim(z;) as the dual basis: €](e; ) = 04. Then the (e])1<g<dim(s,) are
playing the role of linear coordinates on the vector space E;. Moreover, the body of M, being a
usual smooth manifold M, comes equipped with local coordinates z7. As for usual differential
geometry then, the graded manifold M admits vector fields which can be understood as graded
derivations of the algebra of functions &'n¢. In particular they can carry a degree.

Example 5.29. Given a graded manifold M, we define its Euler vector field as the unique graded
derivation E of & which, applied to a homogeneous function f, satisfies E(f) = |f| f.

As in the classical smooth case, in coordinates a vector field would involve the dual elements
(eg)lgquim( g,) and the local coordinates 2. A typical example of a vector field on M would
be of the form:

dim(E;) 9
am,;

Z Xal -am S411 A lm 8xj + Z Z Xal -amy; eal ARTRNA eimi 66(11 (548)

1<5<n €2 q;i=1 2

1<m 1<m;

where X7, is asmooth function on M and there is implicit summation on contracted indices
a;,,. Moreover notice that the sum may not be finite. The degree of the term X7 | am it N A
e aaj in the sum (5.48) is computed by counting the total degree of the monomial ef' A. .. Aej™.

However, the degree of the term XJi e‘-“ A...Ne;™ =9 involves the degree of the derlvatlve

.Qm, im; Oe qz
ae which is by convention counted as negatlve (because eq’ is at the denominator):
K2
aml qi| . . .
legt 4o leg | = lef | = —i1 — o — g, i
K]

There is a minus sign in front of the term |e!| because the coordinate function e appears in the
denominator

o)

Oel "
A vector field X of homogeneous degree | X| € Z acts on a function f € Oy in the usual

way, through derivation. On a product of two functions f A g, we have the graded identity:

X(frg)=X(H)Ag+ (DI FAX(g)

Vector fields admit a graded Lie bracket, which is just the generalization of Equation (1.10). On
two homogeneous vector fields X, Y it reads:

[(X,Y]=XoY — (-DXINy o x (5.49)

The degree of the Lie bracket [X, Y] is by convention | X |+ |Y|. This turns the space of graded
derivations of O'x4 — equivalently, the space of vector fields on M — into a graded Lie algebra
(see Definition 3.16).
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Equation (5.49) has tremendous consequences: since a vector field can now have odd degree,
it is now not necessarily true that the commutator of a vector field with itself vanishes. Indeed,
if X has odd degree, then the sign (—1)IXIIXI in Equation (5.49) is a minus sign and we have:

(X, X] = 2(X o X) (5.50)

also denoted 2X?2. There is a priori no reason that the right-hand side vanishes?. For a vector
field of even degree, Equation (5.49) is always 0. Since a vector field is a graded derivation of
the algebra of functions &, a homogeneous vector field of degree +1 which satisfies [X, X] =0
is by Equation (5.50) a differential on Ox. This is sufficiently important to be coined in a
definition:

Definition 5.30. A differential graded manifold (or @-manifold) is a graded manifold equipped
with a degree +1 wvector field Q which commutes with itself: [Q,Q] = 0. More generally, odd
vector fields X such that [X, X] = 0 are called homological vector fields.

Remark 5.31. We speak of an NQ-manifold (or positively graded dg manifold) when the under-
lying graded manifold — seen as a graded vector bundle — involves only coordinate functions of
positive degrees, i.e. when E; = 0 for all ¢ > 0. Coordinates on the base manifold have degree 0,
whereas the fibers admit coordinate functions which are sections of their respective dual spaces,
which are then supposed to be of degree greater than or equal to 1.

Ezample 5.32. The main example is the Lie algebroid (Definition 2.24), whose reformulation as
a @-manifold is due to Vaintrob | ]. It eventually led Voronov to generalize this
notion and define the possibly higher Lie algebroids to be -manifolds [ ], leading
to the precise idea of Lie oc-algebroids. Lie algebroids can be defined with symmetric brackets
on I'(A[1]) instead of skew-symmetric ones on I'(A). On A[1], sections have degree —1 whereas
they have degree 0 when seen as sections of A. Thus, given a Lie algebroid A over M, we define
on the sections of the suspended vector bundle A[1] the following symmetric bracket:

{xv y} = [i7 g]

for any sections x,y of A[l], and where Z is the representative of the section x in I'(A) (i.e.
whose degree has been shifted by +1).

The space of functions on A[1] is isomorphic to I'(S(A[1]*)) (the formal power series terminate
because the degree of the fiber is odd), then it is sufficient to define the vector field @ on the
smooth functions on M and on the sections of A[1]*, and then extend to all of I'(S(A[1]*)) by
derivation. However since @ is of degree one, then it sends smooth functions to sections of A[1]*
and sections of A[1]* to sections of S?(A[1]*). Hence we define:

(Q[f], ) = p(z)[f]
(Qlal,z ©y) = p(x) (e, y) — py){a, z) — (o, {z,y})

for every f € C®(M), a € T'(A[1]*), and for any x,y € I'(A[l]), and where (.,.) denotes
the pairing between A and A*. We extend @ to all of I'(S(A[1]*)) by derivation, so that the
cohomological property comes from the morphism property (2.3) and from the Jacobi identity
of the Lie algebroid bracket:

(@110 y) = ([p), pv)] = p({2,9})) 1]
(o], 20y ®2) = (a, {z,y}, 2} + {{y. 2},2} + {{z.2},4})

26However, notice that the triple commutator [X, [X, X]] always vanishes, whatever the degree of X.
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for every f € C*(M), z,y,z € I'(A[1]) and o € T'(A[1]*). This explains the one-to-one corre-
spondence between Lie algebroids and @-manifold structures of degree 1 on A[1].

On a Lie algebroid A, the cohomological vector field ) actually turns out to be the Lie
algebroid differential d4 defined on the Chevalley-Filenberg complex A®*A*. This sheds light on
other situations:

1. Since TM is a Lie algebroid, the shifted tangent bundle T[1]M is a N@Q-manifold, and
the cohomological vector field @ is the de Rham differential on the algebra of functions
Q*(M).

2. The same idea applies to Poisson manifolds: by Proposition 3.39, a Poisson manifold M
induces a Lie algebroid structure on 7% M. Then the cohomological vector field on T* M 1]
is the Poisson differential d, = [, .]sn, see Definition 3.18.

The notion of differential graded manifold applies to the extended phase space P of Sec-
tion 5.2:
P=TQ@ N (p1,...,1p) @A (ul, ... uP) (5.51)
This is a graded manifold with body T*Q and fibers of (ghost) degree +1 and —1. The ghosts
n® are the dual coordinates to the j;, while the ghost momenta P; are dual coordinates to the
u?. Then, what we have defined as the algebra of functions on 9B, which is involving the wedge
products of ghosts and ghost momenta:

Co(P) =C=(T*Q) @ A (n*, ..., ") @ A (P, ..., Pp)

is indeed the algebra of functions on 3 as defined in Definition 5.19. The whole goal of Section 5.2
was to define a degree +1 differential s on C*°(*B) satisfying Theorem 5.12. As a derivation of
the algebra of functions COO(‘B) it can be understood as a vector field on ‘B. By Equation (5.50),

the cohomological property s* = 0 is then equivalent to the vanishing of the self commutator:
[s,s] = 0. This proves that the extended phase space of Section 5.2 is a differential graded
manifold, with cohomological vector field s.

The action of the linear maps §, d and A on smooth functions, ghosts and ghost momenta — see
Equations (5.42), (5.43) and (5.44) — gives us some informations to what does s = 0 +d+A+...
look like in local coordinates®”:

0 i 0 0
= @ X;—CEnp AP fc’f AP — + A 5.52
5= Pigp M N Pran = "' n8k+ +. (5.52)
The first-term is the differential & while the next three terms correspond to d. Inspired by
Remark 5.8, we have the intuition that (at least part of) the differential s is a Hamiltonian
vector field on B. By Equation (5.27) we know that A contains the term —f{ ZJ, }774 A /\Pk,

and this is precisely the contribution that is missing to the sum —C; Jnj APy ap. C ] ingl 2 BiF SO

that it can be written as { — ]77 “AnJ APy, . }. Gathering these terms together, Equatlon (5.52)
can be recasted as follows:

s ={om' - 70"’17 AP APr, f+ A (5.53)

where the new term A’ is a derivation of ghost number 1 and pure antighost number 1 defined
as:

1 0
AL AN AP A
4 zmnn 77 Pk Pl a,P

2"From now on, we will use the wedge product instead o the tensor product between ghosts and ghost momenta,
because in the graded geometry setup we now see them as graded coordinates which can legitimately graded
commute, following Rule (5.47).

1 0
6 zmnn /\77 /\77 /\Pla L
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where ol is the tensor defined in Equation (5.36). This new term can be explained as follows:

A’ is what remains of A after one had singled out the term —%{C¥ T - Mt And APy from it. Tt
turns out that this term is almost exact as:

1 .

where the last term certainly cancels with a term in s(3). This discussion hints towards the idea
of recasting the BRST differential s as a Hamiltonian vector field on the graded manifold ‘3.
In order to explore this possibility, one needs to discuss the notion of Poisson and symplectic
structures in graded geometry.

In order to generalize Poisson and symplectic structures to the graded context, one first
needs to allow the notion of graded Lie bracket to carry a degree (the following notions are
taken from [ ). A graded Lie algebra of degree n is a graded vector space A
endowed with a graded Lie bracket on A[n], in the sense of Definition 3.16. Such a bracket can
be seen as a degree —n Lie bracket on A, i.e. as bilinear operation [.,.] : A® A — A satisfying
[Ai, A;] C Aiyj_n, as well as the graded antisymmetry and graded Jacobi relations:

[a, 8] = —(=1)Uel=m =" p, o]
[a, [b, e = [[a, b], ] + (=)= 0= p, a, o]
Then Definition 3.1 immediately generalizes to the graded case:

Definition 5.33. A graded Poisson algebra of degree n or n-Poisson algebra is a graded vector
space A = ez A; equipped with two bilinear products A and {.,.}, such that:

1. (A, N) is a graded commutative algebra;
2. (A, {.,.}) is a n-graded Lie algebra;
3. the Lie bracket is a graded derivation of the associative product:
{a,bAc} = {a,b} Ac+ (=1)Pled=mp A {4, ¢} (5.55)
for any homogeneous elements a,b,c € A.

As a particular case, when n =1, A is said to be a Gerstenhaber algebra.

Remark 5.34. Using the graded commutativity of the graded Poisson bracket, together with
Equation (5.55), one can show by induction the following formula:

{anb ey = (=)= 10y Ab+an{bc} (5.56)

Ezxample 5.35. The algebra of function on the extended phase space B of Section 5.2 and denoted
C>®(B) (see Equation (5.21)) is a graded Poisson algebra (of degree 0) when equipped with the
Poisson bracket { ., .} which restricts to the canonical one on smooth functions on 7*@), and to
the one defined in Equation (5.25) when restricted to ghosts and ghost momenta. The Poisson
bracket between a smooth function and a ghost or ghost momentum is defined to be zero:

{f,y=0 and {f,P;} =0

Otherwise it should satisfy the usual derivation property (5.55). It will be given an explicit
formula in Proposition 5.46. Notice that this graded Poisson bracket has total ghost number 0
(as said before) but has pure antighost number 1. So it will decrease the pure antighost number
of a function F' € C*(B).
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Ezample 5.36. The algebra of polyvector fields X*(M) presented in Section 3.1 — not to be
confused with the shifted algebra V(M) = X*(M)[1] — is a Gerstenhaber algebra when equipped
with the Schouten-Nijenhuis bracket, because it is of degree —1 on X*(M).

From the observation of Example 5.35, mathematicians have managed to generalize the treat-
ment of irreducible first-class constraints which is called Dirac reduction in order to apply it to
abstract Poisson algebras. This reduction process has been explained in the discussion following
Definition 4.82. It has been shown that this reduction equivalent to Poisson reduction of a
Poisson algebra by a coisotropic ideal — also called Sniatycki- Weinstein reduction and explained
in the discussion preceding Proposition 3.97 (see for example Section 3.1 of |

I, [ ]). Mathematically speaking, Dirac reduction has
been explained in Remark 3.98 and in much more details in Section 2 of | ]. Refor-
mulated in terms of constraints, if I is a multiplicative ideal of a Poisson algebra P generated by
a set of functions (the constraints), then the first-class constraints are the elements of I which
are also part of the normalizer N (I) of I (with respect to the Poisson bracket):

{first-class constraints} = N(I) NI

We denote this set by I’ and the second-class constraints are the remaining generators.

The algebraic analogues of the gauge invariant functions in the sense of Definition 4.82 are
the elements f of P such that {f,I'} € I. We denote this set of functions by N(I,I’). Then,
the Poisson reduction of P by I — also called Dirac reduction in | ] — then
essentially consists of taking the quotient of N(I,I") by the ideal I, i.e. taking the quotient
of the gauge invariant functions by the ideal of constraints, as was explained in the discussion
below Definition 4.82. Proposition 1.23 in Reference | | also explains under
what conditions the Poisson algebra from Sniatycki-Weinstein reduction coincides with that of
Dirac reduction.

Moreover, References | ] and | ] establish
another kind of reduction, in the symplectic context, called homological symplectic reduction.
It is based on the ideas controlling the BRST formalism, and leads to Proposition 5.57. Under
adequate circumstances, Sniatycki-Weinstein reduction, Dirac reduction and homological reduc-

tion coincide. The paper | | answers the question asked at the end of |

| and generalizes the BRST-Homological reduction to every Poisson algebras. See Table 1
of | | for an overview of the various approaches in Poisson and Symplectic
reduction.

As the notion of Poisson algebra has been defined, we can now straightforwardly extend
most of the material introduced in Section 3 to the graded case. In particular, the notion of
graded Poisson manifold or Hamiltonian vector field makes totally sense:

Definition 5.37. A n-graded Poisson manifold is a graded manifold M such that the algebra
of function Oy is a n-graded Poisson algebra.

Ezxample 5.38. Given the discussion in Example 5.35, the extended phase space 3 is a 0-graded
Poisson manifold.

As there exist graded Poisson manifolds, there exist also graded symplectic manifold. The
definition of the latter relies on the notion of closed non-degenerate two forms (see Defini-
tion 3.48). This requires to understand what is a differential form on a graded manifold
M =~ M x E. On a classical smooth manifold, the differential p-forms are generated from
the differential one-forms as their exterior algebra. In that context, a differential one-form is

o)

a linear coordinate on the tangent bundle, i.e. dz’ (%) = (5; We would use the same idea
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in the graded case. By convention, coordinate functions on M are made for one part of the
coordinates 27 on the body M, and the basis elements e of the graded vector space (E;)* for
every i such that E; # 0. Then, we define the differential one-forms, and denote them dz/ and
def, to be linear coordinates on the tangent bundle TM (see [ | for
further details and material). The notation d here symbolizes the (graded) de Rham derivative,
and should not be confused with the differential modulo § of Section 5.2.

By convention the elements dz/ and de¢ have the same degrees — respectively 0 and —i — as
the elements 27 and e? (recall that elements of (E;)* have degree —i). This convention extends
to the exterior algebra generated by da’/ and de¢. For example, if n = da? A dei N del,’n then the
degree of 7 is |n| = —i —m, while if n = zFeS A el do? A ded Adel, then |n| = —r —s—i—m. In
both cases, 7 is a 3-forms as the form degree (1-form, 2-form, 3-form, etc.) indicates how many
arguments the differential form can absorb, while the degree of the differential form (induced by
the degrees of basis elements of E*) is a totally new feature from graded geometry. However, the
form degree adds up to the degree to form what we call the total degree: in this convention, the
elements dz/ and de? have degree +1 and —i + 1, respectively. This convention is just defined
to compute the commutativity of two differential one forms:

da? A da® = (=1 da® A da?
dz? A ded = (=1 D ded A dad
def A de;3 (71)(_”'1)X(_j"'l)de;»B A def

In particular if 4 is even, we have that def A de$ # 0. So much for the conventions on differential
forms on a graded manifold. These observations allow us to set the following notion:

Definition 5.39. A n-graded symplectic manifold is a graded manifold equipped with a non-
degenerate closed differential two-form w of degree n.

Example 5.40. As in the classical geometry case, the cotangent bundle of a graded manifold is
a symplectic manifold of degree 0. Indeed, let £ = E_1 be a graded vector space concentrated
in degree —1. Linear coordinates on E are abusively denoted ¢ and have degree +1. Then dg’
have degree +1 as well. But linear coordinates on the fiber of the cotangent bundle T*FE, the
conjugate momenta associated to ¢*, are denoted p; and have degree —1 so that p;(d¢’) = &7 has
indeed degree 0 as should be expected. Then the canonical symplectic form w = 31" | dp; A dg*
has degree 0. This argument applies to any graded manifold.

Now that we have some machinery we can provide some generalization of basic notions
from Poisson and symplectic geometry. For example, a n-graded Poisson manifold in which the
Poisson bivector is non-degenerate is a symplectic manifold and vis-versa. The Hamiltonian
vector fields also admit their counterparts, as well as Poisson and symplectic vector fields. In
order to define them we extend to the graded context the notion of Lie derivative. The graded Lie
derivative is the obvious, straightforward generalization of Definition 3.33 to graded geometry.
In particular, Cartan’s magic formula Lx (1) = dvx(n) + txdn becomes:

Lx(n) = dux(n) + (=1)Xlixdn (5.57)

More generally we can develop Cartan’s calculus along the same lines as in the classical case.
In classical differential geometry, on a smooth manifold M, the commutator |.,.]| of operators
on Q°(M) is a graded commutator, in the sense that d and ¢x are derivations of the algebra of
differential forms, of degree +1 and —1, respectively. The degree here denotes the form degree.
As the Lie derivative can be written as their commutator: Lx = [d, tx], we deduce that it is of
degree 0 (it does not increase nor decrease the form degree).
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Definition 5.41. Let M be a n-graded Poisson (resp. symplectic) manifold. Denote by {.,.}
(resp. by w) the graded Poisson bracket (resp. the symplectic two-form). A wvector field X of
degree k is said to be Hamiltonian if there exists a function f € On of degree n + k such that

X =A{f,.} (resp. df =1xw) (5.58)
A symplectic vector field on (M, w) is a vector field X such that:
Lx(w)=0

Remark 5.42. Notice the slight notational difference between the right-hand side of Equation
(5.58) and Equation (3.28) in Remark 3.52. In the graded context, the position of the vector
field with respect to the symplectic form (to the left or to the right) has indeed consequences
on the overall sign.

In the graded case, on a graded manifold M, we still continue to think of d as a degree +1
operator on Q°(M), in the sense that it increases the total degree of the differential form by 1
(recall that the total degree of a differential form is the sum of its degree and of its form degree).
But tx is now understood to be an operator of degree | X| — 1. Then Equation (5.59) can make
more explicit the definition of the graded commutator in the definition of the Lie derivative:

Lx =[dx] ¥diy — (—1)X¥ 1 xd (5.59)

From this we deduce that the Lie derivative Lx has degree |X|. Then, the classical relations
[Lx,d] =0 and ¢, vy = [Lx,ty] straightforwardly extend to the graded context as:

Lx,d ¥ Lyd— (-1)Xldcy =0 (5.60)

[Ex, Ly] d:ef Lxty — (—l)lX‘(lyl_l)Lyﬁx = LLy(Y) (5.61)

By Equation (5.60), the Euler vector field can now act on differential forms since it has degree
0 so it commutes with the de Rham derivative:

Lg(de}) = dLg(e]) = —ide]

as |e}| = —i. Then we have these fascinating results which are valid only in graded geometry

[ I

Lemma 5.43. Let (M,w) be a n-graded symplectic manifold.

1. If n #0, then w is exact.

2. Let X be a symplectic vector field of degree k. If n+ k # 0, then X is Hamiltonian.

Proof. The Euler vector field satisfies: Lgw = nw. Since w is closed, we are left with dw(E,.) =

nw where d is the graded de Rham derivative. This implies w = dw®.) Ty order to prove Item

2., notice that by definition we have:
LE(X)=kX, Lgw)=nw and Lx(w)=dixw=0

Since the Euler vector field has degree 0, the graded commutator in Equation (5.61) is a com-
mutator, and we have Leg(X) = Letx — txLg. By setting H = tgtxw we obtain:

dH = digtxw = LEtxw — tgdixw = oy (x)w + tx LE(W) = (n + k)ixw

Hence txw =d (%), meaning that X is Hamiltonian. O
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This discussion shows that the extended phase space 3 of Section 5.2 is actually a cotangent
bundle of some graded manifold. Indeed let 9 — this is a gothic capital Q — be the graded
manifold defined as the direct product of the configuration space (Q and a p-dimensional graded
vector space F = F_1 concentrated in degree —1. Then Q = @Q x F is a graded manifold of
degree —1 whose body is (): one can then see £ as the suspension of a rank p vector bundle over
Q). We say that Q is the extended configuration space. We denote by pi1,. .., u, a basis of E,
so that their dual elements have degree +1 and serve as linear coordinates on E: they are the
ghosts n',...,nP. The momenta conjugate to the ghosts — i.e. the linear coordinate functions
on the fibers of 7*Q — are precisely the ghost momenta P1,...,P,, and given the explanation
of Example 5.40 they have degree —1. Notice that the ghost number precisely encapsulates the
grading coming from the graded geometry. Then the extended phase space (5.51) is exactly the
cotangent bundle of the extended configuration space:

P =779

Thus, the extended phase space is a graded manifold concentrated in degrees +1, and its
body is the cotangent bundle T*Q. The coordinates on B are the ¢, pj, n* and Py, so that
its algebra of functions, in the sense of Definition 5.19 coincides with the original definition,
Equation (5.21). Moreover, as a cotangent bundle of a graded manifold, B admits a canonical
symplectic form :

n p

w= Z dp; N\ dq* + Z dP, N dn® (5.62)
i=1 m=1

whose associated graded Poisson bracket is the one defined in Equation (5.22).

Notice that not only B is a graded symplectic manifold, it is also a differential graded
manifold as we have proven that there exists a cohomological vector field of degree +1 on
P: the infamous BRST differential s of Section 5.2. A question then would be whether the
homological graded vector field s is a symplectic vector field, i.e. do we have Ls(w) = 0?7 Graded
manifolds for which there is a compatibility between a homological vector field and a graded
symplectic form are interesting on their own:

Definition 5.44. A graded symplectic manifold endowed with a symplectic cohomological vector
field is called a differential graded symplectic manifold, or @ P-manifold for short.

If P is a @ P-manifold, i.e. if s is a symplectic vector field, then since w has degree 0 and s
has degree (ghost number) 1, Item 2. of Lemma 5.43 would imply that s is a Hamiltonian vector
field, meaning that there exists a function  of ghost number 1 such that s = {Q,.}. From
the discussion leading to Equation (5.53), we already know that the first terms of the graded
vector field s correspond to a Hamiltonian vector field X = {cpmi — %ijni A A P, . } This
represents a huge indication that the BRST differential is a potential Hamiltonian vector field
on the extended phase space 3, and is such that the associated ‘Hamiltonian function’ {2 would
start with the following terms:

| o
Q:goml—gC’fjnl/\nj/\Pk—i-...

Given its centrality in the treatment and the quantization of physical classical systems in the
BRST formalism, the graded function 2 deserves its own name:

Definition 5.45. Any function Q € C*°(B) of ghost number 1 satisfying the following identity:

s=1{0,.} (5.63)
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is called a BRST charge or BRST generator. The cohomological property of the BRST differ-
ential s translates at the level of the BRST charge as:

{2,Q}=0 (5.64)
This identity is called the classical master equation.

Notice that the classical master equation (5.64) is not a trivial equation. The best way to
view it is to find a concrete formula for the canonical Poisson bracket on 8 (see Example 5.35).
Moreover, it would help us making sense of Equations (5.63) in the graded case, as we are
interested in writing s = {,.} in terms of derivatives of ghosts and ghost momenta. From
Equations (5.56) and (5.25) one deduces that:

7 7 m—14n 0 7 m, oG
(A AT AP A AP, G = (=) W(nl/\"'/\n )/\le/\.../\Pjnﬂ
n—1, 1 7 oG

The signs in this equation are a consequence of the odd ghost number 41 of the ghosts and the
ghost momenta. One can understand the sign (—1)™ 1" of the first term on the right-hand

— that differentiates a

side as coming from a ‘right derivative’, i.e. a derivative — denoted

on'k
function from the right (so we write it on the very left):
i1 imy 0 _ i1 im—1 gim]
(M Ao A )(%]ik:mn A.. A7 i (5.66)

where the brackets symbolizes the full antisymmetry on the upper indices. By this antisymmetry,
the right-hand side of Equation (5.66) is equal to (—1)™ tmnliz A... Aqim (5;1], so that one has:

i im i_ om0 im
(M Ao A )anik—( 1) 3nik(n Ao ADT™) (5.67)

In other words, the first term on the right-hand side of Equation (5.65) can be rewritten as:

o . oG . . 9 9G
-1 m—14n ' A m . . _ LA im . P

because one has to pass the right-derivative over all the ghost momenta (bringing a sign (—1)")
and then apply Equation (5.67).

The second sign (—1)"~! on the right-hand side of Equation (5.65) can be interpreted along
the same lines. With a right-derivative, the second term on the right-hand side of Equation (5.65)
can be rewritten as:

oG , . 9 oG
(PjyA...APj,) = (77“A...AanAleA.../\Pjn)—ap e
K

_qy—1 i1 im
(=D)" " "t AL ARTA e

aP,;

Since the right-derivative does have to pass over the ghosts, we do not have any dependency
in their number m. The advantage of using right-derivatives is the absence of signs, that were
otherwise present in Equation (5.65) and possibly intriguing. If one denotes the usual partial
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derivative (from the left) with a right arrow on the top, the canonical graded Poisson bracket
on the extended phase space then reads:

OF G OF 3G & )
F, F
thot= Z o oy opog T2 a a7> Cop, o

(5.68)

The plus sign between the two last terms can be interpreted as twice a minus sign: the first
one would be the one usually appearing in a Poisson bracket (e.g. in the first sum), while the
second one would be induced by the anticommutativity of the two derivatives which carry an
odd ghost number, see e.g. Equation (5.23).

We can also provide a formula of the graded Poisson bracket which does not involve such
derivatives from the right. Indeed, by making % passing over 't A ... A n'" from the right,
'k

Equation (5.65) can be rewritten as follows:

(YA A AP, AL AP, G = (=) W(nl/\,_./\nM/\le/\.../\Pjn>ﬁ
(9
. , oG
_1\yn—14m i im ) .
+(=1) 8Pik(771A"'An /\Pﬂ/\.../\P]n)an (5.69)

Since n +m corresponds to the ghost number of the function n’ A ... An™ A Pi, AN...ANPj,, we
straightforwardly extend Equation (5.69) to more general functions on :

Proposition 5.46. The canonical graded Poisson bracket on C*°(*B) associated to the canonical
symplectic structure (5.62) on the extended phase space is defined by:

OF 0G OF 8G oF 8G oF 0G
F, — gh(F
{ra)= Z 0q* Op; 8p g’ Z on® P, 873a on?

(5.70)

where F' is a homogeneous function of ghost number gh(F).

Remark 5.47. This graded Poisson bracket is often called the big bracket |
.

Equation (5.70) is intriguing because it involves the ghost number of F' and a minus sign,
although we understand their justification from the discussion leading to Equation (5.68). Both
of these equations are important as they can be used in different contexts. For example, the
advantage of Equation (5.68) is that there are no sign depending on the ghost numbers of F or
G while its disadvantage is that it involves right-derivatives. On the other hand, Equation (5.70)
has the disadvantage of involving the ghost number of the function F', but it has the advantage
of allowing concrete computations, e.g. by making clear what is the Hamiltonian vector field
associated to F':

oOF 0O oOF 0O
{F’-}—ga?j@‘@a?" Zanap 9P, o

(5.71)

Notice that both Equations (5.68) and (5.70) are independent from the way we write F' and G
(in which order we organize the ghosts and the ghost momenta).

We can now apply these observations and Proposition 5.46 to the equations characterizing
the BRST charge (see Definition 5.45). First, from Equation (5.70), we understand that the
classical master equation (5.64) is not a trivial equation, since €2 has ghost number 1:

0 9N 3Q8Q+3Q 8Q+OQ o (3939_{_39 89)
Oqi Op;  Op; Ot O OP, 9Py On®  ~\O¢ dp;  On® OP,

(2,0 = (5.72)
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We used the fact that gg g;z = g{? 99 y6cause both terms have ghost number 1, while 597? gr? =
o0 90

P 9P because here, they have even ghost numbers. Equation (5.72) is obviously not necessarily
zero. Moreover, from Equation (5.71), we deduce that the BRST differential in Equation (5.63)
can be understood as follows:

L0 000 o0 o 900
© 0¢/ dp; Op; O¢8  OnrOP,  OP, On-

(5.73)

If we assume that the BRST differential is a Hamiltonian vector field, we read from Equa-
tions (5.53) and (5.54) the first terms in the BRST charge:

1 1
ngpml—Qckn AnJAPk+12 okl AT AN APy AP+ (5.74)

Notice that the first term has pure antighost number 0, the second term has pure antighost
number 1, and we expect the higher terms to have higher pure antighost numbers. As the
BRST differential s can be decomposed by pure antighost number — see Equation (5.46) —
can then decompose the BRST charge by pure antighost numbers:

p+1
Q=> Qg (5.75)
i=0
with Qo) = @i, Qay = —5CEn* A APy and Qo) = 1500,,1° An™ An™ APy APr. The higher
order terms encode how complicated the algebra of gauge symmetries is, e.g. see |
| and subsection 9.4.3 in [ |. This decomposition

has an intrinsic importance because usually physicists and mathematicians show the existence
of the BRST charge (2 by precisely building the sequence of terms €2(;) one after another:

Proposition 5.48. The BRST differential s is a Hamiltonian vector field with respect to the
canonical graded symplectic form (5.62) on the extended phase space 8.

Proof. See e.g. Section 9.3 in | ] or Section 3.3 in | ].
O

The constructions of the BRST charge made in the proof of Proposition 5.48 are all sim-
ilar and can be formalized under the theory of homological perturbation in pure mathematics
(see [ ] for a clear understanding of the statement, together with refer-
ences therein for a complete overview of the homological perturbation theory related to BRST
formalism in the mid-1990’s). While in homological perturbation theory, mathematicians build
the BRST differential directly, in general physicists historically built the BRST charge 2 step by
step step, using the exactness property of the Koszul complex. The definition of the component
§2(;) is set only up to exact terms, so there is always some liberty in choosing €2(;). Then, a priori
there exists an infinite number of BRST charges associated to the BRST differential. Moreover
the choice of constraints is not unique, although the constraint surface is, adding possibly more
liberty in the choice of even the first term () and thus all subsequent ones. However, it turns
out that the BRST charge is essentially unique:

Proposition 5.49. The BRST charge Q € C*(B) associated to the BRST differential s is
unique up to canonical transformations of the extended phase space R.

Proof. This statement is proven in subsection 9.3.3 in | ] O
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Remark 5.50. We conclude that the extended phase space P equipped with its canonical graded
symplectic form (5.62) and the BRST differential s is a () P-manifold. Equivalently, since the
symplectic form corresponds to the non-degenerate Poisson bracket defined on the algebra of
functions C*°(*B) in Example 5.35, we deduce that C*°(B) is a differential graded Poisson algebra.

Example 5.51. When the gauge transformations are generated by a true Lie algebra, the BRST
differential is only made of two terms s = ¢ + d (see Remark 5.15). Then, the BRST charge
only contains the first two terms appearing in Equation (5.74):

1
Q= pan” = 5CoN" N n’ A Pe

and the C¢, are constant. For more examples related to (possibly abelian) Lie algebras, see
Section 9.4 of [ .

Example 5.52. When the gauge transformations form a closed algebra in the sense of Defini-
tion 4.69, we will see that the BRST charge of Example 5.51 is not modified, except that the C¢,
become smooth functions over (). Since the constraints are irreducible, Theorem 4.79 establishes
that the almost Lie algebroid F associated to the constraints by Proposition 4.77 is a foliation
Lie algebroid, i.e. the vector bundle F fits in the following short exact sequence:

0 E-—",1TQ TQ/p<E)%o

By denoting by X, the Hamiltonian vector field on T*@Q associated to the constraint ¢, (not to
be confused with the vector fields p(e,), defined on @), we have in local coordinates:

) 9pi 0

ot Piggk O

Xo = pé (576)

Then, using Equation (4.89), one finds that the commutator of two such Hamiltonian vector
fields does not close:

o5, &
ozt Op;
As expected, the Hamiltonian vector fields X, close on the constraint surface, when ¢, = 0.
The shifted Lie algebroid E[1] can be identified with the extended configuration space Q and
T*E[1] with the extended phase space 3. Let us compute the components of the BRST differen-

tial in the case where the system of constraints corresponds to a closed algebra of gauge transfor-
mations. From Equations (5.42), (5.43) and (5.44) we deduce that A(f) = —3 0Ca 0F A QP

[Xa, Xp] = Cop Xe + e

(5.77)

T2 9zt Op;
while, by Equation (4.84), we deduce that A(n*) = 0 and A(P;) = 0. From this, we obtain that
10C¢ 0
A= _— qb a A b AP.
2 Oxt K AP Op;

It does not contain any other term. The form of A for systems of constraints admitting a closed
algebra of gauge transformations is thus of a very particular form.

From this discussion, one observes that under the present assumptions, Equation (5.53)
only contains the terms which are in the Poisson bracket, that is to say, the BRST charge for
irreducible systems of constraints associated to a closed gauge algebra is:

1
Q= gan® - 5Capn" A n’ AP (5.78)

This is a generalization of what we saw in Example 5.51, but now the C¢; are smooth functions on
Q. The fact that the BRST charge has only two terms concentrated in pure antighost numbers
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0 and +1 is typical of irreducible constraints forming a closed algebra of gauge transformations.
Then, using Equation (5.52) or Equation (5.73), the BRST differential s reads:

- d a c b 0 1 c _a b 0 160(% a b 0
s—goaapa+n Xo—C5m APcaPa 2Cab77 A7 o " 2 o n*An /\7308]% (5.79)

The first term corresponds to the differential d, while the next three terms correspond to d, the
differential modular §, and the last term indeed corresponds to A. Notice that with these data,
on the constraint surface, we do not have d?(P,) ~ 0.

Eventually, one sees that on the zero section of 8 = T* E[1], which is defined by the equations
P, = 0 and p; = 0 — and hence ¢, = 0 there as well — and which is also by definition isomorphic
to E[1], the BRST differential s given in Equation (5.79) reduces to the cohomological vector
field @ of Example 5.32. The relationship between this cohomological vector field and the BRST
charge (5.78) is straighforward, as one only needs to replace P. by %:

;0 1
a0 2O A b
Q=n"p, gzt~ 2Ca NG

Moreover, on the zero section of T%(), defined by the set of equations p; = 0 and identified with
@, the Hamiltonian vector fields X, defined in Equation (5.76) coincide with p(e,), and the last
term of Equation (5.77) vanishes, so that we obtain the usual morphism identity (2.3). Thus,
we can say that ¢, is the Hamiltonian lift of p(e,) € X(Q) to T*Q and that the BRST charge
Q is the Hamiltonian lift of the cohomological vector field @ € X(E[1]) to T*E[1]. All of this
discussion shows that all the geometric data of the Lie algebroid F is in some sort contained
inside the extended phase space B = T*FE[1], as its zero section. This adds up to the already
quite deep relationship existing between Lie algebroids and constrained systems, as was first
established in Theorem 4.79.

Remark 5.53. The extended phase space in Example 5.52 is what is called a double vector bundle
over (Q, as it fits into the following commutative square:

™F E
™Q Q
See | | for more informations on this particular kind of geometric structures.

5.4 BRST formalism for reducible constraints

In Section 5.2 we introduced the BRST formalism for an irreducible set of (first-class) constraints.
This choice was made for pedagogical reasons since understanding the BRST formalism in the
irreducible case is already not trivial. We will indeed see that reducibility of the constraints
implies that the cost of preserving exactness of the Koszul complex is to introduce other spaces,
making the complex much bigger (both in length and in width).

In Section 4, we defined irreducibility of the constraints as the property of being minimally
functionally independent (see Definition 4.42). This can be alternatively stated as the fact that
these constraints can serve as transverse coordinates to the constraint surface. By the regularity
conditions on both the primary and secondary constraints surfaces — see Scholie 4.19 and 4.37 —
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we deduce that locally, one can always find a set of independent, i.e. irreducible, constraints, on
which the rest of the constraints would depend. However, this set of local constraints might not
be sufficient to define the constraint surface globally, as they can be dependent elsewhere in the
phase space so they may not be convenient to handle the physics on the constraint surface, e.g.
because of manifest symmetry breaking or topological obstructions that cannot be probed by
local constraints. Moreover, even if such a global splitting between independent constraints and
dependent ones would be possible, it spoils in practice manifest Lorentz invariance or locality in
physical space (see Footnote 25). For these reasons, it is sometimes better to keep working with
a set of (globally defined) constraints which are functionally dependent, without assuming that
any definite splitting has been performed. We then say that the constraints are reducible (see
Definition 4.42). See subsection 1.1.8 in [ ] for additional reasons
about the need to use a set of reducible constraints.

A set of constraints being reducible means that there are more constraints than the codi-
mension of the constraint surface >, and that locally, in the neighborhood of every point of
the constraint surface, we can pickup codim(X) constraints in the set such that all the other
constraints are consequences of the former. See subsection 1.1.2 in [

| for an understanding of this perspective. An alternative but equivalent reformulation in-
volves the null eigenvectors of the matrix controlling the Noether identities: see footnote 4 on

page 21 in | |, or Section 2 in | | as well as subsection
3.1.9 of | |. Eventually, the splitting of constraints into first-class
and second-class constraints also interacts with the reducibility property, as is explained in sub-
section 1.3.4 of | ]. What is said in Section 4.5 still applies to

reducible constraints. In particular, first-class reducible constraints induce a regular foliation
on the constraint surface, with the difference that the hamiltonian vector fields X, are not
independent anymore.

From now on, we assume in the present section that the constraints are globally defined on
the phase space, and that they are reducible and first-class. Let us set some conventions: we use
the index ag to label the irreducible constraints (g, and we assume that there are Ag > codim(X)
of them. Si?ce these constraints are not functionally independent, there exists a set of smooth

functions Zapao on 1™ which do not vanish everywhere on X and such that we have, for every a;
(this is a rewriting of Equation (5.80) with the current convention of indices):

25"y = 0 (5.80)

The index a; runs from 1 to some integer A1, which may be later specified. The functions Zé})ao
are called first-stage reducibility functions®®, not to be confused with the first-stage, second-stage,
third-stage constraints that were introduced in the Bergmann-Dirac algorithm of Section 4.3.
The main property of the functions Zﬁ)ao is that they exhaust the dependence relations between
the constraints (at least on the constraint surface), i.e. if there are other functions A*° such that
A4, = 0, then the latter are functionally dependent on the former: A% ~ f% ZC(&)GO. By
Corollary 4.25, this is equivalent to writing, as strong equalities:

A0, =0  implies that A% = farz{Dao 4 gaobog,, (5.81)
with g% = —gbo@ g0 that gaob(’(paocpbo is automatically zero by symmetry (see Theorem 10.1
in | ]). The strong equality (5.81) additionally illustrates that

there is always an ambiguity in choosing the functions Z&)ao because one can always add a
combination of constraints to Zé})ao without changing Equation (5.80). Then, the value of the

28The denomination is taken from | ]; one can also talk about order of reducibility, as in

[ J-
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functions ZC(LPGO outside the constraint surface is not important, but we use strong equations

because it is more convenient to work globally. The argument that the relevant content of the
reducibility functions is only defined on the constraint surface can be made more explicit by
using the hamiltonian vector fields X,, instead of the constraints in Equation (5.80), as is done
in Section 10.2 of | ].

Now we have two situations: either the first-stage reducibility functions Z,(I})ao form an
independent set of functions — in which case we say that the theory is first-stage reducible, or
they are functionally dependent. In the first case, by Scholie 4.37 it means that among the set of
Ay reducible constraints, there are codim(X) independent ones, at least locally. Then there are
Ap—codim(X) redundant functions and that the number of first-stage (independent) reducibility
functions ZC(L})aO is Ay = Ap—codim(X). Assuming a similar regularity condition for reducibility
functions as in Scholie 4.37, it is always possible locally to find a set of independent first-stage
reducibility functions but, as for the constraints themselves, it is sometimes more convenient to
preserve some dependence between the Zé})ao. In such a case, it means that there exists a set of
smooth functions Zf{?“l € C®(T*Q) — called second-stage reducibility functions — which do not
uniformly vanish on ¥ and such that:

2)a Dag ~
ZPm z{Nw ~ (5.82)

for every integers ap and ao, where as runs from 1 to some integer Ao, which may be later
specified. Moreover, if one has non trivial second-stage reducibility constraints, then A; >
Ap — codim(X), where Ay — codim(X) denotes the number of functionally independent first-
stage reducibility functions®’. The same properties introduced earlier about exhaustion of the

(2)a
2

dependence and non-uniqueness of the functions Z; apply here as well, meaning that:

AiZV90 =0 implies that AT = fe2z{2a 4 gmaoy, (5.83)

for some smooth functions f2, g% € C>®(T*Q).

Here again, we have another embranchement: either the functions Zc(é)al are functionally

independent or they are not. In the first case, we say that the theory is second-stage reducible,
and we deduce that the number of second-stage reducibility functions is Ay = A; — Ag +
codim(X). Notice that we have an alternating sum, as is usual in this kind of situations where
we are confronted with a hierarchy of dependent algebraic equations. If the functions Zé?‘“ are
functionally dependent, then Ay > A; — Ag + codim(X), where A7 — Ag + codim(X) denotes
the number of functionally independent second-stage irreducibility functions. We then need
to introduce a further set of third-stage reducibility functions ZL({Z)GQ € C™(T*Q) satistying an
equation similar to Equation (5.82). If these functions are independent then there are Az =
As — A1 + Ap — codim(X) of them, if not we need to introduce 4-th stage reducibility functions,
etc. Eventually, we end up with a (possibly infinite) hierarchy of k-th stage reducibility functions

Zc(li)ak_l € C>®(T*Q) satistying:
Z(k+1)ak Zc(zlz)ak_l ~ 0 (5,84)

Ak+1
If the hierarchy of functions stops at level L — including L = oo — we say that the theory is L-th
stage reducible. The number of independent k-th reducibility functions is Zf:__ll(—l)k_l_lAl,
where by convention we have set A_; = codim(X). More details on this reasoning can be found
in Section 10.2 of | | or Section 2.2 of | ]. The
case of irreducible constraints is obtained for L = 0.

As is explained in subsection 10.3.1 of | ], for gauge theories
whose stage of reducibility is L > 1, the Koszul complex introduced in Section 5.2:

29Here, ‘functional independence’ should be understood in the minimal sense, as in Definition 4.42.
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0 —— K, 25K 4 —2s. . 2

K_y —% ¢®(T*Q) —— 0

does not define a resolution of C*°(X) anymore. Indeed, by Equation (5.80) the element Zé})bo P,

is 6-closed but it cannot be d-exact, as it would imply that it comes from a term like h%0% Pao NPy
which in turn implies that Zé})bo = 2h%b . which is not impossible because the functions
Z&)bo = 2h“0b0<,0a0 are not supposed to vanish on the constraint surface. Thus, one needs to
introduce a new space for each stage of reducibility. Let K(!) = R4t and let us denote by
731(1), . ,735111) its standard basis. We call these variables ghost of ghost momenta and we assign
two different grading to them which generalize that of ghost momenta in Section 5.2: a ghost
number of —2 and a pure antighost number of 2.

In order to provide a more symmetric treatment of every (ghost of) ghost momenta, from
now on we will refer to the ghost momenta P,, as PCES), and the corresponding vector space
R4 that they span as K(©). We then define T_; = K_; = C®°(T"Q) @ K© and T, =
Cx(T*Q)® (/\2 K© EBK(I)); the latter is a vector space of ghost number —2, as the lower index
indicates. Then, one extends the map  to 7o by defining its action on C*(T*Q) @ K(1:

5(PVy = zMaop,, (5.85)

al

The map § is still of ghost number +1 because it sends variables of ghost number —2 to variables
of ghost numbers —1. On the one hand, by definition of the first-stage reducibility functions
and the action of § on the ghost momenta, we have that ¢%( C(L}) ) = 0. On the other hand, if
§(AP,,) = 0, the exhaustion property of the first-stage reducibility functions (Equation (5.81))

together with Equation (5.85) imply that one can write AP,, = 0 ( f‘“P[S}) — % groP, A 771,0>

for some functions @, g% such that g@% = —gb0%  This result means that if an element of
T is d-closed, then it is J-exact, i.e. it is the image through ¢ of an element of T"_5. The first
step of the resolution for reducible constraints has been built.

We now assume that the theory is at least second-stage reducible, i.e. that L > 2. Using
Equation (5.85), the map 4 can be extended to C*°(T*Q) ® (A? KO gKr® /\K(O)) by derivation
so that it lands in T 5, but notice that if an element of T is a cocycle — i.e. d-closed — there
is no reason whatsoever that it is a coboundary — i.e. d-exact. For example, Equation (5.82)
together with Corollary 4.25 imply that there exists a smooth function ngbo such that:

ZRN 7% = Cae g, (5.86)

Multiplying both sides with ¢,,, Equation (5.80) implies that the left-hand-side strongly van-
ishes. Then so does the right-hand side, which means that we can suppose that ngbo = —ng“o
(the assumptions of Theorem 10.1 in | | are satisfied). Then by
Equation (5.86) the element ZC(LZ)L”PC(LP + 2020 P, APy, of T_y is é-closed but not J-exact.
Indeed, if it were, the first term would necessarily be in the image §(K WA K (0)) C T 5 so
the coefficient Z,S?“l would involve a constraint, i.e. vanish on the constraint surface. This is
possible only if the functions Z[SP“O are independent, which is not the case as we assume that
the theory is at least second-stage reducible.

Thus, we set K@ = R42 and let us denote by 77£2), ce 5‘12) its standard basis. We call these
variables 3-rd order ghost momenta and we assign two different grading to them: a ghost number
of —3 and a pure antighost number of 3. . Then, one extends the map § to C®(T*Q) ® K® py:

1
8(PY) = 28 P + 5 C"Pag A Py (5.87)
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and we set T_3 = C¥(T*Q) @ (N> KO @ KW A KO ¢ K?)) 50 that one can straightforwardly
extend the map ¢ to 7_3. Then Equation (5.87) is so that every element of T_5 that is d-closed
is d-exact, meaning that it can be written as the image of an element in T"_3. More precisely, if

)\‘”P(g}) + %haobopég) A Plgg) € T is d-closed, then Equation (5.85) implies that:
()\cng)bo + h“‘)b"goao)Pég) =0
Then Equation (5.83) implies that there exist two smooth functions f%2, g% % such that:
0= fo2 220 Z{0 4 g0 700y, 4 Ry, = (=[O 4 U0 ZIN 4 po) g,

where we used Equation (5.86) and the antisymmetry property of the coefficient ngbo to obtain
the last expression. With Equation (5.81), one can show’’ that there exists a smooth function
g®boco fylly antisymmetric on the three indices such that:

pobo — pa2cacte _ ggarlao z(Dlbo] 4 gaoboco, (5.88)

where the bracket in the exponent of the second-term on the right-hand side should be read
as: gal[aOZc(&”bO} = %(g“laOZ((l})bO - g"“lbOZ,(lpao). Then, one can straightforwardly check that
Equations (5.87) and (5.88) imply that:

1 1
P 4 She WP AP = (PR + g 0Pl AP + 9P A Py AP
The term in the parenthesis on the right is indeed an element of T_3, so this equation proves
the exactness of § at T_9. Thus, the second step of the resolution (for at least second-stage
reducible theories) has been built.

Following the same arguments one can construct a full resolution of C*°(X) from a given set

of reducible constraints. At each level, we set K*) = R4 and we denote by P{k), ce ,731(4? its

standard basis®!; we call them k-th order ghost momenta and we attribute to them the ghost

number —(k + 1) and pure antighost number k£ + 1. One additionally sets:

k
T (ky1) = C*(IQ) ® @ /\ZH(K(O) ... K(k)) ‘—(k+1)
i=0

The previously introduced 71,75 and T3 indeed correspond to this formula, and one has, for
k> 3:

T iy =C2T"Q) @ (KW & KFVANKO g KE2DAKV g (5.89)
S KEDAKOANKOD g KESDAKDAKO ¢ @ AkTEO)

where by convention if two terms appear twice in the sum we consider only them once, e.g. in
T_4, Equation (5.89) involves KOAKOAKO and KO A KO A KO 5o we consider that
they only appear once, the choice of which does not matter. For a L-th stage reducible theory
(L being finite), we consider by convention that K (k) = 0 for every k > L so that T (g41) 1s still
defined for every k > L. Notice that the product A is graded commutative so APK (1) ~ SPRA1
as the ghost number of 77((1}) is even, and more generally APK (27+1) ~ §PRA2+1 Then the family
of T_(y41) is a priori infinite and non trivial as soon as we have a first-stage reducible theory —

301t is still unclear how to prove it although Equation (5.88) is the correct answer to reach.
31Be aware that here, Aj symbolizes the number of k-th order ghost momenta and not the number of functionally
independent k-th order ghost momenta as in Chapter 10 of [ ].
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while for an irreducible theory APK(©) ~ APRA1 o the chain complex is finite (it corresponds
to that made of the K_;).

Let us now explain how can we extend the map & to K*) by induction. Assume that the
differential has been defined up to order 2 < k < L so that it defines an exact sequence on the
chain complex T_(j41) —= T — ... = T3 — C®(T™Q). It means that, for every 1 <i <k we
have:

§(PV) = z{Wa-1pli= 4 pr) (5.90)

for some functions Mé:) € T_; which does not involve any i-th order ghost momenta Péi:ll ). So
for example Mﬂ) = 0 for every a; (Equation (5.85)) while Méz) = L0200 P, APy, for every ap
(Equation (5.87)). At level 2 < k < L the reducibility equation (5.84) implies that there exists
a smooth functions Cgr ! * such that:

Z(k+1)ak Z(glz)llkfl

_ Cakflao
k41

- ar41 Qpao

This equation generalizes Equation (5.86) at order 1.

By Equation (5.90), the element ¢ (Zé’,jj} )akpé’;) — 035;3”07?52) A Pé’,jjf )) is an element of

T_j and a d-cocycle, so by Lemma 10.A.1 in | |, there exists an
element Mffzill) € T" (1) which does not possess any term PC(LI,:) such that:
_ _ —(k+1
o(Z{E e p® — co PO A PED) = —s (T ) (5.91)

Then we extend the map § at order k + 1 by setting Méﬁjll) = Hgiill) — 03,’5;3“073,52) A 73((1],:;1 )
so that we have Equation (5.90) at order k + 1:

S(PLLEY) = 245 Rll + M) (592)
This definition is set so that we have precisely, by Equation (5.91), 52( él,:_rll )) = (0. Moreover,
one can show (see the discussion below Theorem 10.2 in | ]) that

this definition implies in turn that the chain map ¢ is exact at T_(;41), meaning that if an
element of T_(;1 1) is d-closed, then it is the image of an element of T_ ;). The resolution has
thus been extended at level £+ 1 < L by induction. The induction process stops when we reach
the L-th order of reducibility, i.e. when we define Equation (5.92) for 77(%), or never stops if the
theory is infinitely reducible.

At the end of the induction, we are equipped with a chain complex of vector spaces which
is infinite in length:

0 0 J

T, —2 C®(T*Q) —— 0

T_p

T pia

The reason for the infinite length comes from the fact that the space T_s; of even ghost number
—2j possesses AV KD ~ STRAT which never vanishes. By construction, this chain complex is a
resolution of COO(T*Q)/IE ~ C*(X) (see Theorem 10.3 in | D).
This resolution is called the Koszul-Tate resolution, as Tate generalized the Koszul complex
to non-regular sequences of elements of commutative rings. The Koszul complex associated to
irreducible constraints is a particular case of that resolution.

The idea behind the BRST formalism in the reducible case is the same as that in the
irreducible case: we use the Koszul-Tate resolution in order to define a d-exact differential D
on a particular bi-graded vector space, so that it becomes a differential when restricted to X.
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We will see that because of the reducibility identity (5.80), this differential is not the J-exact
differential d introduced in Section 5.2 for the irreducible case, although the former is built
from the latter. The zero-th cohomology group of this differential D would then correspond
to the algebra of gauge-invariant functions. The BRST differential would then be defined as
s =0+ D+ ‘more’ and would correspond to a particular homological vector field on the algebra
of function on the extended phase space, which is much bigger than the one of the irreducible
case.

As the name ghost of ghost momenta indicates, they are the conjugate momenta of so-called
ghosts of ghosts. The latter generalize the original ghosts 1’ by carrying higher degrees: to each
k-th order ghost momentum 73(9,:) of ghost degree —(k + 1) correspond a k-th order ghost of
ghost M)k of ghost degree k + 1, which the convention that the original ghosts are denoted
n(®a instead of n*. The k-th order ghosts of ghosts are linear coordinates on a degree —(k+1)
vector space E_ (1), spanned by Ay vectors ,ugz). We then define the extended configuration
space of a L-th stage reducible theory as the following positively graded vector bundle over
the configuration space @, that is to say: Q = @ X @p<;<r, F_(i4+1)- In particular, if L = oo
then the direct sum on the right-hand side possesses an infinite number of terms. The extended
phase space is then the cotangent bundle of the extended configuration space, thus extending
Equation (5.51):

P=T"Q

As in the irreducible case, the algebra functions on the phase space then involves the ghosts for
ghosts and their conjugate momenta:

C®(P) = CX(T"Q) @ A* (0 Py @ AP, P PY)
If the theory is infinitely reducible, the number of ghosts of ghosts and their momenta is infi-
nite. The differential § can then be considered as a derivation on C*°(3) squaring to zero or,
equivalently, as a homological vector field on the graded manifold 9, once we set:

s(Ha)y =0 for every k (5.93)

In the following we will not talk about ghost momenta before we have defined the differential
D and we will work exclusively on ¥ so the =~ sign can be interpreted as an equality (on the
constraint surface only). Recall that in the irreducible case, we had a differential d modulo o
on C®(X) @ A*(n',...,n) — later denoted by C®°(X) @ A®(n(©) — satisfying Equations (5.12)
and (5.13):

4 = Xe(fyt anddot =~ Chi A
In the reducible case, we still define Cikj as the structure functions characterizing the brackets
of the Hamiltonian vector fields, but there always exists an ambiguity in their definition as the
Hamiltonian vector fields need not be independent (see Remark 4.65). The irreducible case had
the following advantage that one can use the Jacobi identity for the constraints to deduce that
d?(n*) ~ 0 and d?(P;) ~ 0. More precisely, if the constraints are irreducible, the right-hand
side of Equation (4.83) does not possess a term of the form Té,mZ }“ which appears for reducible
theories and has no reason to vanish on the constraint surface, and we are left with the term
okl o which vanishes on Y. A compact form of such a situation is found in Equation (5.16).
Rather, when the theory is reducible, the exhaustion property (5.81) of the 1-st stage reducibility
functions implies that (in the current notations):
Xu(Ch o)+ C'[l Ck. ~ fu 7k

mn] mn ~1)j imn“ay
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where f € C®(T*Q) is fully antisymmetric in i,m,n. So we a priori do not have d?(n*) ~ 0

(although we still have d?(f) =~ 0 as Equation (5.18) is not impacted by the reducibility).

As is explained in subsection 10.4.2 in [ ], d turns out to be a
differential on a particular subalgebra of C*°(X) ® A®(n(9%) consisting of elements of the form
Oéz‘ll..imil Ao A nil such that:

ZWM0a 4 =0 (5.94)

1

The contracted index has no importance because the lower indices of « are fully antisymmetric.
The algebra formed of such elements is called the longitudinal ghost algebra, and will be further
denoted L. Tt is generated by a codim(X) subspace of Al(n',...,n40) which corresponds to a
subset of irreducible constraints within the set of reducible ones. Thus it inherits the grading
corresponding to the ghost degree of A*(n',...,n40):

£], € AFY ™)

for every 1 < k < Ap. If one adds C*°(X) to L at ghost number 0 then the zero-th cohomology
group of d : E]. — £|. 41 corresponds to the gauge invariant functions. However we do not
possess any explicit basis for this subalgebra, and we would rather like to work in C®(X) ®
A®(n(©a0) because we would like to keep the redundant ghosts for the same reasons that were
invoked for reducible constraints.

The strategy is then to mimick the BRST formalism to d and this subalgebra, by finding a
resolution of £ in terms of a chain complex involving the ghosts of ghosts. However, contrary to
the argument presented in Section 5.2, in the present case the differential defining the resolution
of the chain complex on which d is a differential will go in the reverse direction. More precisely,
let o be the C*°(X) linear map defined on ghosts of ghosts as:

J(n(k)ak) ~ Z(g:jll)akn(k+l)ak+l (5.95)

We attribute to the k-th order ghost of ghost n¥)% a (pure) ghost number k+ 1, and we use this
grading to extend o to a graded derivation on the entire algebra C®(2)@AZ! (n(@a0 pDar - pL)ary,
From Equation (5.95) we deduce that ¢ has ghost number +1.

Notice that the definition of ¢ induces another grading on this algebra, it indeed increases
the order of the ghosts of ghosts. Following subsection 10.4.4 in |
|, we call this grading the auziliary grading (in the afore mentioned reference, the map o is
called A). Tt is defined as follows:

aux(f) =0 and aux(n®w) = k

In particular, the map d has auxiliary grading zero. This grading allows to understand the
algebra C®(X) @ A®(n@0 yMar  pllar) as a bigraded complex V** where the first slot
is the polynomial degree (starting at 1) in the algebra while the second slot is the auxiliary
grading:

V= C(5) @ AT (n( 0o pher L p(len))|

aux=n

Graphically, the bi-graded vector space V** corresponds to the tensor product of the following
diagram with the algebra of smooth functions C*°(X) (the left and right angles symbolize the
vector space spanned by what is inside):
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—

<n(2)a2> L 77((2)16;0 /)7(2):2 L 77(0)()&0 A n U)lao A 17(2)1(12 d
@ nbau 7]( ai @n( Yao A Yai /\77( Yai

<77(0)a0> - </\2 7](0)‘10> </\3 7](0)@0>

Notice that the vertical arrows have the opposite direction compared to the map § in the
bi-graded vector space M**® in Section 5.2. However we preserve the homological property of
these arrows, since by Equation (5.84), the map o is a differential on V'** which increases the
auxiliary degree by +1. The kernel of o on V*9 = C®(X) ® A®(n(?)9%0) is precisely the algebra of
longitudinal ghosts £ since, for any o ~ «;, ;7" A...An the identity o(a) = 0 can be rewritten
as Equation (5.94). We actually have a stronger result, that is: the differential o : V** — V/**+!
of auxiliary degree +1 defines a resolution of £ (Theorem 10.4 in [

D), ie:
H%o)~ L and H*(o) =0 for every k < 1

One observes that d turns out to be a differential modulo o (see Remark 5.7). It means that d
and o anti-commute — i.e. doo +0od =0 — and that there exists a graded derivation D=1 of
V'** of ghost number 0 and of auxiliary grading —1 such that:

d* = —[o, D(7Y)]

Pursuing the analogy with the homological perturbation theory presented in Section 5.2, one
should be able to extend d to the ghosts of ghosts, and define a differential D on the bigraded
vector space V'** which is such that D = o + d + ‘more’. Notice that the situation is however
quite different than the one addressed in Section 5.2, not only because the direction of the
vertical arrows differs, but also because we add A; + As + ... ghosts of ghosts to the bottom
line, and their number is possibly quite different than Ag. The subsections 10.4.5 and 10.4.6
in [ | explain that, although the afore-mentioned difference with
the BRST formalism in Section 5.2, the differential D exists and can be decomposed with respect
to the auxiliary grading;:

D=oc+d+ Y D
k<—1

where aux (D(k)) =k < 0. We can graphically represent the action of the differential D on the
bigraded vector space M**®, as it acts ‘diagonally’, but in another direction compared to the
BRST differential:
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From the diagram, we observe that the top left /bottom right diagonals have constant total
degree — understood as the sum of the polynomial degree m with the auxiliary grading n —
which actually turns out to coincide with the (pure) ghost number. Then we can be compactly
coin these diagonals under a unique grading V¥ = D1<m0<nmin=k V™" involving the ghost
number k. They are shifted to one another via the differential D : V¥ — V**1 which has thus
ghost number +1, just like d. We additionally complete the family of graded spaces V¥ by a
vector space at degree zero V0 = C>°(X), on which D acts like d, so that we have the following
chain complex:

0 —L2-coE) Loyt 2oy2 Dy D

The k-th group of cohomology of D is then defined as usual:

& Ker(D : VF — Vk‘H)
H(D) = Im(D : Vi1 — VF)

And then, the differential D has a property similar to that of Theorem 5.12 (this is Theorem
10.5 in [ ):

Theorem 5.54. The cohomology of D is equal to the cohomology of d modulo o, that is to say:
H*(D) = H*(d)

for every k > 0 (understanding that for k < —1, H*(d) = 0). In particular, the zero-th group of
cohomology of D coincides with that of d on C*(X) @ L and we have:

H(D) ~C>®(Z,n)

Pushing further the analogy with the irreducible case, we are now in possession with a non-
negatively graded chain complex (V*, D) playing the same role as W*,d) in Section 5.2. The
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former complex V'* is the straightforward generalization of the latter to the reducible context.
We can then proceed to apply the BRST formalism presented in Section 5.2, where we replace
(Wk. d) by (V*,D). By Equation (5.18), we know that d2f =~ 0 so the only component of D
that acts on the functions on ¥ is D) = d as it does not need any contribution from other
components D*) to satisfy the nilpotency condition. Then, the differential D extends to a
derivation of ghost number +1 on the following tensor product:

S* =C®(T*Q) Koo (m) Ve

Indeed, only D = d acts on C>°(T*Q) via Equation (5.12), while the other components of D
act on the ghosts and ghosts of ghosts, vanishing on the smooth functions. Be aware however
that now D? # 0, as was the case for d in the Section 5.2. The BRST formalism for the
irreducible case will however solve the problem, by showing that D is a differential modulo 6,
and that there exists a total differential s = § + D + ‘more’ such that H°(s) = H°(D).

More precisely, there are as many ghost of ghost momenta as there are ghosts of ghosts, so
we are in a symmetric situation as in the irreducible case. To pursue the analogy, let M** be
the following bi-graded vector space:

It should not to be confused with the one in Section 5.2, although they play the same role, as
we have for the pairs of lowest integers:

0,0 __ oo * 1,0 _ poo * 1 0)a 0,1 _ oo * 1 0
MO =c=(T*Q), MM =CX(T"Q) @ Al ™), M =c=(T"Q) ® A'(PY)),
M0 =C®(T7Q) ® (A (V) @& Al (D), MO? =C>(T°Q) & (A (PY) & AN (PY))
MU= c(T*Q) @ A (V™) © AN (PLY)
In analogy with the irreducible case, we extend 0 to M** using Equation (5.93). On the other
hand, it is much more difficult to find how to extend D to the ghost of ghost momenta. In the
irreducible case, we have found an explicit expression (5.33), so that Proposition 5.6 held. The

present situation, being much more complex as D contains more components than the mere
longitudinal differential d, will not be solved explicitly.

o—2>sMP =, oMt Sy M2, 5 s MP 550

As in Section 5.2, the bottom left /top right diagonals in the bi-graded vector space M*® have
constant ghost number and can then be encapsulated into a compact form M* = Do<m.nm—n=t M™".
As we have seen that T, is not bounded below, and S, is not bounded above (for the same rea-
son), the graded space M* is neither bounded above nor below, contrary to the irreducible case.
Then, Section 10.5 in | | proves the existence and unicity (up to
canonical transformations in the extended phase space) of a BRST differential:

Theorem 5.55. There exists a differential s = § + D+ ‘more’ of ghost number +1, making M*®
a chain complex:

M s M 2 M0 M s M2

and such that the cohomology of s is equal to the cohomology of D modulo §, that is to say:
H*(s) = H*(D)

for every k > 0 (understanding that for k < —1, H*(D) = 0). In particular, the zero-th group
of cohomology of s coincides with that of D and we have, by Theorem 5.5/:

Ho(s) ~ C*(Xpn)
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This theorem answers the question of the existence of a BRST differential in the reducible
case. The proof of this result in | | is based on showing the
existence and uniqueness of the BRST charge €2 by homological perturbation. In order to make
sense of it, let us notice that the content of Section 5.3 also applies to the reducible case: we
have introduced the extended configuration space Q = @ X @y<;<y, E—i+1 and the extended
phase space is P = T*Q, so that C®°(P) = M**. The canonical graded symplectic form on
the extended phase space is then a (possibly infinite) sum of terms generalizing the canonical
graded symplectic form (5.62) met in the irreducible case:

L A

w—deZ/\dq +Z Z dP(k /\dn(k
k=0ar=1

The corresponding graded Poisson bracket generalizes that of Proposition 5.70 so that, when
evaluated on the k-th order ghosts of ghosts and their associated momenta, we obtain a gener-
alization of Equation (5.25) that takes into account the order k:

{n(k ak 7) } _ 1)k+1{7)l§,]:)777(k)ak} _ 516;:

Any other combination vanishes. Thus, the generalization of Equation (5.70) to the reducible
case is:

OF 0G OF 0G & & 9F oG OF 0G
F.G) = ot _1)(k+1)(1+gh(F)) Il Y O BV 53
while the generalization of Equation (5.68) is:
OF 0G OF 0G & & 9 8 9 8
F = 1)k+1 _Z
{ ,G} Z 6q1 op; opi 8q Z Z—l n(k ag 8P(k) ( ) 873(51,:) an(k)ak

=1

The sign —(—1)¥! corresponds to the product of two signs: the first is the usual minus sign
appearing in the usual Poisson bracket on smooth manifolds (as in the first sum), while the sign
(—1)**1 descends from a generalization of Equation (5.23) to the reducible setting and takes
into account the ghost number of the ghosts of ghosts and their conjugate momenta:

0 0 0 0
A = (—1F* A
8n(k)ak arplgf) 87)15’]:) an(k)ak

Then, the BRST differential s is a homological vector field on the extended phase space 3
because s? = 0, while the proof of Theorem 5.55 in [ | shows
that it is actually a Hamiltonian vector field with respect to the canonical graded Poisson
bracket, so that Proposition 5.48 and Equation (5.63) hold as well in the reducible case. As in
the irreducible case, the BRST differential s and the BRST charge €2 can be decomposed by
components labelled by pure antighost numbers. However, while the number of components was
finite in the irreducible case (see Equations (5.46) and (5.75)), here the sums are unbounded

above:
s = E 3(1) and Q= E Q(z)
—1<i 0<i

They are such that s(_;y = d and sy = D, from which one can deduce () and ;) as in
Equation (5.74).
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5.5 BRST quantization of Hamiltonian systems under constraints

To summarize what we have shown so far: given a system of first-class constraints, we construct
an extended phase space P by adding ghosts and ghost momenta. There exists a differential
on C*®(P) of ghost number +1 — equivalently, a degree +1 vector field on P — whose degree 0
cohomology coincides with the classical observables (Theorem 5.12 in the irreducible case and
Theorem 5.55 in the reducible one), equivalently described by C*°(X,,) or by the gauge invariant
functions on . In particular, what we know now is that there is a one-to-one correspondence
between classical observables on ¥ and s-closed — we say BRST-closed — degree 0 functions on
B, up to s-exact — we say BRST-exact — functions:

gauge-invariant 1-1 =~
oec=m) T 0eCw)

We will call BRST observables such BRST-closed degree 0 elements of C*°(*B), with the un-
derstanding that two such functions should be identified if their difference is a BRST-exact
term.

1-1 BRST-closed O € C*() of degree 0,
>
up to BRST-exact terms

Recall that by abuse of denomination (Definition 4.82), we called gauge-invariant function
any smooth function f € C*°(T*(Q) whose bracket with the constraints — still and always first-
class in our context — is weakly vanishing:

{ag, f} =0 (5.96)

A classical observable O € C*(Epn) — equivalently a smooth map O € C*(X) which is gauge
invariant i.e. constant along the gauge orbits — gives rise to an infinite number of such gauge-
invariant globally defined functions, which differ from another only outside X. In Definition 4.82
these functions are called gauge-invariant extensions of O. From now on we will mostly consider
such gauge-invariant functions and extensions, as they are defined over the whole phase space,
which is easier to manipulate than ¥. A gauge-invariant extension of the classical observable
O will also be denoted O because, although we know that it is not defined only on 3 but the
entire phase space T, it is often obvious and harmless to conflate the notations.

As for the BRST charge, any BRST observable can be decomposed with respect to the pure
antighost number: O =3° -, 0(;), where O, has pure antighost number p and the sum being
finite but possibly very long. Then the relationship between a classical observable O and a BRST
observable O is that the pure antighost number 0 component O of the BRST observable O
should be a gauge-invariant extension of the classical observable O:

0=0+> 0O

p>1

where here O should be understood as a smooth function on 7*@Q satisfying (5.96) extending the
true classical observable O outside . We say that O is a BRST-invariant extension of O, in ref-
erence to the gauge-invariant extensions of classical observables as introduced in Definition 4.82.
More generally, we set:

Definition 5.56. For any f € C®°(T*Q) we call BRST-invariant extension of f any BRST-
closed function F' € C*(B) such that:

F=f+Y Fy (5.97)
p>1

where Fy) is the component of F' of pure antighost number p.
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To mimick Hamiltonian formalism on classical observables (or more generally on gauge-
invariant extensions), we need a Poisson bracket (in fact a symplectic structure) on our algebra of
BRST observables. Hopefully, there is a Poisson structure on H%(s) induced from the canonical
symplectic structure on C*° () described in Example 5.35, and it has the following nice property:

Proposition 5.57. The Poisson (in fact symplectic) structure induced on H(s) is Poisson
equivalent to the Poisson (in fact symplectic) structure obtained on C*°(Xyy,) by Poisson reduc-
tion.

Proof. Tt is the pair of Theorems 11.1 and 11.2 in | ]. A more
mathematical formulations in | | and [ |, while
[ ] is a generalization of the latter. O

Moreover, by Proposition 5.48 we know that s = {£2,.} so BRST-closedness of a function O
is equivalent to the identity {2, O} = 0. A BRST-exact function F' is written as F' = {Q, G}
and is then identified with the null observable when it has ghost number 0. Recall that the
action of the BRST differential on the ghost momenta is of the form:

$(PL)) = Pag + -

where the dots symbolize terms of higher pure antighost number. Then, we deduce that this sum
represents a BRST-invariant extension of the constraints ¢,,. In other words, the BRST-exact
function of C*° () defined as:

Dy, = {Q, PV} (5.98)

is a BRST-invariant extension of ¢,,. As expected, we see that this extension, being exact and
of ghost number 0, corresponds to the null observable, which corresponds to the fact that g,
is a constraint.

Now let f € C*(T*Q) and assume that it admits a BRST-invariant extension F' as given
in Equation (5.97). The term F{y) is of the form F{;) = Fé’gn(o)ao A 77,5(?), so that s(f + F(y)) =
n©a0 X, (f) —Fé’gn(o)ao ©py+- - .. From this we deduce that on the constraint surface, X, (f) =~ 0,
i.e. that f is a gauge-invariant function in the sense of Definition 4.82. The converse is also
true: if f is a gauge-invariant function in the above sense, by Theorem 5.12, H%(s) is isomorphic
to the gauge-invariant functions on ¥, so there should exist a BRST-closed function F' such
that Equation (5.97) holds. We can even give an idea of the first term of this BRST-invariant
extension. Since X,4,(f) =~ 0, by Proposition 4.24 (extended globally) there exists smooth
functions F20 such that X, (f) = F20ps,. Then, given the discussion leading to Equation (5.98),

0

we have F' = f + F, é’gn(o)ao A 7315(?) + .... We thus have the following result:

Proposition 5.58. Given a degree 0 BRST-closed function, the component of pure antighost
number 0 is a gauge-invariant function. Conversely, any gauge-invariant function admits a
BRST-invariant extension.

Both the first-class Hamiltonian H’ (see Definition 4.54), the total Hamiltonian Hp (see
Definition 4.26) and the extended Hamiltonian Hf, (see Definition 4.60) are first-class functions.
Hence, they satisfy Equation (4.92) so they are gauge-invariant functions. By Proposition 5.58,
there exists a BRST-invariant extension # € C*°(B) of the first-class Hamiltonian H'3?. We
call this function the BRST-invariant Hamiltonian. One could use this Hamiltonian to define

32Gince we only work with first-class constraints, the first-class Hamiltonian does not possess any constraints.
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the time evolution of functions on the extended phase space. In particular, on the ghosts and
ghost momenta, we have:

A0 = {0 31y = V0O (5.99)
PO = (PO 3} = v Op© 4 (5.100)

ap ?
where the dots stand for terms of higher pure antighost number (see Theorem 2 of Section 11.5
in | ] to justify the form of the first term). Although the ghost number is
always preserved, the pure antighost number is not preserved by time evolution unless the dots
identically vanish. From these equations, and from similar equations for higher order ghosts of
ghosts and their conjugate momenta (possibly involving polynomial of lower order such fields on
the right-hand side), one can unambiguously define the time evolution of any BRST-invariant
extension F of a gauge-invariant function f:

F={FH" (5.101)

Notice that The function F' is BRST-invariant because both ' and H are. Notice that as usual
two functions F' and G are identified if they differ by a BRST-exact term. Since H(s) is Poisson
isomorphic to the algebra of classical observables i.e. gauge-invariant functions on X, we deduce
that Equation (5.101) is equivalent to the following one:

feA{f ')
which is, by definition of classical observable, equivalent to {f, Hr} and {f, Hg}.

Since the BRST-invariant extensions are BRST-closed, we deduce that the dynamics of such
an extension F' does not change if one picks up another representant of the BRST-invariant
Hamiltonian: H — H + {K,Q}, where K € C*°(*B) has ghost number —1. Indeed, one has:

(FEHA{K, Q) = {F,H}+ {{F,K},Q} + {K,{F,Q} } = F + a BRST-exact term  (5.102)
=

Then we see that F' = {F,H} is cohomologically identified with {F,H + {K,Q}}, proving that
changing the Hamiltonian by a BRST-exact term (which is cohomologically trivial) does not
change the dynamics of a BRST-invariant extension. This can be mathematically explained as
follows: the original choice of BRST-Hamiltonian was totally arbitrary (in the limit imposed
by the BRST-closedness condition) for components of pure antighost number higher than 1, so
this arbitrariness should be reflected in the invariance of the dynamics of classical observables
under a change of such components of pure antighost degrees higher than 1 by the addition of a
BRST-exact term H + {K,Q}. Notice that the transformation H — H + {K,Q} also modifies
the components of pure antighost degree 0, but at this level any such choice of function K is
physically equivalent to fixing the values of Lagrange multipliers for the first-class constraints
and add them to the first-class Hamiltonian:

physically equivalent to

H—H+{K Q} H' — H' + Xy

Then choosing a function K is physically equivalent in the canonical Hamiltonian formalism
to passing from the first-class Hamiltonian H’ to the extended Hamiltonian Hp with fixed
values of the Lagrange multipliers, and we know that the classical observables "do not see” the
difference between the first-class, total or extended Hamiltonian because they are insensitive
to the presence of first-class constraints in these Hamiltonians. Thus, by Equation (5.102) and
the innocuity of K on the dynamics of BRST-invariant extensions, we recover the classical
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result that the presence of first-class constraints in the extended Hamiltonian does not have any
incidence on the dynamics of classical observables. Choosing another K is then equivalent to
changing the value of the Lagrange multipliers associated to the first-class constraints in the
extended Hamiltonian Hp. Choosing a representant of the BRST-invariant Hamiltonian via
a choice of a function K can then be understood as fixing a BRST-invariant extension of the
extended Hamiltonian Hp for which the values of the Lagrange parameters have been chosen
(i.e. fixing a gauge). As H + {K,Q} represents a BRST-invariant extension of such a gauge-
fixed Hamiltonian, the function K is called the gauge-fizing fermion, and H + {K,Q} is called
the unitarizing Hamiltonian in subsection 11.5.1 of | |, or by abuse of
denomination the gauged-fized Hamiltonian in Section 11.2 of | ]
As a final remark on this topic, notice that the dynamics of the ghosts and ghost momenta — as
determined in Equations (5.99) and (5.100) — are in general modified under a different choice of
K, as they are not BRST-closed.

As is usual in Hamiltonian mechanics one can define an action principle from a given Hamil-
tonian. In our case, the extended Hamiltonian induces an extended action:

where A symbolizes the Lagrange multipliers associated to the first-class constraints. We know
that this action generates much more solutions than the total action corresponding to the total
Hamiltonian:

Stlg, p, A = /Rpitf — Hr(q,p, ) dt

This is because we have arbitrarily added all secondary first-class constraints to the total Hamil-
tonian to form the extended Hamiltonian. The solutions of the equations of motion induced by
the action S correspond precisely to the solutions of the Euler-Lagrange equations (see the dis-
cussion leading to the system of equations (4.39)). See Section 3.3 in |

| for a discussion on these differences. Now, since the gauge-fixed Hamiltonian corresponds
to the extended Hamiltonian with fixed values for the Lagrange multipliers, we can define a
gauge-fired BRST action as:

Sprsrla, p,n,P] = /R pid' + Y PR — 1 — (K, Q} dt (5.103)
k>0
This action governs the dynamics in the extended phase space B and is BRST-invariant up to
a boundary term, see Section 11.2 in | | for more details on this
topic.

Having defined an action principle in the BRST formalism, one can now make sense of the
Faddeev-Popov action in terms of the BRST-formalism. It turns out that the Faddeev-Popov
action is obtained from the present formalism by promoting the Lagrange multipliers A* of the
extended Hamiltonian to dynamical variables. This then requires the addition of their conjugate
momenta b, — which are supposed to identically vanish to single out the original phase space
T*Q as a constraint surface — and a pair of extra conjugate variables (p*,¢) which do not
change the cohomology of the BRST differential, because we impose:

S(Ek) = by and S(bk) =0

We call the ¢, the antighosts, they have pure antighost number —1 (negative) and ghost number
—1, while the p¥ are their associated antighost momenta and have ghost number +1. These
variables A\* by, p¥, ¢, extend the phase space ¢ further with a corresponding Poisson (in fact
symplectic) structure {p*,¢} = 5;“, and are said to be the non-minimal sector of this newly
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defined total phase space, while the original ghosts of ghosts 7(*)% and ghost of ghost momenta
77,51,:) form the minimal sector (although the distinction can be shown to be inessential). Then the
Faddeev-Popov action can be understood as a gauged-fixed action in this total phase space. We
refer to subsections 11.3.1-11.3.3 in | ] and Section 6.2 in |

] for a thorough explanation of this phenomena.

Remark 5.59. One can come back to the Lagrangian form of the action (5.103) by replacing
the conjugate momenta by their on-shell values obtained from the equations of motion. This
Lagrangian would then be BRST-invariant when all the momenta in the BRST charge are
replaced by their on-shell values. These BRST-transformations are called Lagrangian BRST
transformations and, as the Noether theorem states that to any invariance of the Lagrangian
corresponds a conserved charge, it can be proven that the Noether charge corresponding to
the Lagrangian BRST transformations is precisely the BRST charge ). See subsection 11.3.4
in | | and [ | for more details.

Now that we have established the correspondence between the Hamiltonian treatment of
physical observable and the BRST formalism, we can proceed to quantize the latter. In Sec-
tion 5.1 we have shown that Dirac canonical quantization relied on the idea that one can as-
sociate a quantum operator to a classical observable. Then, the Hilbert space H of quantum
states would be found "by hand” as an irreducible representation of the Lie algebra of such
quantized operators. The Lie bracket would be given by the commutator of the operator, itself
defined from the Poisson bracket defined on the classical observables (see e.g. Equation (5.1)
in the unconstrained case, or (5.4) for pure second-class systems, allowing the reduction from a
mixed system to a pure first-class system). Quantizing the BRST-formalism would first require
to allow the quantization of (ghosts of) ghosts and their conjugate momenta: nkar oy pk)ar
and PC(LIZ) — AC(LIZ); this would allow to quantize any function on 8 (up to ordering problems).
Second, since the extended phase space is a graded symplectic manifold (without any constraints
at play), the Hilbert space H of quantum states would be a representation of the commutator

of operator: o
[F',G] = il{F,G} (5.104)

where on the right-hand side we have the graded Poisson bracket defined on the extended
phase space B (see Example 5.35). Notice that the operators defined on this Hilbert space
carry a degree — as they were carrying a degree (the ghost number) as function on the graded
symplectic manifold 8 — and the commutator on the left-hand side of Equation (5.104) is a
graded commutator, that is to say:

[F,G] = FoG — (—1)8teh@Go (5.105)

This rule is consistent with the graded antisymmetry of the Poisson bracket on the right-hand
side of Equation (5.104).

Under all these conventions, the BRST charge €2 becomes a linear operator on the Hilbert
space H of quantum states, that we will still denote €2 for convenience. When F' = G = ), the
classical master equation (5.64) implies that the right-hand side of Equation (5.104) vanishes.
Using Equation (5.105), the left-hand side then becomes:

Q,0=20%=0 (5.106)

The linear operator €2 is then a nilpotent operator. As the BRST charge was a real function in
the classical theory, we require that the corresponding linear operator €2 is self-adjoint:

0 =0 (5.107)
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Henneaux and Teitelboim state in subsection 14.1.1 of [ | that
because of Equations (5.106) and (5.107), the Hilbert space H does possess negative norms states
(see also Section 10.6 in | ] for a discussion about this norm and unitarity). As
a physically relevant quantity in the classical BRST formalism was BRST-invariant extensions,
which are BRST-closed functions of C*°(B), we define the BRST observables on the Hilbert
space as the linear operators A which graded commute with the BRST linear operator:

[4,9] =0 (5.108)

Here again, if the ghost number of A is odd, then the commutator is an anticommutator because
the ghost number of 2 is 1. Quantum states in the Hilbert space also carry a ghost number,
which can be either an integer or an half-integer, but both situations cannot coexist as the
property of having integer or half-integer ghost numbers is eventually tied to the number of
constraints (see subsection 14.1.2 of | ).

As the BRST-formalism has been developed for systems of first-class constraints, one would
expect that the space of ‘true’ physical quantum states is a particular subspace of the Hilbert
space H. In the classical Dirac quantization scheme, this subspace had been obtained by im-
posing Equation (5.6). By Proposition 5.58, since the BRST-invariant extensions correspond
to the gauge-invariant functions, the BRST quantization scheme straightforwardly implies that
admissible quantum state |¢)) should satisfy the following identity:

Q) =0 (5.109)

up to BRST exact terms. By this, we mean that two admissible states |11) and |¢9) should be
identified if their difference lies in the image of Q:

|Y1) ~ |2) if and only if  [t)1) = [h2) + Q[x) (5.110)

So, the admissible states are BRST-closed, up to BRST-exact terms, where closedness and
exactness are defined with respect to the degree 1 nilpotent linear operator Q. Equation (5.109)
and (5.110) define a subspace S C H of the Hilbert space of quantum states, which is then
isomorphic to the cohomology space of the linear operator 2 : H — H, called the BRST-
state cohomology and denoted Hg(2) for ‘state’. In other words, the physical admissible states
correspond to the cohomology classes of the BRST operator %3,

By Equation (5.108), the BRST observables leave S invariant. This implies that a BRST-
exact linear operator i.e. of the form A = [K, Q] vanishes on the subspace S. This is expected as
such operators cohomologically correspond to the zero observables in classical physics. In par-
ticular the quantization of the BRST-extensions of the first-class constraints, being BRST-exact
(see Equation (5.98)), vanish on &, which is reminiscent of Equation (5.6). By identity (5.106),
the adjoint operator adg = [2,.] defines a differential on the space of commutators. The
adg-closed elements are the BRST observables while the adg-exact operators are the trivial
observables vanishing on the subspace S. Logically, two BRST observables A; and As should
be identified if their difference is a trivial observable, in the following sense:

Ay ~ Ag ifand only if A; = Ay + [K, Q]

Thus, the BRST observables are parametrized by the cohomology space of the differential adg :
End(S) — End(S), called the BRST-operator cohomology and denoted H,,(2) for ‘operator’,
in order to distinguish it from the cohomology of Hy () of admissible quantum states. See
subsection 14.1.4 in [ ] for more details, and Section 14.2 for
general theorems on these cohomologies. In particular Theorem 14.2 which states the following:

33This result can also be seen at the classical level, where the physical phase space can be recovered from a
similar homological condition governed by the classical BRST charge [ ].
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Proposition 5.60. The BRST-operator cohomology H,p,(SY) is isomorphic with the algebra of
linear operators acting on the BRST-state cohomology Hg(€2).

Remark 5.61. In general one only consider as relevant the operators of ghost number 0 because
they correspond to the quantization of BRST-invariant extensions in the classical BRST formal-
ism. However, regarding the degree of the states, one may not impose such a constraint because
it happens that the states of the Hilbert space H have half-integer degrees. See subsection 14.2.5
in [ | for more furnished explanations.

This concludes the overview of BRST quantization of constrained system, and how one avoids
several problems posed by first-class constraints when using BRST formalism. Notice that this
overview is not at all exhaustive, as we did not address many problems, issues and topics such as
states with negative norms, unitarity, Fock spaces etc. These topics have less intrinsic geometric
values and we leave the reader interested to know more to study the physical aspects of BRST
quantization directly in Chapter 14 of | ] or Chapter 11 of |

]

As a final word, we have so far studied gauging procedures in the canonical Hamiltonian
formalism only. This formalism is adapted to non-relativistic classical physical theories. How-
ever, when turning to field theories, it is sometimes more efficient to stick to the Lagrangian
formalism as Lorentz invariance is manifest in the latter but not in the former. This raises two
problems: first, the ‘phase space’ of field theories is infinite dimensional, as the indices labelling
the variables (the fields) are not finite anymore but continuous (see Section B.4). Then, we
cannot straightforwardly apply the tools of differential and Poisson/symplectic geometry, and
the material presented in Chapter 4 has to be adapted. The phase space would be replaced by
the space of field histories I (see subsection 17.1.2 in | ]), and
the constraints are replaced by the Euler-Lagrange equations of motion gi?,
set define a (infinite dimensional) submanifold in I called the stationary surface.

whose zero level

One particularity of the Lagrangian formalism in field theories is that such equations of
motions are not independent: the so-called Noether identities are dependence relations between
them (see Chapter 3 in | ], Chapter 2 in | ]
or subsection 2.2 in [ D:

;05
a&pi_o

The main point is that to each Noether identity corresponds a gauge transformation (this is
the content of Noether’s second theorem). Since there always exist trivial Noether identities,
for which R, = Méj% where M is skew-symmetric in i, j, field theories necessarily admit
gauge transformations (be they trivial). To preserve manifest Lorentz invariance (and possibly
other convenient properties such as locality), these theories then require a treatment of gauge

transformations in the Lagrangian formalism.

However, we do not have a proper phase space in the Lagrangian picture, as there is no
canonical symplectic structure on the space of histories (or 7'Q) even). Although there is a
canonical Poisson bracket on the on-shell gauge invariant functions, called the Peierls bracket, it
is not a good idea to restrict oneself to these physical observables because we can lose manifest
physical symmetries of properties of the Lagrangian. Coincidentally, there exists a way of
extending the space of field histories in a way similar to what happens in the BRST formalism
by adding extra anti-commuting variables called the antifields. To each field ¢’ corresponds an
antifield ¢} to which we assign a pure antighost number +1 and ghost number —1. Then, to each
Noether identity — equivalently, gauge generator — we associate a ghost C* of pure antighost
number 0 and pure ghost number +1. To these ghosts we associate an antifield C}, of pure
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antighost number 2 and ghost number —2. These antifields of ghosts — which are not what we
call (Faddeev-Popov) antighosts, see Section 6.2 in [ ] — will play the same role
as ghost momenta play in BRST formalism (meaning: they define a resolution of the algebra
of longitudinal forms). If the Noether identities are reducible — i.e. if the functions Rf, are not
functionally independent — then there exist additional ghosts of ghosts of higher ghost number,
together with their associated antifields. Notice that the grading of the ghost and their ghost
momenta is symmetric with respect to 1/2, and not 0 as in the Hamiltonian BRST formalism.
The resulting extended space is a graded (infinite dimensional) manifold.

On this extended space, one can define two kinds of differentials, similar to J (not the same

0 as in gi?) and d introduced in the BRST formalism in Section 5.2:

0S50
do; = —
SDZ 59074 )

. ) 1
de' = R, dC*= —ifaﬁwoﬂm

6Ck = R pf, 0¢; =060 =0

Then, as in the classical BRST formalism, one can find a differential s = é + d + ... on the
functions of the extended phase space (hence depending on the fields ¢, the ghosts C, and the
antifields ¢}, C**, and possibly more ghosts and ghosts and their associated antifields), such that
a theorem similar to Theorem 5.12 is satisfied. Notice that this differential is not a derivation.
It turns out that the extended phase space can be equipped with a —1-graded Poisson algebra
structure®*, called the antibracket and usually denoted (.,.). It has particular symmetries
corresponding to this shifted Poisson structure and is compatible with the differential s.

Then it turns out that the differential s is antibracket-exact, i.e. there exist a function S of
ghost number 0 on the extended phase space such that:

s=(S,.)

This function contains the classical action Sy at the zero-th order in pure antighost number, i.e.
S = Sp + terms of higher pure antighost number. The cohomological condition s> = 0 becomes:

(S,9) =0

which is called the classical master equation as in Equation (5.64) for the BRST charge. A
solution of this master equation 5.5 is called a proper solution and the first two terms are:

S =S8+ @IR.C*+ ...

(2

The higher order terms encode how complicated the algebra of gauge symmetries is.

The antibracket on the functions of the extended phase space, together with this proper
solution, opens the possibility to treat the gauge symmetries of a field theory in the Lagrangian
formalism following similar lines as in the Hamiltonian BRST formalism. This procedure is
called the antifield formalism, or the Batalin-Vilkovisky formalism, and is useful to provide a
well-behaved path-integral to certain physical models. This formalism is quite interesting and
has profound ramifications in field theories (Schwinger-Dyson equations, Slavnov-Taylor identi-
ties and Zinn-Justin equation) as well as in mathematical physics (quantum master equation,
BV-algebras) but is beyond the scope of the present lecture. We refer to Chapters 17 and

34 Although the antibracket has ghost number 1, it should be understood as the bracket of a Gerstenhaber
algebra, i.e. as a degree —1 Lie bracket. This grading may be obtained by reversing the ghost number of the
ghosts and the antifields, although it would be a bit contradictory. Moreover, the algebraic structure of the space
of functions on the extended phase space is what is called a BV-algebra | ]. The letters B and
V come from theoretical physicists Batalin and Vilkovisky.
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18 of [Henneaux and Teitelboim, 1992] and Chapter 12 of [Rothe and Rothe, 2010] to have
a thorough introduction to the topic from a physical perspective, or [Henneaux, 1990] for an
earlier, alternative pedagogical presentation. On the other hand, the lecture notes [Mnev, 2017]
and [Barnich and Del Monte, 2018] form quite a good introduction to the BV formalism from a
mathematical perspective. Eventually, the review [Gomis et al., 1995] offers a complete overview
of the topic and gauge theories in general, with many examples. These lecture notes provide a
shorter and alternative presentation of the BRST-BV formalism, while reference [Gomez, 2016]
presents an insightful interpretation from the perspective of perturbation theory. Eventually
Chapter 19 of [Henneaux and Teitelboim, 1992] for a complete quantization of the electromag-
netic field.
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A Mathematical background in linear algebra

Let E be a (real) vector space of dimension n. Then it is isomorphic to R™. A basis of F is
a set of n vectors — say ey, ...,e, — that are linearly independent and that generate the whole
vector space.

A.1 The tensor algebra, the symmetric algebra and the exterior algebra

The tensor algebra of E — denoted T'(E) — is an infinite family of vector spaces T°(E), T1(E), T?(E), . . .

defined recursively as:
T(E)=R and, forallm>0 T™""Y(E)=FE®T™FE

with the convention that RQ EF = FE®R = E. The symbol ® symbolizes a sort of multiplication,
not between scalars but between vectors — or more generally tensors, hence the name. More
precisely, this tensor product possesses the associativity and distributivity properties of the
multiplication operator:

71 ® (e ®@x3) = (21 @ 22) ® T3 =21 Q T2 ® 3
21Q..0@i+Y)R..0Tn=(210...00;,Q..0Tn)+(T1® ..U ... Q Ty)

for every 1 < ¢ < m and every vectors 1, ..., Tm,y € E. Notice however that the tensor product
® is not commutative, contrary to the usual multiplication on scalars. Since we are working on
vector spaces, we assume that it is linear in every variable, that is, given any scalar A € R:

M1 ® ... Q%) = (A1) ® ... QT =210 ... (A1) ®...0 Ty =21 @ ... ® (Azy)

Thus, elements of the m-th tensor power of E — denoted T (E) or sometimes E®™ — are literally
products of vectors of E. This has to be contrasted (and not to be confused) with the cartesian
product F X ... x E where multiplication by a scalar satisfies:

Mz, ooy Tm) = (AT, Az2, ..o, ATy,
and where distributivity over addition is not satisfied:
Vi<i<m (T1ye ey @i+ Yyeo oy i) = (T2, o iy ooy ) + (0,00, y, ..., 0)

This comes from the fact that the cartesian product E X ... x E actually corresponds to the
direct sum EY™ = E® ... ® E (m-times). This discussion shows that T™(E) is of dimension
n™, whereas EP™ is of dimension n x m. A basis of T"(E) is explicitely given by the following
tensor products:

{eil®...®eimllgil,...,imgn} (A.1)
Additionally, associativity of the tensor product implies that:
THE) @ TYE) c T*(E) (A.2)

An algebra that is a graded vector space and whose product satisfies a similar condition as
Equation (A.2) is called a graded algebra:

Definition A.1. A graded vector space is a family of vector spaces E = (E;);cz, indezed over
Z (not all E; need be non-zero). The indices are integers and called degrees, and are denoted
|x| = i for any homogeneous element x € E;. We say that E is non-negatively graded (resp.
non-positively graded) if E = (E;)i>0 (resp. E = (E;)i<o0).
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A graded algebra is a graded vector space A = @;cz A; equipped with an associative R-
bilinear operation - : A x A — A which satisfies:

A; - Aj C Ai—l—j

Example A.2. A vector space F is a graded vector space where every F; = 0 for ¢ # 0 but
Ey=F.

Example A.3. The tensor algebra is a graded algebra, in which the grading corresponds to the
length of the basis elements. This graded algebra is non-negatively graded.

Remark A.4. Remark 2.2.1 in | | explains that the correct class of graded vector
spaces that we should consider are those whose grading is bounded below and above, and who
are finite dimensional at every degree — these spaces are said to be of finite dimension |

]. These conditions indeed ensure that their class is stable under the tensor
product.

The tensor algebra T'(E) contains two particular subspaces®”: the one formed by linear
combinations of fully symmetrized basis elements of T'(F) — it is the symmetric algebra S(E),
and the one formed by linear combinations of fully anti-symmetrized basis elements of T'(E) —

it is the exterior algebra \*(E). Both will be graded algebra, with respect to their product.

Remark A.5. When we write a bullet e as an index or an exponent we want to emphasize that
the space is graded, e.g. A*(E) = A" (E)o AY(E)®...o \NY(E).

Both the symmetric algebra and the exterior algebra are actually graded sub-vector spaces
of T(E), that is to say: they both decompose as a family of vector spaces S(E) = @,._, S™(E)
and A\*(E) = @,y A" (F), which are such that S™(E), A" (E) C T™(E), for every m > 0. The
graded space S(FE) is the subspace of T'(F) that is invariant under the action of any permutation
o on the labels of the basis vectors. More precisely, for every m > 1, the space S™(F) is generated
(as a vector subspace of T™(FE)) by the following elements:

1
€i; Oeiy O...0 ¢, = ooy Z Cip1) ® Cigy @ - @ €ippr (A.3)
’ O'GSWL

The symmetrized product © symbolizes that the tensor e;; ©® e;, ©® ... ®¢;,, is invariant under
the action of any permutation of m elements o € S,,. In particular, invariance under the
permutation (1 2) reads:

€i; O €jy = €4, O €y
Hence the symmetric product is commutative. Any other combination of permutations leaves the
product unchanged. The graded space S(E) equipped with the product ® is a (commutative)
graded algebra because it satisfies a similar condition as Equation (A.2):

S*(E) e SYE) c S*U(E)

Counting the number of ways one can choose m elements (with possible repetitions) among n
basis vectors in order to construct the basis elements defined in Equation (A.3), one can check
that one obtains all the basis elements by restricting oneself to 1 < iy <is < ... <4y, < n:

{en®. .06, |[1<i<i <. <in <n} (A.4)

Then, the dimension of the space S™(FE) is (”Jr:*l), thus one can see that it increases with m.
The symmetric algebra is thus infinite dimensional, as is the tensor algebra.

35 Actually the symmetric algebra and the exterior algebra are quotient of the tensor algebra, but there exists
a canonical isomorphisms between those and the subspaces of E that we describe.
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The exterior algebra, on the other hand, is generated (as a vector space) by elements of T'(E)
invariant under signed permutations. Let us explain what it means. For every m > 1, the space
A"(E), whose elements are called m-vectors or multivectors, is generated (as a vector subspace
of T"(E)) by the following elements:

ey N€iy N...Nej, = Z (_1)061'0(1) X €ig(a) ®X...x® €l (m) (A5)
cE€Sm

where (—1)7 is the signature of the permutation o. Using the Levi-Civita symbol €,(1). .o(m) =
(=1)%€1...m, set with the convention that €;_,, = 1, one obtains the alternative, more physicists
oriented, formula:

e, Neji, N.o.oNej,, = Z €o(1)...0(m) Ciy(1) ® €iga) X...Q€;

o(m)
oESM
In particular the first few elements are:
0
form=0 /\(E) ~R
1
form=1 /\(E) ~F
for m =2 eiNe; =eRe —ejRe;
form=3 eiNejNex=e Qe Qep+eQepRe +epRe Qe;

—eReRVe —epRej Qe —eRe Qe

There exists another convention, which is such that z Ay = %(w ® y —y ® x) but this is not
convenient for geometrical purposes, but which is the natural product when the exterior algebra
is obtained through a quotient of the tensor algebra. These subtleties are discussed at large in
Chapter 12 of | ] (Chapter 14 in the 2012 edition).

The wedge product A is defined so that the tensor e;; Ae;, A...Ae;, is invariant under any
signed permutation (—1)7c of m elements. For any permutation o € S,,, the general formula is
the following:

e, N...Nej, = (—1)U€i

or, using the Levi-Civita symbol:
ey No..Nej, = €o(1)...0(m)Ciy0) AN €i ()

where here, the Einstein summation convention is not used! To illustrate these rather abstract
formulas, let us pick up the transposition (1 2) (of signature —1). Then, invariance of the
bivector e;, A e;, under the action of the signed permutation —(1 2) reads:

ei, N €iy = —€iy A€y (A.6)

The minus sign on the right hand side is the signature of the transposition (1 2). Another
example o is the circular permutation (1 2 3) (of signature +1), which is such that e;; becomes
€iy, €i, becomes e;, and e;; becomes e;,. This (signed) permutation leaving the trivector e;, A
e, N\ €5, invariant means that:

€y N €ip N €js = €45 N ejg N €y (A7)

More generally, the rule of calculus in the exterior algebra is that, when permuting two
elements, a sign appears only when the signature of the chosen transposition is —1. In particular,
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since it is often difficult to known the signature of a permutation, and since any permutation
can be obtained from a sequence of transpositions (permutation of two elements), permuting
elements two by two while multiplying by —1 until reaching the image of the desired (signed)
permutation is a good technique to obtain the correct sign. Let us illustrate by looking up at
the permutation (1 3 2) = (1 3)(3 2) (its parity is even so its signature is +1). By first using
the transposition (3 2), and then (1 3) one obtains:

€iy N\ €ig N €ig = —€4 Ne€jg N\ €jy = €i5 N €y N ey

We can now study the (signed) action of the cycle (123 4) = (1 2)(2 3)(3 4) (of signature —1)
on e;; Aej, Aeiy A ey, which can be obtained through three transpositions:

€iy N €ig Neig Nejy = —€jy N€ig Neiy Nejg = € Nejg N €y Nejy = —€45 Nejg A€y Negy (AS)

Since the permutation (1 2 3 4) is such that e;, becomes e;,, e;, becomes e;,, e;, becomes e;, and
ei, becomes e;,, one observe that the sign in the right hand side of Equation (A.8) tells us that
the parity of (1 2 3 4) is odd. Additionally, we see that the action of the signed permutation
—(1 2 3 4) leaves e;, A e, A€, A e, invariant.

Another efficient way of managing cyclic permutations — instead of decomposing them — is to
take the leftmost element, and make it go right through all the terms, so that at each transpo-
sition with its neighbor, one adds a minus sign. At each step, we use Equation (A.6) so that we
ensure that all expressions are equal. For example the signed action of (—=1)*1(12 ...k —1k)
leaves the multivector e;; A ... Ae;,, invariant, and that can be shown by making e;, goes right
through the £ — 1 vectors on its right:

ein Nejg Ao o Neg Noo o Neg, = —€iu Nejg Negg Ao Ney, Ao Nej,
=€y, Nejg Ney Ao Ney N Neg,
= (=1)" e, Ao Neq, Ney Neig Ao Nej,
= (—1)]“*161'2/\.../\(%/\@1/\eik+1/\.../\ez~m

The general rule is that for cyclic permutations of the form (1 2 ...k — 1 k) the parity is the
same as the parity of the integer k—1. It is as if the vector e;; had jumped over k£ —1 elements to
get in the right place. This strategy could have been used in Equations (A.6), (A.7) and (A.8),
where we obtain that the parity of a transposition is odd, the parity of a circular permutation
of three elements is even, whereas the parity of a circular permutation of four elements is odd.

The properties of the wedge product implies in particular that for every x € E, the bivector
x Az is zero (in the vector space A%(E)). Thus, as soon as the same element of F appears
twice in a multivector, then it is automatically zero. For example, let z1,...,z,, be m linearly
independent vectors of E (so in particular 1 < m < n), then:

TINT2 N .. NTy #0

In the case that one of the x; is a linear combination of the others, say z; = Z#i ajrj, then
the m-vector is zero, since:

a:l/\.../\xm:Zajazl/\.../\a:i_lijAx,-+1/\...Axm
i#i =%

This has a tremendous consequence: contrary to the symmetric algebra, the exterior algebra is
bounded above. A multivector cannot be composed by more than m vectors, for otherwise it
vanishes. Hence, contrary to the symmetric algebra, the exterior algebra is of finite dimension.
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Due to the fact that the wedge product of two identical elements vanish, one can check that all
the basis elements of A\™(F) are obtained by restricting oneself to 1 < i; < i < ... <1y < n,
that is to say a basis is formed by the following multivectors:

{eil/\.../\eim’1§i1<i2<...<im§n} (A.9)

Then one deduces that the dimension of the vector space A™(E) is (;'). One can check that
such a dimension is minimal and equal to 1 for m = 0 (i.e. when A°(E) = R) and for m = n
(i.e. when A"(E) is the one-dimensional vector subspace of T'(E) generated by the element
et Nea A...Aey). The direct sum A*(E) = @,,—o A" (F) is then finite dimensional of total
dimension 2".

Additionally, the definition of the wedge product has been made so that we have the following

property:
(eil VAR /\el-p) A (ez’p+1 VAN /\eim) =e; N...Nej, (A.lO)

In particular, the product is associative. This allows us to compute the wedge product of a
k-multivectors and [-multi vectors. Notice that the wedge product satisfies Equation (A.10)
precisely because of the absence of any scaling factor on the right hand side of Equation (A.5).
The wedge product then defines a graded algebra structure on the exterior algebra (hence

justifying the name), that is:
k k41

l
ANE)ANNE) C \(E)

More precisely, for any « € /\k(E) and any 8 € /\l(E), then one has a A B € /\kH(E), and it
satisfies the following identity:
aAB= (D3 Aa

We say that the product is graded commutative, and the exterior algebra is thus a (graded)
commutative graded algebra.
Exercise A.6. The proof is left as an exercise.

Recall that the dual of the vector space E is the space denoted E* of all linear forms on E,
i.e. all the linear maps ¢ : F — R. While elements of F are called vectors, elements of E* are

called covectors. Given a basis e1,...,e, of E there is a privileged choice of a basis on E*: the
set of linear maps e!,...,e"” : E — R, that are such that:
e'(ej) = 5; (A.11)

where here (5; denotes the Kronoecker symbol®°. Such a choice of basis on E* can always be
made. Notice the localization of the labels 7, j: as indices on vectors, as exponents on covectors.
This has some importance, and is related to Einstein summation convention: for example,
imagine you have a vector v = v'e; and a covector ¢ = @;e/. In particular ¢ € E* and can
be understood as a linear form ¢ : E — R which can act on v and define a real number (we
assume Einstein summation convention throughout):

p(v) = pjel (vie;) = vt el (e;) = pjv'd! = P’

We passed from the second term to the third by linearity of the dual basis. In the last implicit
sum on the right-hand side, we say that the upper and lower indices have been contracted. The

36Some author use the notation g;- instead. Moreover, some authors consider that the real Kronecker symbol is
the one with one index up and one index down. In that case, when they write d;; they mean g;;. We will try to
use this convention in the present paper.
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result should be an object which does not carry any index, which is precisely the case of the real
number p(v).

One can define the tensor algebra of the dual E* and since we are in finite dimension,
T(E*) ~ (T(FE))". The dual basis of this dual vector space can be obtained from the dual basis
el,...,e" and the definition of the tensor product. The action of the dual element e’ ® e/ on
er ® ey is given by the following:

e ® €j(€k & 61) = 5,2(5{

This is equal to +1 if and only if K = ¢ and [ = j. From this we deduce that the dual basis to
the basis of T'(E) (see Equation (A.1)) is made of the following tensor products:

{ei1®...®eim(1§z‘1,...,im§n} (A.12)

That is to say:
Q... Qm(e®...Qe,,)=081...0m (A.13)

One can also define a symmetric algebra and an exterior algebra associated to the dual E*,
and we have the following isomorphisms because F is finite dimensional: S(E*) ~ (S(FE))" and
A*(E*) =~ (A*(E))". Notice however that the most obvious basis of S(E*) and \*(E*) are not
the dual basis of (A.4) and (A.9). Indeed, using the definition of the symmetric product (see
Equation (A.3)) on the dual basis el,... e" of E*, one obtains a basis of S(E*), denoted by
vectors of the form e ® ... ® e for 1 < i; < ... <1, <n. However this basis is not dual to
the basis of S(F) given in Equation (A.4), for:

o dReltelwee@ete®e, (06 +06}0])
i@ ol _ _ 1 T 979%
e'©e(er ®ep) 5 5 5

which is equal to 3 when k = ¢ and [ = j. Thus the element of S?(E*) that would be considered
to be dual to e; ® e; is 2¢€’ ® e/. More generally a dual basis to the basis (A.4) is given by:

{mie" ..o [1<i <in <. <ip <}

This also forms a basis of S(E*), but one has to remember the factor. The same phenomenon
occurs for A*(E*). Using the definition of the symmetric product (see Equation (A.5)) on
the dual basis e!,...,e" of E*, one obtains a basis of A®(E*), denoted by vectors of the form
el AL Aetm for 1 < iy < ... < i, < n. However this basis is not dual to the basis of A\*(E)
given in Equation (A.9), for:

enelegNe)=(@e —ed @e)(er@e —e @ ep) =2 (5};5{ - 6;6%) (A.14)

which is equal to 2 when k = 7 and [ = j. Thus the element of A\?(E*) that would be considered
to be dual to e; Ae; is %ei A €. More generally a dual basis to the basis (A.4) is given by:

{i'(eil/\...Aeim) ‘ L<ip <y < ... <im <7}
m!

Let us now conclude this subsection by discussing the role of T(E*), S(E*) and A*(E*). The
main point is that the tensor algebra of the dual, denoted T'(E*), can be considered to be the
vector space of multi-linear forms on E. Linear forms on E form the dual space T!(E*) = E*.
Bilinear forms on E are those functions B : E' X E — R such that on the one hand it is linear
in the first variable B(Az + py, z) = AB(x, z) + uB(y, z) (for every A\, € R and z,y,z € E),
and on the other hand a similar identity holds for the second variable. Bilinear forms on F
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are precisely the elements of T?(E*) = E* @ E* ~ (E ® E)*. A priori bilinear forms may not
be symmetric nor antisymmetric. More generally, a m multilinear form on E is an element
©:FEXx E Xx...x E— R which is linear in each of its variables:

O(z1, e, .. AT+ Y, .., Ty) = AO(X1, 22, ..., Tk, ooy Ty) + O(T1, T2, .Yy ooy Tin)

Although the following result is computational, it is important, and the proof is useful to un-
derstand how vectors and covectors interact.

Proposition A.7. There is a canonical isomorphism between m multilinear forms on E and
the elements of T™(E™).

Proof. Let © be a m multilinear form. Then evaluating it on a set of basis vectors e;,,...,e€;,,
gives a real number O(e;,,...,e;, ) that we denote by ©;, ; . Repeting the process for every
combination of m basis vectors of F, one obtains a family of real numbers. Then, the object
Oiy.4,, €1 ®...®e'™ (Einstein summation convention implied) is an element of T™ (E*).

Conversely, let © be an element of 7 (E*), and let us decompose it on the basis (A.12):
O = @lllm eil ®...Q eim

where ©;, _;,, € R and where the Einstein summation convention has been used. Then, picking
_ gy, _ o d2,. Y . . : .
up m vectors x1 = x7'€j,,T2 = Ty €jy, ..., Tm = xdre; € E (Einstein summation convention
implied on repeated indices) one can write, using Equation (A.13):
Qi i €' Q... REM(11®...QTy) =04 i,xl T ®... Qe (e, ®...Re€j,)
— Q. . .t Jm S91 i
=041 - X0 0T

— 0. . oh i
- @Zl---lnLajl c Ty

m
We define this real number to be O(z1, ..., ;). One can check that the assignment (x1, ..., zy) —
O(zx1,...,xy) is linear in each of its variable. Thus, © can be seen as a m multilinear form on
E. O

Now recall that — although it is not mathematically totally rigorous — we consider the sym-
metric algebra and the exterior algebra as subspaces of the tensor algebra. How do they fit
in the picture? It turns out that S™(E*) is the space of m multilinear forms that are fully
symmetric, that is to say, those 2 € T (E*) such that, for any choice of permutation o € S™:

E(I‘il y Ligy -+ - 7$im) = E(xg(il)a Lo(ig)y - 7«730(@',”))

By Proposition A.7, the action of a symmetric m multilinear form on a set of m vectors 1, ..., zm,
can be written as follows:

BT,y ) = E(21 @ ... @ Tyy) (A.15)

when, on the right hand side, we understand that = has been developed on the basis (A.12) of
T™(E*) and Equation (A.13) is used. On the other hand, the space A" (E*) is the space of m
multilinear forms that are fully anti-symmetric, that is to say, those Q € T™(E*) such that, for
any choice of permutation o € S™:

Q(xiuxiza R xim) - (_1)09('%'0(1'1)7 Lo(ig)s - - 7xa(im))

where (—1)7 is the signature of o. For example, given a bilinear form B : E x E — R, the
bilinear form A defined by:

A($,y) = B(l‘,y) - B(y’x)
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is fully antisymmetric because A(x,y) = —A(y,x). By Proposition A.7, the action of a fully
antisymmetric m multilinear form Q € A™(E*) on a set of m vectors 1, ..., 2, can be written
as follows:

Qzr,...,zm) =z @ ... Q) (A.16)

when, on the right hand side, we understand that = has been developed on the basis (A.12) of
T™(E*) and Equation (A.13) is used. We often call the fully anti-symmetric multilinear forms
on E alternating tensors.

Ezercise A.8. Given a trilinear form T € T3(E*), check that the trilinear form R defined by:
R(.’E, Y, Z) = T(.le, Y, Z) + T(ya Zy l’) + T(Za x, y) - T(l’, 2, y) - T(Z, Y, I’) - T(yv Zz, Z)
is fully antisymmetric.

Last but not least, let us give a formula to compute the value of an alternating tensor, when
fed with a bunch of vectors. For every 1 < m < n, it is only defined on decomposable elements
of N™(E™), i.e. those of the form 1 A w2 A ... A @p, for some @; € E*. Here, in particular, the
index is not a coordinate index. Pick up such a decomposable element, then one has:

e1(z1)  eilz2) .. @i@ma1)  pi(Em)
p2(z1) P2(2m)
CIA@IA. . N (1, ..., Ty) = det (A.17)
Om—1(z1) Om—1(Tm)
Som(xl) Som(xQ) cee (Pm($m—1) Spm(xm)

for every x1, ..., 2z, € E. This formula coincides with Equation (A.16) when Q = @1 A... Agp,.
Applying this formula to a decomposable alternating 2-tensor 1 A o, one has:

01 A pa(x1,22) = @1(w1)p2(r2) — w1(22)P2(1) (A.18)
This equation, when @1 A o = e’ Ael, and when 1 = e;, and o = ¢, gives:
et A el ey, e) = 040] — 016) (A.19)

which is precisely one half of Equation (A.14). Thus it gives +1 when k = ¢ and [ = j. This
shows that looking at elements of A*(E™*) as alternating multilinear forms on F is a well-defined
and even legitimate thing to do. See Chapter 15 of the book | ]
for a good presentation on this topic, and Chapter 12 in | | (Chapter 14 in the 2012
edition) for a detailed, mathematically oriented one (beware of the notations that are different
than here!).

Ezercise A.9. Show that for every alternating tensors 2 € A" (F), then its evaluation on iden-
tical vectors is zero:

Qxy,e oy Ty Xy X)) =0
From this result, deduce that for any choice of vectors x1,...,x,, if one of the z; is a linear
combination of the others, then Q(z1,...,xy) = 0.

A.2 Scalar product and Hodge star operator

Now suppose that E is additionally equipped with a pseudo-Riemaniann metric, that is to say:

Definition A.10. A pseudo-Riemaniann metric on a vector space E is a map g from E x E to
R which is:
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1. bilinear, e.g. for the first term g(Ax + py, z) = Ag(z, 2) + pg(y, z) for every \,u € R and
x,y,z € E (and the same occurs for the second term)

2. symmetric, i.e. g(z,y) = g(y,x) for every z,y € E

3. non-degenerate, i.e. if g(x,y) =0 for everyy € E then x =0

All three items are independent of the choses basis of E. Given the definition of the symmetric
algebra, one can see the metric as a bilinear map g : ¥ ® £ — R. One can always define a

metric on a vector space since one can check that, given a basis ey, ..., e,, it is sufficient to
define g from its action on the basis vectors e; by:
glei,e;)) =1 and g(e,e;) =0 when i #j, (A.20)

and then to formally extend it to all of E by assuming it is bilinear. Notice however that
there exist alternative choices of scalar product that do not satisfy Equation (A.20), and more
generally one writes®:

9i5 = 9(ei, €5)

The metric can then be represented, in a given basis ey, ..., e,, as an n X n symmetric matrix
G, whose components we write g;;. Since the metric is symmetric, i.e. g;; = gj;, then there are
only % independent coefficients in the matrix (the diagonal and the upper triangular part,
or the diagonal and the lower triangular part). Being symmetric, the matrix can be diagonalized:
the number p of positive eigenvalues determines what is called the signature of the metric, which
is denoted by (p, q), the number ¢ being the number of negative eigenvalues. Notice that another
convention uses the reverse order (q,p). Sylvester’s law of inertia ensures that the signature of
the metric tensor ¢ is invariant under any change of basis. There are no null eigenvalue because
the metric is non-degenerate. In particular, the matrix G is invertible. Using these data, one

can write the metric explicitly, as a bilinear symmetric form on E x E:

g=gije ®e € S*(E)
where we have used the Einstein summation convention. Using the characterization of symmetric
multilinear forms as elements of T'(E*) (see Equation (A.15)), an explicit computation then
shows that:

o 1 S 1 L
glex,er) = gije' @ el (eg,e) = 2 9ii (e'®e +e @e)(er®e) = 591']'(5;25,] +8,67) = gul

because g = gix. The result is precisely what we should expect.

Remark A.11. From now on, given a metric g, when we say orthonormal basis, we think of a
basis ey, ..., e, satisfying:

glei,e;)) =1 for every 1 <i<p
glei,e;)) = —1 forevery p+1<i<n
g(ej,ex) =0 for every j # k

where p is the number of negative eigenvalues of g. In other words, we put the eigenvectors
with positive eigenvalues (normed to 1) first in order. This is somewhat consistent with some
conventions in Minkowski space whose metric’s signature we set to (3,1) = (— + ++): we
often consider the time like coordinate to be either the fourth coordinate or the zeroth one. In
any case, the first, second and third coordinates are space-like, and correspond to the positive
eigenvalue +1. Obviously for a pseudo-Riemannian metric there is not negative eigenvalue, as
for an Euclidean metric.

37This notation is used in general relativity: space-time is a four dimensional manifold and the metric g, is a
notation for g(du,dy).
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The metric induces a morphism of vector space g : £ — E*:

g: E— FE*
z——— g(x,-) y — g(z,y)

where we have used the Einstein summation convention. In particular, this definition tells us
that acting on a basis vector with g reads:

g(ei) = gij €
Moreover, the nondegeneracy of the metric is equivalent to the injectivity of this map, and
hence, of its bijectivity (because F is finite dimensional).
Ezercise A.12. The proof is left as an exercise.
1

: E* — F and it can be used to define a metric g~! on E*
1 and § are isometries’®. Following the same

The inverse map is denoted g~
induced from ¢, which is such that the maps g~
lines of argument as above, the scalar product g~ ! gives rise to an isometry ¢g=1 : E¥ — E,
which actually is such that g=! = §g—!. That is to say, we shall have:

9 1 (F(2),3(y) = g(z,y) and g7 '9),7 () =9 (e, X)

for every x,y € E and ¢,x € E*. This is equivalent to the commutativity of the following
diagram:

EoOF g
gog glogt R
g1
E*© FE*
There is an n x n matrix H associated to the metric ¢~ and the basis e', ..., e". We adopt

the convention that its components are written ¢, with exponents, so that:
g (e e?) = g"
The metric g~' then corresponds to a bilinear symmetric operator on E* expressed as:
-1 _ _ij . , 2
g =g"e Oe; € S(E)

One can show that the matrix H is the inverse of the matrix G. This implies that the signature
of the metric g~! is the same as the one of g.

FExercise A.13. Using the symmetry of G and the fact that it is invertible, prove that H = G~1.

38This is a particular form of the Riesz representation theorem in mathematics, which actually applies to infinite
dimensional Hilbert spaces.
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1

The maps g and g~ satisfy:

g(ei) = gij el e B and ﬁfl(ek) = gkl e €kl

where the Einstein summation convention has been used. These equations explain what people
mean by saying that the metric raises and lowers the indices. For example, take a vector
x = x'e; € E, where the 2° € R are the coordinates of z with respect to the basis (€i)1<i<n-
In physics in general one is only interested in the coordinates z?, then lowering the indices i
amounts to applying g to x:

g(z) = xigijej = xjej
where we have defined z; := g;j2%, which in the present context are thus the coordinates of g(z)

with respect to the basis (e')1<;<, of E*. Sometimes, the maps g and g~ ! are called musical
isomorphisms, and are denoted b (flat) and ¥ (sharp), respectively:

b: B — E* and $: B — F

They are inverse to one another. This notation is useful because it lightens the notation, by
writing 2” instead of §(z), and ¥ instead of G~1(p). Then, while z = z'e;, we have z” /
with z; = gjkxk. That is why we say that b lowers the indices (of the coordinates!) while the
map 4 raises them.

=z e,

In particular, given a tensor A;, ; /1! one can raise and lower the indices using the musical
isomorphisms, for example:

it it = GO Ay (A.21)

where the Einstein summation convention has been used. This has the following mathematical

meaning: A = A;, ;17 ®... ®e* @e; ®...Rej, is a mixed tensor belonging to T*(E*) ®

TY(E). The left-hand side of Equation (A.21) is precisely the tensor obtained when one has

applied ¢ = g~! on the r-th covariant leg of A. In other words (with Einstein summation
convention):
Aiy iy i) V€D @I @, @ D@ D, ® ... B ey,

= (idp ® ...idp: @4 @ idpr ® ...idp- ®idp @ . ..idg ) (4)

r—1 terms k—r terms [ terms

is an element of 7"~ Y(E*) @ E @ T*"(E*) @ TY(E).

The metric g can be extended to the exterior algebra A*(F) by using the Gram determinant.
For every 1 < m < n, we will define it first on decomposable multivectors, i.e. those elements
of N™(FE) that are of the form z1 A ... Az, for x1,...,2, € E, and then extend it to all of
A" (E) by linearity in each argument. More precisely, let o, 5 € A" (FE) be two decomposable
multivectors, so that they can be written as a =z1 A... Az, and S =9y1 A ... A ym. Then we
define the scalar product of o and [ as:

g(z1,91) g(x1,y2) o 9(T1,Ym—1) 9(x1,Ym)
g(z2,y1) 9(2, Ym)
(o, B) = det
9($m—17y1) g(xm—lvym)
g(:vm,y1) g($m7y2) cee g(xm,ymfl) g(xrmym)

The determinant on the right hand side ressembles what is called the Gram determinant.

Ezercise A.14. Prove that the so-called scalar product («, 3) is symmetric and bilinear.
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Ezercise A.15. Prove that if eq,..., e, is an orthonormal basis of E (see Remark A.11 for a
definition), the scalar product satisfies:

<ei1 N Neg, e A A ejm> = Gi1j1Yi2jo - - - Jimjm (A'QQ)

Then, since any m-multivector can be written as the linear sum of decomposable m-multivectors
— such as the basis (e, A ... A€, )1<ii<..<im<n Of N"'(E) — one can extend the inner product
to the whole of A" (E) by enforcing linearity on each argument. For example, let o = Y, a4
and B; = >>; B; be two m-multivectors written as linear combinations of the decomposable
multivectors «; and 3;; then we set:

(. 8) = > o, B5)

(%

We apply the same idea at every level 1 <m < n —1 (for m = 0 and m = n the space A" (F)
is one-dimensional) so that the scalar product is defined on the entirety of the exterior algebra
A°*(E). It can be shown that the left hand side does not depend on the decomposition of « and
in terms of decomposable multivectors (see a proof in the Appendix of Chapter 18 of |

]). This definition also work on A\®(E*) as well, when one takes g~!

instead
of g.

Proposition A.16. The so-called scalar product (o, 3) is non-degenerate so it indeed bears well
1ts name.

Proof. One can suppose that 1 < m < n—1 and that the basis of E is orthonormal with respect
to the metric g. Let o be an m-multivector such that:

m
(a, B) =0 for every g € /\(E) (A.23)
The element a admits the following decomposition on the basis of A™(E):
a=av"me AL Ne;,,

where the Einstein summation convention has been used, and where we assumed i1 < ... < i,.
Apply Equation (A.23) to e;, A...Ae;,,, for some chosen iy < ... < iy,. Then by Equation (A.22),
one obtains 0 = (a,e;; A...Ae;,,) = o't Doing this for every basis vector of A" (E), one
proves that a = 0. O

Then, since dim(A™(E)) = dim(A""™(F)) = ("), one can use the inner product on the
exterior algebra to identify A™(E) and A" ™(FE), via what is called the Hodge star operator.
Let (e;)1<i<n be a basis of E and denote by

L Ao A (A.24)
w=———=e1A...Ne€ .
dei(@)] "
the standard volume element of E, which also generates the one-dimensional space A™(E).
The normalization is such that (w,w) = (—1)?, which depends on the number ¢ of negative
eigenvalues of the metric.

Exercise A.17. The proof is left to the reader.
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Then, the Hodge star operator is a linear map®’ % : A*(E) — A" *(E) which is defined on
AN"(E) (for every 1 < m < n) by the following identity:

al(*xB)=(apfw (A.25)

for every two m-multivectors o, 3 € A™(E)*. Notice that a choice of orientation for E has
a direct consequence on the sign of the volume form, and thus on the definition of the Hodge
star operator. This indirect definition can be made more explicit by looking at the effect of
* on a basis of A™(FE). For any ordered subset J = {ji,...,7m} of {1,...,n} (i.e. such that
1<j1<...<jm<mn),letuscall J={1,...,n} — J the ordered set corresponding to the
remaining integer that do not belong to J. We denote the n —m elements of J¢ as jpm11, .- -, Jn;
they are such that jp < j; for m < k < I. Then, we denote:

ej=ej N...Nej,, and eje=¢ej , N...Nej,

Moreover, let o7 be the permutation of n elements that sends the ordered set {1,...,n} to
{15y Jms Jm+1s--+»Jn}, 1.€. it is such that o;(k) = jg. Thus, under the action of o, the
n-form e; A ... A e, becomes ej A eje. Then, by fixing an ordered set I = {iy,... i} of m
elements 1 <1i; < ... < i, < n and by computing every term of the form e; A x(ey) for every
ordered set J = {j1,...,Jm} C {1,...,n}, one obtains the following formula:

(esser)
*(er) = (-1 ———=ee (A.26)
S {;n} [det(G)]

J ordered

where (e, er) is a notation for (e;; A ... Aej,.,ei A...Aej,), which is a minor of the Gram
matrix.

Ezercise A.18. Using Equation (A.25), show that in R3 with standard basis ey, e, e3 and with
a metric g = g;je' © e’:

I
|det(G)]

1 92i 925 g1 915 gt 91
*x(e; Ne;) = ———— [ det 7| e; — det 7} ey + det ' Tle
(ei nej) |det(G)y< (932‘ g3) 93 93) 92 92) "

and check that these formulas are indeed those corresponding to Equation (A.26).

*e; = (gu ea Neg —gojer Nesg+ gsier N 62)

Finding an orthonormal basis with respect to the metric (see Remark A.11 for the definition)
is equivalent to diagonalizing the associated matrix G, and rescale the diagonal values so that
they become either 1 or —1. The determinant is then the product of the diagonal values g;;,
and its absolute value is 1. For any ordered m-index I = {iy,... iy} C {1,...,n}, one sets
AI = Giyiy Gigig - - - inin, the product of the m diagonal values. Then, assuming the basis e, ..., e,

is orthonormal, one has:
*(er) = (=1)7"Arere = £ee (A.27)

For an explicit formulation using coordinates, see the nCatLab.

Let us illustrate Equation (A.26) on several examples. First, the following two identities:

*(1p) = w and *w=(—1)"1p

#This notation means that for every 1 < m < n the Hodge star operator sends A" (E) to A"~ " (E).
4ONotice that in general the Hodge star is usually defined on covectors. In that case the one shall use e’ instead
of e;, and the normalization factor 1/|det(G)| instead of /|det(G—1)|.
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are valid in every case, where 1 is the generator of /\O(E) =R, ie 1z =1. When F = R?
with the standard Euclidean metric and standard orientation, A'(E) is two-dimensional as well
and can be identified with E, so that the Hodge star operator can be seen as an endomorphism
of E and coincides with a rotation by 7. This can be checked on any orthonormal basis {e1, ez}
of E = A\Y(E), since we have:

*x€] = €9 and * ey = —e€1

When E = R3 with the standard Euclidean metric and standard oriention, the two spaces
AY(E) ~ E and A%*(E) are both three-dimensional and the Hodge star operator draws a rela-
tionship between the wedge product and the cross product:

*(xxy)=xAy and *(TAy)=x Xy

Ezercise A.19. Can you compute the effect of the Hodge star operator on Minkowski space ?
The Minkowski metric has signature (3, 1).

Last but not least: the Hodge star operator is not an involution of the exterior algebra, but
almost:
*x = (—1)mnmmita (A.28)

for any m-multivector «, and where ¢ is the number of negative eigenvalues in the signature (p, q)
of the metric. This implies that, the inverse to the hodge star operator x : A" (E) — A""™(E),
is the operator x~ 1 : A" "(E) — A"™(FE) defined by:

x L= (—1)minmmita (A.29)
The final identity worth noticing is:
(x % B) = (—1){ax, B) (A.30)

This equation proves that the Hodge star operator is almost an isometry of the exterior algebra,
up to a sign.

Exercise A.20. Using Exercise A.18, prove that in R3 with the given metric g,
xxe;=(—1)7¢; and xx*(e;Nej)=(—1)T¢e;Ne;j

Ezercise A.21. Using Equation (A.27) and the fact that (—1)77 = (=1)77t™("=™) prove Equa-
tion (A.28), that in turns implies Equation (A.30).

Finally notice that usually the Hodge star operator is defined on the exterior algebra of
covectors A\*(E*). Pay heed to the differences that this implies: in particular one should use
G~ instead of G, and use exponents (resp. indices) in place of indices (resp. exponents).
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B Supplementary and facultative material

B.1 Pseudo-Riemannian manifolds and Laplace-de Rham operator

In Section 2.5 we used the fact that smooth manifolds admit a tangent bundle, that associates
a tangent space to every point, to define an orientation on manifolds. We can use the same
strategy to define pseudo-Riemannian metrics on smooth manifolds. First we define a pointwise
metric, and we require it to vary smoothly over the manifold.

Definition B.1. Let M be an n-dimensional smooth manifold and let x € M. A metric tensor
on M is a smooth section g of the vector bundle S*(T*M) that restricts at every point x € M to
a pseudo-Riemannian metric g, : T, M x T, M — R. We call a smooth manifold equipped with
a metric tensor a pseudo-Riemannian manifold; it is said Riemannian when the metric tensor
is positive definite at every point.

We know that the tangent space at a point is the best linear approximation of the manifold
at that point. The metric tensor at this point is then fed by tangent vectors. However, since g
is a smooth tensor, it can be fed by vector fields, and the result defines a smooth function (that
is actually a way of characterizing smoothness of g):

9(X,)Y)=g(Y,X) e C*(M) for every X,Y € X(M)

The smoothness of the metric tensor g is characterized by the fact that the map z — g, (X,, Yz)
is a smooth map, for every two smooth vector fields X and Y. The metric tensor g can be locally
decomposed in a coordinate cotangent basis dx!,...,dz™ over a coordinate chart U as:

9 = gij dz' © da’

where g;; € C*(U) are smooth functions. So, in particular, with respect to the coordinate
tangent frame:

9ij = 9(0i, 0;)
Obviously since the metric tensor varies smoothly, its pointwise signature is constant over U
(and more generally, over M), and is determined by the eigenvalues of the matrix-valued smooth

function G € C*(U, M, (R)).

Remark B.2. Let D be a regular smooth distribution on M. Then, assume that we have a
smoothly varying metric g, defined on each subspace D, and that is smoothly varying, in the
sense that for every two smooth sections X,Y € I'(D), the map z — ¢,(X,,Y;) is a smooth
map over M. It is as if the metric was defined in the directions defined by D. We call this ‘metric
tensor’ a sub-Riemannian metric, and the smooth manifold M a sub-Riemannian manifold. This
metric defines a distance function on the manifold by integrating it over any horizontal path

joining the two points:
1
d(@y) = [ Vo (0.0

The Carnot-Carathéodory distance is then the infimum of all such distance, over all the horizontal
paths:

dec(z,y) = inf  {dy(z,y)}

horizontal v

This distance is very useful in sub-Riemannian geometry*'. For example, Chow-Rashevskii the-
orem 2.72 can be restated as the following: "the topology induced by the Carnot-Carathéodory
metric is equivalent to the intrinsic (locally Euclidean) topology of the manifold”.

“ISee these introductory notes to sub-Riemannian geometry.
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A pseudo-Riemannian manifold that is additionally an oriented manifold has a distinguished
volume form, that we now present. By Corollary 2.86, the fact that M is oriented means that
there exist a nowhere vanishing globally defined volume form w that is positively orientated at
every point. The following argument explain that we can chose w in a certain, adapted form.
Since a metric tensor g induces a pointwise metric g~ on the cotangent bundle that varies
smoothly, then the following map +/|det(G—1)| = \/ﬁ is a smooth function which is well

defined and nowhere vanishing. We also sometimes write y/|g| instead of /|det(G)|. Since
the metric associated to the coordinate cotangent frame dx',..., dz" is ¢g~!, at the price of
multiplying w by a nowhere vanishing positive smooth function, we can always have:

w=/|gldz' A ... Adz" (B.1)

This formula is the counterpart of Equation (A.24) in the context of smooth manifolds, where
the exterior algebra A*(E) is the vector bundle A\®*T*M. Equation (B.1) is the local form of
the standard volume element on a pseudo-Riemannian oriented manifold (M, g).

Following the discussion in Section A.2, the pseudo-Riemannian metric ¢ on M induces a
pairing on the fibers of the exterior algebra of the cotangent bundle:

(.,0): QM) x Q™M) —— C*(R)
(mp) ) ® — (e, fia)
for every 0 < m < n. It is fiberwisely non-degenerate, but one needs to integrate the function

on the right-hand side in order to define an inner product (.,.) on differential forms, via the
following formula:

(o) = [ (1) (B2)

for every n, u € Q™(M), and every 0 < m < n, and where w is the distinguished volume form
defined in Equation (B.1). This product may be divergent if the support of one of the arguments
does not have compact support. It defines a L? norm on those differential forms 7 that are such
that (n,7n) < +oo (in particular compactly supported differential forms satisfy this condition).

The volume form defined in Equation (B.1) and the fiberwise inner product (.,.) also allow
to define a Hodge star operator x : Q" (M) — Q"~™(M), as in Equation (A.25). One can then
define a C>°(M)-linear operator & : Q®(M) — Q°*~1(M) that is ‘dual’ in some sense to the de
Rham differential. On m-forms, it is defined as:

§ = —(—1)rm=1+e g

and sends m-forms to m — 1-forms. By construction, on 0-forms it is zero. Using the definition
of the inverse star operator (see Equation (A.29)) 1 : A" ™ L(M) — A™ Y(M), one deduces
that 6 : Q™(M) — Q™ 1(M) can also be written as:

§=(—Dmxtdx (B.3)

Then, for every differential m-form 7, and any differential m + 1-form pu, one has the following
identity:

*((dn, ) — (n,0p)) = d(n Axp) (B.4)
The right-hand side is a n-form, that is why we used a star operator on the scalar in parenthesis
on the left-hand side so that it becomes a n-form as well. Thus Equation (B.4) implies that ¢ is
the adjoint of the de Rham differential, with respect to the inner product on differential forms:

(n,012) = (dn, 1)
for every n € Q™(M) and pu € Q™FH(M), where 0 <m <n — 1.
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FEzercise B.3. Prove Equation (B.3).
Exercise B.4. Prove that the identity d?> = 0 implies that 6% = 0.

Definition B.5. We call the C*°(M)-linear operator § : Q*(M) — Q*~1(M) the codifferential.
We define the Laplace-de Rham operator as the C°°(M)-linear operator Agr : Q*(M) —
Q°*(M) such that:

Agr=dod+dod

The first term of the Laplace-de Rham operator vanishes on smooth functions, i.e. 0-forms,
so that we obtain minus the Laplace-Beltrami operator™?:

Agr(f) = —(=D)¥xdxdf = —A(f)

The difference in sign is a convention and descends from the additional sign in §. The Laplace-
de Rham operator is defined to be positive definite, whereas the Laplace-Beltrami operator is
usually taken to be negative definite. Since the Laplace-Beltrami operator reads, in coordinates:

zMﬂ:v%@(meaqﬂ (B.5)

we deduce that, in Minkowski space-time with signature (3, 1) or, in physics notation, (—, +, +, +),
the Laplace-de Rham operator is the d’Alembertian:

Agp=0= o — = — = — = (B.6)

Be aware however that, under the convention that the signature of the Minkowski metric is
(1,3) = (+,—,—,—), the right-hand side can be written 0#0,. On the contrary, with our
convention of signature and using Equation (B.5), the right-hand side of Equation (B.6) reads
—0H10,.

The codifferential 6 and the Laplace-de Rham operator Agpr allow to characterize more
precisely differential forms and de Rham cohomology. A differential form 7 that is such that
on = 0 is called co-closed, while if there is another differential form p such that n = du, we
say that n is co-exact. Differential forms that lie in the kernel of the Laplacian, i.e. those
1 such that Aggr(n) = 0, are called harmonic. We denote by H™ (M) the space of harmonic
differential m-forms, for 0 < m < n. Exact, co-exact and harmonic differential forms provide a
nice decomposition of the space of differential forms:

Theorem B.6. Hodge decomposition Let M be a compact Riemannian manifold, then for
every 0 < m < n, we have the following decomposition:

Q"(M) = d(Q" (M) @ §(QH (M) & H™ (M)
This direct sum is orthogonal with respect to the inner product defined in Equation (B.2).

This decomposition is very useful to find a distinguished representative of de Rham coho-
mology classes, because the following corollary proves that each cohomology class has a unique
harmonic representative:

Corollary B.7. Let M be a compact Riemannian manifold, then for every 0 < m <n we have
an isomorphism:
Hijp(M) ~ H™ (M)

42We cannot justify yet that the Laplace-Beltrami operator div o grad corresponds (—1)? x d x d but it will be
shown later in the course.
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Proof. Both proofs of the theorem and of the corollary can be found in Chapter 6 of |
J O

We conclude this section by the following beautiful remark: integrals and the Hodge star
operator allow to write actions in a rather nice way. For example, integrating the Lagrangian
density of Maxwell’s electromagnetism F),, F'*¥ over a pseudo-Riemannian n-dimensional mani-
fold M can be synthesized as (physical notation is on the left):

1 1
_ = wy mn,., . —
SM_4/MFWF ,/|g|dx_2/ F A%F

One can also write Einstein-Hilbert action (without cosmological constant) as:

S :/R\/ d" :/ R
EH ' lgld"x M*

where R is the Ricci scalar. Then, more generally, integrating a Lagrangian density £ over an
oriented pseudo-Riemannian smooth manifold M provides the following action:

S:/*E
M

Obviously in both cases there is a possible problem of convergence of the integral but we may
either work only locally (physical quantities in classical physics do not have non-local properties)
so that we can assume that the Lagrangian densities are compactly supported, or we can accept
that the integral is not properly defined although while we admit only compactly supported
variations of the fields (e.g. dA would be the compactly supported ‘variation’ of a connection
1-form A), then the induced variation 6S would be well-defined (see Section II.4 of |

]). This opens the possibility to work on physical theories from a geometric point
of views. Gauge theories are precisely theories which benefit from such an approach.

B.2 The Poisson-sigma model

In Physics, a sigma model is a way of encoding an action functional from a smooth map some-
times denoted o : ¥ — M, where ¥ and M are smooth manifolds called respectively the source
and target manifolds. Their dimension and the possibly additional structures (such as a pseudo-
Riemannian metric or a Poisson structure on M) that these manifolds possess characterize the
so-called sigma model. Sigma models are useful for the following reason: the dynamical fields
of the physical theory correspond to the composite functions ¢’ = z' o o on the target space.
For example the relativistic particle can be seen as a sigma model X : R — M* (where M* is
Minkowski space), given by the action:

S /R iy (X (7)) X ()X () dr

The trajectory of the particle in space time is parametrized by the proper time 7 and is called
the world-line of the particle. Notice that integration is made over the manifold ¥ and not over
M, because the independent variables are the coordinates over .

Another example is the Nambu-Goto action for the bosonic relativistic open string is obtained
from a sigma model X : ¥ — M, where X is a 2-dimensional smooth manifold (with boundaries)
called a world-sheet, parametrized by a timelike coordinate 7 and a spacelike coordinate o, and
M is a pseudo-Riemannian manifold representing spacetime. Then the Nambu-Goto action is:

SNa O(/ \/(guu(X)X“X”’)Q —X“XMX’VXI’,deO'
by
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where X = %—f and X' = %—f, and where g, is the metric on M.

A gauge theory on a pseudo-Riemannian oriented manifold M may be seen a a particular
kind of sigma model: it is characterized by a set of gauge fields corresponding to the component
of a Lie-algebra valued one-form A = A, dz" = A} T, ® dz* € QOY(M,g), where the T, form a
basis of g. The Yang-Mills action is then written as:

1
Syym = %/MU“(F/\*F) (B.?)

where the F' is the field strength associated to A: F* = dA®* + %[A, Al®. Usually, g is a semi-
simple matrix Lie algebra so that the trace is the usual trace on matrices, however in the more
general case, one should think of the trace as symbolizing the Killing form x on g**. The Lie
bracket is that of g, while the differential form component of A is wedged. More precisely:

F;CLLV = a,uAg - aVAZ + [A/u Au]a (B8)

Moreover, the notation F' A xF' means that the wedge acts with respect to the forms, whereas
the Lie algebra components of F' is composed with that of xF' (via the adjoint action, say).
Much more details can be found in Chapter 3 of Part 2 of | ]. It can
be seen as a sigma model via the observation that the gauge field is a Lie algebroid morphism
A :TM — g. The source manifold is thus T'M while the target manifold is g.

Exercise B.8. Show that, decomposing F = dA + %[A,A] as %F i To ® dzt A\ dz¥, one indeed
finds Equation (B.8).

The Yang-Mills action can be rewritten by introducing a n — 2 differential form X = X7, ®
dx* taking values in g:

Sy M :/ tr(X/\F+ %X/\*X) (B.9)
M

Then the Euler-Lagrange equation on X is X = é* F (at least when M is a Lorentzian four-
dimensional manifold, see Equation (A.28)), so that we retrieve the original action (B.7), upon
replacing X by its value. Something particular occur when the manifold M is two dimensional
(we will call it ), because in that case X is a function and xX = Xw where w = +/[g[dz! A dz?
is the normalized volume form on M, as defined in Equation (B.1). In the case where g is a finite
dimensional semi-simple matrix Lie algebra, the 2-dimensional Yang-Mills action (B.9) becomes
(up to some scalar factor):

1
/ Fap X (dA® + 54 APy + %nabX“wa
by
where kg, = tr(adr, o adrp,) are the components of the Killing form on g. Since in this nice
situation, the Killing form is a non-degenerate bilinear form on g, from now on we will use
contracted indices instead. Upon integrating by part the term X?dA® (assuming, e.g., that the
source manifold 3 has no boundary), we obtain:

|
/ AT A X + S XA, AP + S XX 0w (B.10)
b

Now, observe that g is the linear dual of the Poisson vector space g* (see Example 3.4 for
more details on linear Poisson structures). In other words, the smooth function X and the

43For finite dimensional semi-simple matrix algebras such as 505, 505, SUp, §P,,, the Killing form k(u,v) — for
any two elements u,v € g — is proportional to tr(u o v), where u,v are in the latter case seen as endomorphisms
of R™ (or R®" for the symplectic algebra).
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differential one-form A take values in g** ~ g (because g is finite dimensional). This is true for
any dimension of the source manifold 3, but what is characteristic of the 2-dimensional case is
that the expression X, X® in the last term ressembles the quadratic Casimir element of semi-
simple Lie algebras (which usually form the kind of Lie algebras used in gauge theories). More
precisely, for X a smooth function on M, the element Zgi:ml(g) XX, ® Ty of the symmetric
algebra of g can be seen as a polynomial function on g*, which actually turns out to be a Casimir
element in the sense of Poisson algebras. Thus, we have shown that the 2-dimensional Yang-
Mills theory can be reformulated in terms of a sigma model involving a linear Poisson structure
(that of g*). A natural generalization is then to weaken that condition and allow this theory to
be defined on any Poisson manifold:

Definition B.9. The Poisson-sigma model is a sigma model defined by the following data:

1. the source X is a 2-dimensional oriented smooth manifold (possibly with boundary);
2. the target M is a finite dimensional Poisson manifold, with Poisson bivector m;

3. the maps defining the model is a Lie algebroid morphism (X, A) : TY — T*M;
and by the following action functional:
1
Spsar(X, A) = / (A, X.) + (AN A, X') (B.11)
b))

where (. ,.) denotes the pairing between T M and T*M, and where C' € C>°(M) is any Casimir
function of m.

Let us explain each term in details. The pushforward X, : TY — X "TM can be seen
as a one form on ¥ taking values in I'(X'T'M). In local coordinates, it can be written as
X, =dX! 6‘3& where d is the de Rham differential on ¥ and where the z¢ are coordinates on M.
Then, since A takes values in T'(X'T*M), the pairing in the first term is indeed well defined,
so that it becomes: (A, X,) = A; A dX*. In the second term, the notation X'm symbolizes that
we evaluate the Poisson bivector 7 on the image of X in M. In other words, X'm is a section
of the pullback vector bundle X' A2T'M. This is justified by the fact that the differential 2-
form A A A takes values in T'(X'A?T*M). Then the second term becomes in coordinates:
TANA X') = $n(X)A; A Aj (because m contains £77). Then, Equation (B.11), the action
functional of the PSM, can be rewritten as:

1
Spsnr (X, A) = / A mdXT+ S (X) As A A
b

It is usual to add an additional term in the Poisson-sigma model that plays the same role
as §X,X%w in 2-dimensional Yang-Mills theory. Any choice of Casimir function C' € C*°(M)
(relatively to the Poisson bivector 7) can be added to the action functional, which then becomes:

Spsur(X, A) = /EAZ» ANdX'+ %w”(X)Ai A A; +#(C(X))

As for the other terms, the Casimir function is evaluated on Im(X) C M. The constant § that
was appearing in Yang-Mills action functional is not apparent in the above formula because it
can be absorbed in the Casimir C. Obviously, if M = g* (where g is a finite dimensional semi-
simple matrix Lie algebra, say), and if the Casimir function is the quadratic Casimir element of g,
then the Poisson-sigma model with Casimir corresponds to the 2-dimensional Yang-Mills action
functional (B.10), under the following considerations: 1. the map X : ¥ — g* is considered to
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take values in g by using the non-degenerate Killing form on g which allows to identity g and
g*; 2. the fiber of T*g* is identified with g so that the differential 1-form A : TY — T*g* is
actually seen as taking values in g. This can be made explicit by realizing that A is actually a
vector bundle morphism 7Y, — X'T*M covering the identity map on X, then, evaluating the
differential one-form A on a tangent vector at a point x gives an element of the fiber of T)*(( m)M ,
i.e. an element of g, as required.

If C(X) = 0 then the Poisson-sigma model becomes a topological field theory, called a
BF-theory. These are characterized by the following action functional:

SBF:/‘GI“(B/\F)
%

where ¥ is a n-dimensional oriented manifold, F' is the field strength associated to the gauge
potential A (taking values in some Lie algebra, say), while B is a g valued differential n — 2-form.
The Euler-Lagrange equations of such topological field theories are:

F=0 and daB =0

where d4 is the covariant derivative associated to the connection A. The solutions of the
equations are purely topological: B is a closed 2-form, while the field strength of A vanishes so
A does not propagate. Under appropriate assumptions (e.g. 3 is compact without boundary),
the Poisson-sigma model is a 2-dimensional BF-theory, since Equation (B.11) can be rewritten
as:

Spsar = / X' AF
>

where summation on contracted indices is implicit. Thus, the Poisson-sigma model is a topolog-
ical field theory that, under the addition of a Casimir function, can encode some physical model
such as 2-dimensional Yang-Mills gauge theory.

Ezercise B.10. Check that the action functional of the Poisson-sigma model is invariant under
the following gauge transformations:

. . 87rkl
Openy X' = At d Oe A =dN, + —A
(e,\) G an (e,\) + B K€l
where €1, ..., €, are smooth functions on ¥ and A\ = \;da is a differential 1-form on ¥ taking

values in 7% M. They are obviously nonlinear generalizations of standard gauge transformations.

Another application of the Poisson-sigma model (and actually its original motivation) is
to describe 2-dimensional gravity (without matter field). Let 3 be an oriented, 2-dimensional
Lorentzian manifold, with metric g (of signature (1,1) then). Let us denote by 2° and x! local
coordinates on Y. Recall that in two dimensions, the symmetries of the Riemann tensor impose
that:

R
R,uuaﬁ = _quueaﬁ (B12)

where R is some scalar identified with the Ricci scalar, and €, and €, are antisymmetric Levi-
Civita tensors on two indices, i.e. €g1 = /|g| and €19 = —+/|g|. Due to Equation (B.12) and to
the identity €,€a5 = gusgva — Guagvp, the Einstein tensor:

1
Guu = R;uz - iRg,uV

identically vanish on 3. This is problematic since the vacuum Einstein field equation is G, = 0.
The fact that it is automatically satisfied in 2-dimensional gravity shows that 2-dimensional
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gravity without matter does not yield propagating gravitational modes. That is why physicists
usually allow the Einstein-Hilbert Lagrangian to take more intricate forms in 2-dimensions.
One of particular importance is a the f(R)-gravity, in which the Ricci scalar is replaced by a

well-behaved function:
Jrrm) = = [ ial(R)dataa’

Then one may show that under rather common assumptions, this action can be rewritten in
terms of an auxiliary field ¢ called the dilaton and another well-behaved function V(¢):

/E V191(6R — V(9))dadz" (B.13)

See for example Section 7 of | | for an explicit treatment of this replacement.
Ezercise B.11. Show that, for f(R) = R?, we have the usual Gaussian integral:

1 201_/ _12 0q..1
5 [ lslrdatdat = [ \figl(oR — 56%)da"da

Let us now rewrite the f(R)-lagrangian using zweibein and a spin connection, a la Palatini
(see Chapter 3 Part IIT of | | for a treatment of Palatini formalism in n
dimensions). The idea (in two dimensions) is the following: the metric g is locally diagonalizable,
and even better, by a diagonal matrix of the form:

1 0
9~ o -1

Then, in the neighborhood of every point, there exist two locally defined vector fields e, and
e_ defining a frame of TY, such that in the local coordinate defined by this frame g takes the
above diagonal form. We call the pair (e4,e_) a zweibein — the 2-dimensional analogs of tetrads
in 4-dimensions and of vielbein in n dimensions. In particular, noting e® for the differential one-
form on X dual to e,, where a = &, we have e™ Ae™ = /|g[dz’dz'. While the Einstein-Hilbert
Lagrangian in n dimensions is invariant under diffeomorphisms, its reformulation in terms of
vielbein is only invariant under the gauge group SO(n — 1,1) (encoding every possible Lorentz
rotations of the orthonormal frame). In two dimensions, this group is one dimensional, hence
abelian. The gauge invariance under the Lorentz group is encoded by a connection w called
the spin connection. It is a differential 1-form on ¥ taking values in so(1,1) (or so(1,1) when
working on a n-dimensional space-time), satisfying the following compatibility condition:

De® = de® 4+ wie® =0 (B.14)

This condition implies that w is uniquely expressed in terms of the zwiebein and it dual. Since
the gauge group SO(1,1) is abelian, the curvature of the spin connection reduces to dw, so that

we have:
Ry/|gldadxt = —2dw

To implement the constraint (B.14) in the f(R)-lagrangian, one has to introduce two Lagrange
multiplicators Xy, X_, so that the action (B.13) can be rewritten as:

1 1
/ ¢dw+ X,De + §V(¢)e+ Ne = / wAde+ e NdXy + Xqwite® + 5‘/(¢))e+ Ne
b )
A;dX

%ﬂ'ij (X)AI/\AJ

The expression on the right-hand side corresponds to a Poisson-sigma model, where the Poisson
manifold M is R3, where the scalar function X : ¥ — M is the triplet (X, X, ¢) and where
the differential one-form A € Q' (X, X'T* M) is the triplet (e, e™,w). This shows that the action

functional of f(R) 2-dimensional gravity (without matter) can be expressed as a Poisson-sigma
model. There are additional applications of this model to other topological field theories.
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B.3 The symplectic structure of phase space and canonical transformations

In this section we will provide some material non-related to canonical Hamiltonian formalism
but which however is relevant for those interested into the geometrization of classical mechanics.
The tangent bundle of the cotangent bundle T(7T*Q) is a 4n-dimensional manifold and a rank
2n vector bundle over T#(Q). Over a local trivializing open set U C @), the cotangent bundle 7@
can be trivialized as the product of U (with coordinate functions ¢*) with the fiber R" (with
coordinate functions p;), so that T'(7T™*Q) is locally isomorphic to TU x TR"™. The same holds for
the cotangent bundle of the cotangent bundle 7*(7*Q). A differential form on 7*Q is a section
of A*T*(T*Q); since T*@Q can be locally seen as the product of a trivializing open set U and
the fiber R™, one understands that a differential form on 7%Q) is locally generated by products
of covector fields dg’ on @ with covector fields dp; on the fiber. Here the de Rham differential
is the de Rham differential on 7*Q, so that dg’ should indeed be seen as a constant section of
T*(T*Q), although its action is trivial on the fiber.

With these conventions in hand, we observe that the cotangent bundle T*(Q is a symplectic
manifold: there exists a closed non-degenerate 2-form w € Q?(T*Q) called the Poincaré 2-form.
This two form is canonical (see below) and can be written in local coordinates ¢¢, p; as:

w= Z dp; A dg' (B.15)
i=1

The Poincaré 2-form has the particularity of being exact and this represents a defining feature:
it is the de Rham derivative w = df of the so-called Liouville-Poincaré — or tautological — one-
form. This differential form is the unique globally defined one-form whose expression in local
coordinates is 0 = S°I" | p;dq’. It admits a coordinate-free definition that we will now provide.

Definition B.12. Let mg : T*Q — Q be the projection associated to the bundle structure on
the cotangent bundle of Q). Then, the tautological Liouville-Poincaré one-form s the unique
differential one-form on T*Q defined pointwise as follow:

fOT every (Q7p) € T*Q e(q,p) =po (ﬂ-Q)*|(q,p)

where (7Q)«|(qp) * Tiqp) (T Q) — T4Q is the push-forward of nq at the point (q,p).
We can understand this 1-form from the double vector bundle perspective | ].

The tangent bundle of the cotangent bundle of () is a double vector bundle over the cotangent

bundle T*@Q 19, @ and the tangent bundle T'Q 19, Q, as it sits in the following commutative
square [ |:

T(T*Q)
Tr+Q (mQ)+

T*Q TQ

TQ Q
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where mp-g : T*(T*Q) — T*Q is the projection associated to the bundle structure on the
cotangent bundle of T*Q). Then, the tautological Liouville-Poincaré one-form is the differential
one-form on T*() defined as:

0: T(T"Q) ——— R
X (X)), (mQ)+(X))

where (.,.) denotes the fibre pairing between T*Q and T'Q. This definition is equivalent to
that of Definition B.12.

The tautological one-form is the unique one-form that ‘cancels’ pullback: any differential
one-form o € Q'(M) can be seen as a smooth section o : M — T*Q. Then, the push-forward
of o is a vector bundle map o, : TQ — T(T*Q), as well as the pull-back o* : T*(T*Q) — T*Q.
Then, pulling back a differential one form on T*(@) via o gives a differential one form on (). Then,
the tautological one-form is the unique one-form on 7*(@) such that:

oc*(0) =0

Another way of saying this is the following: the tautological one-form is the only differential
one-form 0 on T*() such that:

0 =m0 mrq(0)
where (mg)* : T*Q — T*(T*Q) is the pull-back of mg.

0 € T*(T*Q) id 0 € T*(T*Q)

e (mQ)"
7Q

The tautological one-form can be used to characterize the Legendre transform between T'Q) and

T*@ in a more general and abstract way | , ,
]

The canonical symplectic form on the phase space T*() is defined as the de Rham derivative

of the tautological one form:
w=df (B.16)

The diffeomorphisms of T*@Q leaving the symplectic form invariant are called symplectomor-
phisms. In our case, they coincide with the Poisson isomorphisms of the corresponding (non-
degenerate) Poisson structure. A symplectic manifold is always even-dimensional, so there is a
neighboring notion for odd-dimensional smooth manifolds:

Definition B.13. A contact manifold is an odd-dimensional smooth manifold M equipped with
a closed 2-form w of maximal rank. An exact contact manifold consists of a 2n + 1-dimensional
smooth manifold M and a 1-form 6 on M such that 0 A (d0)™ is a volume form on M.

Example B.14. Let M =T*Q x R and 0y = 0 + dt where 0 is the tautological one-form on the
cotangent bundle of Definition B.12. Then, (M, 60)/) is an exact contact manifold. There are

similar results as Darboux theorem 3.54 for contact geometry, e.g. every exact contact manifold
locally looks like 7*@ x R (see Theorem 5.1.5 in | ])-
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Remark B.15. Let L € C*®(TQ) be a Lagrangian and let £ : TQ — T*Q be the Legendre
transform defined from it. Then the canonical symplectic form on 7*() can be pulled back to a
2-form on T'Q) through the pull-back of the Legendre transform:

wrq = L7(w)

This 2-form is closed hence presymplectic, and it is symplectic if and only if £ is invertible

[ J

Contact geometry is a good setup to work with time-(in)dependent hamiltonians. We will
only work with cotangent bundles and set m : T*Q x R — T*(@ to be the projection on the
first factor. For any smooth function H € C*°(T*Q x R) (possibly not depending on time), one
defines:

n n
0w = pidg’ — Hdt and wy =dfy = dp; Ndq' —dH Adt
i=1 =1
Then by construction 7%Q x R is a contact manifold, but may not be exact, unless the following
condition holds:

Proposition B.16. The contact manifold T*Q x R is an exact contact manifold if and only if

the smooth function L = pigTH — H is nowhere vanishing.

i

Proof. 1t is a straightforward calculation to show that:

O N (dQH)n =n (H —piaH

8p') dg' Ao ANdg Ndpy AL A dpp A di

It can be computed for n = 2 and then generalized to every n. O

If the function H is understood to be the Hamiltonian of the system then the function L
obviously has the role of the Lagrangian. Contact geometry is useful to handle some kinds of
transformations used by physicists:

Definition B.17. Physicists call canonical transformation® a local transformation of the phase
space preserving the form of Hamilton’s equations of motion.

What they mean is the following: assume that we work in local coordinates and that we have
a symplectomorphism sending a time ¢ a chart V C T*Q equipped with coordinates (Q?, P;)
to the chart U C T*Q with coordinates (¢’,p;). It may not be the same chart, so one has to
understand this map to send bijectively V' onto U, and points labelled (@, P) to points labelled
(g,p)*. In the set of coordinates (¢‘, p;), Hamilton’s equations of motion are the following:

¢ ={q¢,Hy} and  p; = {pi, Hi} (B.17)

Here, H; denotes the smooth function on U at time ¢, i.e. Hy(q,p) = H(q,p,t) (notice that
H may not depend of time) and the Poisson bracket is thus well-defined. Saying that the
transformation (Q, P) — (g, p) is a canonical transformation means that there exists a smooth
function K defined on V x R such that the coordinate functions (Q¢, P;) satisfy the following
equations:

Q' ={Q K} and P ={P, K} (B.18)

“There are several, non equivalent notions of canonical transformations, see this quick review.

45Usually physicists use the opposite transformation (qi,pi) — (Qi, P;), but since a canonical transformation
is invertible this is just a matter of convention. We have chosen a convention which makes sense of Hamilton’s
principal function in Example (B.27) as the generating function of the flow of the vector field X_x = {.,H}.
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Moreover, H; may be defined on V as well, but since in general H;(q,p) # H¢(Q, P), the
solutions of Equations (B.18) are not solutions of the following equations:

Q' ={Q,H} and P,={R,H} (B.19)

where on both right-hand sides the bracket are assumed to be evaluated at (Q, P). By assump-
tion, Equations (B.18) are equivalent to Equations (B.17) because they result from performing
a diffeomorphism on the phase space. However, Equations (B.19) are not equivalent to Equa-
tions (B.17) because they are defined with the same hamiltonian, on another chart V' than U.
The usefulness of canonical transformations come from the idea that it might be easier to solve
Equations (B.18) than Equations (B.17), thus justifying that we look for an adapted set of
coordinates and a new Hamiltonian. For simplicity we will often assume that the coordinates
are globally defined, i.e. U = T*Q parametrized by the coordinates (¢*,p;) and V = T*Q
parametrized by the coordinates (Q7, P;j). Now let us give our own definition of canonical trans-
formations, adapted from Definition 5.2.6 in [ ] for the purpose of
the present setup.

Definition B.18. Mathematicians call canonical transformation a smooth family (¢, : T*Q —
T*Q)icr of symplectomorphisms such that the induced diffeomorphism of contact manifolds:

o: T"QXxR — T*Q xR
((va)’t) — ((pt(Q>P)7t)

satisfies the following condition:
for all H € C™(T*Q x R) there exists K € C*°(T"Q x R) such that ¢*(wy) = wi.

Remark B.19. As we will see in Example B.27, it does not mean that K = ¢*(H). Even though
every symplectomorphism ¢, preserves Hamilton’s equation in the sense that the integral curves
of Xx(p,) are the same of that of Xp, (they are sent to one another via ¢;). This can be seen
from the observation that any symplectomorphism 1 has the property that for every smooth
function f € C*(T*Q):
u(Xyrf) = X

This result is Theorem 3.3.19 in | | which itself is adapted from a
result by Jacobi from 1837, and in turn implies that ~ is an integral curve of Xy if and only
if 0 =1 o~ is an integral curve of Xy:

. _d(Yon)

& a7 =Y (§) = Vu(Xyeg) = X5

Let us deduce some consequence from Definition B.17. From here, we assume that that the
coordinates ¢*, p; and Q7, P; are globally defined. We know that Hamilton’s equations of motion
descend from the Hamilton-Pontryagin action principle and its variation represented by the
action (4.16). Since we assumed that there are no constraints, i.e. that the Legendre transform
is invertible, we can solve the velocities v in terms of the momenta p and rewrite action (4.16)
as: \ ' |

S = /t (pi¢' — H(g,p,t))dt = /pz-dq’ — Hdt = / O (B.20)
1 (e o
where the integration is made over a path ¥ in T*@Q x R. We apply the same argument to
the Hamiltonian K (also called ‘Kamiltonian’); because the coordinates (Q°, P;) satisfy Equa-
tions (B.18), the latter descend from the following action:

S:/Piin—Kdt:/GK (B.21)
I r
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where I' is the path in 7@ x R that is the inverse image of ¥ through ¢, i.e. ¢(I') = 3. The
diffeomorphism ¢ : T*Q xR — T*@Q xR preserves linear integrals (see subsection 7.1 in |
]) so we have that:

/EHHZ/F¢*(9H)

Now since the canonical transformation ¢ transforms Hamilton’s equations (B.17) into (B.18),
the two actions (B.20) and (B.21) should be equivalent, i.e. equal:

o7 (0m) ~ b =0
I

Equality between the two actions does not mean that the integrand ¢*(0y) — 0k is zero, but
rather than it is equal to a total differential dWW. That is to say, there exists a smooth function
W e C®(T*Q x R) such that:

¢*(0g) — 0 = dW (B.22)

This equation was obtained from a physical argument, but it could be obtained from another
mathematical argument. The condition that ¢ is a canonical transformation is that ¢*(wpy) =
wr. While the left-hand side is ¢*(dffr), the right-hand side is dfx. Thus we have that:

Qb*(WH) = WK s d(¢*(0H) — GK) =0

that is to say the differential one-form ¢* () — 0 is closed, hence locally exact, which is the
meaning of Equation (B.22). The fact that we find the same equation following a physical
argument from Definition B.17 and a mathematical argument from Definition B.18 show that
the two definition are more or less equivalent.

Definition B.20. Mathematicians call generating function of the canonical transformation
(Q, P)— (q,p) the smooth function W € C>®(T*Q x R) satisfying Equation (B.22).

We will see that the notion of generating function in physics is quite close to that. Now let
us explore the mathematical consequences of Equation (B.22). It translates as:

o} (pidq') — o (H)dt = PdQ* — Kdt + dW (B.23)

The first term reads:

x i i 0% i 0%
@i (pida’) = (pi 0 pu)d(a" 0 1) = i (aQE- @ o, de)

where we denoted goi =q'o ¢ and @y ; = p; © y; they are smooth function on V. From this we
deduce that:

Dl oW
Prigor P = 07 (B.24)
ﬂgpi oW
(Pt,zapj = an (B25)
. oW
K —¢j(H) = ot (B.26)

The first two equations are still too much coupled because ¢;; appears in both, so to simplify

it we will assume soon that % =0forl1<i,j<n.

263



Remark B.21. As a side remark, notice that differientiating one more time Equations (B.24)
and (B.25) with respect to @, P; induce consistency conditions that have to be satisfied by the
double derivatives on the right-hand side, and thus by the left-hand sides as well. This leads to
the introduction of what is called the Lagrange bracket, which can be considered as ‘inverse’ to
the Poisson brackets, see pp. 36-37 of [ ]. In particular, we find
that @', P; are canonical coordinates, i.e. {Q",Q’} = {P;, P} = 0 and {Q*, P;} = (5;, hence
justifying the name of canonical transformations.

The 2n x 2n Jacobian matrix representing ¢; : T*Q — T*Q as a symplectic matrix is of the

form:
At Bt
Cy Dy

where each bloc is a n x n square matrix. The coefficients of A; correspond to the partial
ot

| Qs
(¢*,pi) and (@7, Pj). The properties of symplectic matrices imply that ATC and BTD are
symmetric and AT D — CTB = I,,. From now on, then, we will make the following assumption:
that ! does not depends on @7, that is to say, % =
that A, = 0, so —CTB = I,, i.e. B is invertible and its inverse is —C7. The matrix B; is thus

a n X n matrix of maximal rank with (i, j)-th coefficient B = %' So (up to projection on

derivatives i.e. the order of the lines and columns respects the order of the coordinates

0 for 1 <4,j < n. Equivalently, it means

the base manifold) it induces a local diffeomorphism v, between the fibers of T*Q parametrized
by P; and the base manifold () parametrized by q'. The assumption that the the ¢i’s do not
depends on the 7’s can be shown to hold in most general cases for regular Lagrangians, see
pp. 63-64 in | ].

From these assumptions, Equations (B.24) and (B.25) become:

I i _ W
Fi=—5qi ™ »igp = 5p,

and, multiplying the last one by B, ! one obtains the following formula:

_ oW op
- 8Pj 8@%

Pt (B.27)

Now the dependence of W on P can now be understood to become a dependence on ¢ given the
local diffeomorphism ; between the fibers of T*(Q) and the base via B;. At the cost of using
globally defined coordinates, we thus let F' € C*°(Q x @ x R) to be the smooth function induced
by W as:

F(q,Q,t) = W(Q,¢; '(q), 1)

Then, one can now rewrite Equation (B.27) under the more famous form:

_OF
- 5

Di

More generally, Equations (B.24)-(B.26) can be rewritten, with some abuse of notation, as:

oF
oF
Pi= =35 (B.29)
oF
K=H+ (B.30)
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where the last equation should be rigorously understood K (Q, 1, *(q),t) = @i (H)(Q,¢; ' (q), )+
%—Ij. Then, F satisfies the following identity (non-rigorous rewriting of Equation (B.23)):

pidq' — Hdt = PdQ" — Kdt + dF (B.31)
and this characterizes what physicists call a generating function:

Definition B.22. Physicists call generating function (of the first kind) of the canonical trans-
formation (Q, P) — (q,p) the smooth function F' € C*(Q x @ x R) satisfying Equation (B.31).

Notice that in the logical steps leading to both Definition B.20 and Definition B.22, we
have deduced the existence of the generating function from a choice of Hamiltonian and a
canonical transformation. This resulted into a smooth function that links the Hamiltonian
H and the ‘Kamiltonian’ K. Conversely, given a Hamiltonian and a Kamiltonian, a generating
function (of the first kind), as its name indicates, is used to generate the corresponding canonical
transformation between old and new coordinates. Then we want to make sense, geometrically, of
the correspondence between canonical transformations and generating functions of the first kind.
Notice that the choice of the sign in front of Equations (B.28)-(B.30) is arbitrary as one could
define the generating function to be —F'. The current sign comes from the fact that F sits on
the right-hand side of Equation (B.31), and this is a convention. Eventually be aware that there
exist several other kinds of generating functions, depending on the dynamical variables upon
which it depends. They are related to one another through Legendre transforms. Depending
on the canonical transformation, it is sometimes impossible to find a generating function of the
first kind.

For simplicity let us now assume that ¢* and Q° are global coordinates on the configuration
manifold @ (which can then be identified with R™). Then the canonical transformation ¢ :
T"Q xR — T*@Q x R can be interpreted as a family of symplectomorphisms depending on time:

or: T"Q —— T7Q
(@, P) —— (q,p)

The graph of ¢; at time t is denoted Gr(p) and is an embedded submanifold of the product
manifold 7*Q x T*Q. Here, it is understood that the first factor is parametrized by (¢, p;) and
the second one by (Q°, P;), so that a point on T*Q x T*Q can be generally written as (¢, p, @, P)
(do not mistake that @ with the configuration manifold). This product manifold is a vector
bundle of @ x @, with projection (¢q,p, @, P) — (¢,Q). Then the following Proposition, first
introduced in Example 3.89 will show itself useful:

Proposition B.23. If My, My are symplectic manifolds, then a diffeomorphism ¢ : (My,w1) —
(Ma,w9) is a symplectomorphism if and only if its graph Gr(p) C My x My is a Lagrangian
submanifold of (M % M, priy, (w2) — priy, (w1))-

Proof. See for example Proposition 1.1 in [ | or Proposition 5.2.1 in |
]. O

Since the cotangent bundle T*(Q is a symplectic manifold with canonical symplectif form
defined in Equation (B.15), the product vector bundle 7*Q x T*@ canonically inherits a sym-
plectic structure, given by the difference of the pullbacks of the canonical symplectic structure
on T*Q. More precisely, letting pry (resp. pra) be the projection on the first (resp. second)
factor of the product T*Q x T*(Q, we define:

wOw=pri(w) —pray(w) = dei Adgt — dP; A dQ'
i=1
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By Proposition B.23, the graph of ¢, is a Lagrangian submanifold of (7*Q x T*Q,w © w) for
every time t. Let us chose a Hamiltonian H € C®(T*@Q x R) then because ¢ is a canonical
transformation, there exists a ‘Kamiltonian’ K € C>®(T*Q x R) satisfying ¢*(wy) = wr. As
a smooth function on @ x @ x R, a generating function F' of the canonical transformation ¢
with Hamiltonian H and ‘Kamiltonian’ K can be seen as a family of smooth functions F; €
C®(Q x Q). Then its differential is a section of T%(Q x @), i.e. it can be seen as a smooth
function dF; : @ x Q@ — T*(Q x Q). The section dF; being smooth, its image Im(dF}) is an
embedded submanifold of 7%(Q x Q).

The cotangent bundle 7*(Q x @) admits fiberwise linear coordinates on T, (2.0) (Qx Q) denoted

by p; and P;. In other words, a point in the cotangent bundle T*(Q x Q) will be denoted
(¢,Q,p, P). As a cotangent bundle, this manifold comes equipped with a canonical symplectic
structure (B.15):

w®w=>Y_dp; Ndq' + dP; A dQ"’
i=1

which is the differential of the canonical tautological form:

n
0= Z]’oidqz + P;dQ’
i=1
Then, the restriction of the tautological form to the image of dF; has the following property
(many arguments of this discussion come from | )):

Lemma B.24. Let 7 : T*(Q x Q) — Q x Q be the vector bundle projection. The tautological
form 0 satisfies:
0|Im(dFt) = 7" (dF)
The fact that pullbacks commute with the de Rham differential together with Equation (B.16)
have the following consequence: w @ w|1m( iry) = 0. Thus, the image of the differential dF; is a

Lagrangian submanifold of 7*(Q x Q). Let us see how to parametrize it. The differential dF;

reads dF; = ‘g? dq* + ggﬁ- dQ?, and, by Equations (B.28) and (B.29), we deduce that:

dF; = p;dg' — P;dQ"

where here p; and P; are the components of admissible momenta, i.e. those of the points
(¢,p,Q,P) € T*Q x T*Q such that (¢,p) = ¢(Q,P). Thus, the Lagrangian submanifold
Im(dF;) C T*(Q x Q) admits the following parametrization:

Im(dFt) = {(Qa Q,ﬁ,ﬁ) = (%QaPa _P) ‘ (q,p,va) € GI‘((,D)}

and by construction, it geometrically encodes Equations (B.28) and (B.29).

Then we observe that there exists a canonical symplectomorphism between (7*Q x T*Q,w &
w) and (T*(Q X Q),w @ w) defined as:

O T°Q x T*Q T(Q % Q)
(QapvQ’P> — (Q7Q7pa *P)

This is obviously a diffecomorphism, with inverse ¥ : (¢,Q,p, P) — (¢,p,Q,—P). Then by
construction we have that ®*(p;) = p; and ®*(P;) = —P;. It implies that ® preserves the
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respective symplectic forms, because:

P*(w P w) = d* (Z dp; A dg' + dP; A in>
=1

n
=) " do*p; A dD* ¢’ + d®*P; A dO*Q’

=1

= dp; Ndg' — dP; A dQ'
=1
woe

w

Thus @ is a symplectomorphism. This observation allows us to conclude on the relationship
between F; and @y:

Proposition B.25. The symplectomorphism ® induces a diffeomorphism between the Lagrangian
submanifold Gr(y) C T*Q x T*Q and the Lagrangian submanifold Im(dFy) C T*(Q x Q).

Figure 24: We usually represent the direct product of two vector bundles by the figure on the
left-hand side. Then a Lagrangian submanifold is represented as a line. The symplectomorphism
O :T*Q xT*Q — T*(Q x Q) sends Gr(p;) onto Im(dFy).

We can even improve this result even further by involving contact geometry. Let us show
how to make the product manifold T*Q x T*Q x R a contact manifold. Given the choice of
Hamiltonian H and ‘Kamiltonian’ K, the following closed 2-form on T*Q x T*Q x R:

O =wew-— (dH — dK) A dt

is of maximal rank, because w © w is a symplectic form on 7T*Q x T*Q. This 2-form turns
the product manifold 7%Q x T*@Q x R into a contact manifold. We can also make the product
manifold 7%(Q x Q) x R a contact manifold when equipped with the following closed 2-form of
maximal rank:

oF
Oy = dl — ) ANdt
2=wDw+ (8t)
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The two forms 21 and €, descend, respectively, from the following canonical one-forms:

01=> pidd — PdQ" — (H - K)dt and Oy = Bidg’ + PdQ’ + %—tdt
=1 i=1

It is now straightforward to see that the symplectomorphism @ induces a diffeomorphism:

U: T"OQXT'QXR— T"(Q@xQ) xR
(QapaQ7Pat) — (‘LQ)p)i-P)t)

which satisfies the following property:

Proposition B.26. The diffeomorphism V¥ is a contact transformation, i.e. U*(03) = O;.

Proof. We observe that ¥ = & x idg, and we already know that ®*(03) = ©;. The only thing
left is to show that the pullback by ¥ of %—fdt is indeed —(H — K)dt. But this is the case
since Equation (B.30) tells us that. Hence the property that ¥ is a contact transformation
geometrically encodes that equation. O

We have proved Proposition B.25 and Proposition B.26 under the assumption that the
coordinates ¢* and Q° where globally defined over @, thus identifying it with R™. However, in full
generality, they would only be defined locally. This implies in turn that F' is only a locally defined
function and that the statement of Proposition B.25 is only a local one. This is not a problem
because Definitions B.20 and B.22 involve in theory only locally defined generating functions.
This is moreover consistent with the following observations: given a canonical transformation
¢ = (¢t)t, the image through ® of the graph Gr(y;) is an embedded Lagrangian submanifold
N of T*(Q x Q). It means that on Ny, the symplectic form 2 = dO is vanishing, turning G)] N,
into a closed form. By Poincaré Lemma, it is locally exact (on IV;), i.e. there exists a smooth
function F; € C®°(Ny) such that @] N, = dF}. If the canonical transformation has nice features,

then N, is diffeomorphic to @ x @ and the function F, can be seen as a function F, on Q xQ,
which is the legitimate generating function of the first kind. This is how one can obtain the
local expression of the generating function F' of any amenable canonical transformation ¢.

Example B.27. The Hamilton principal function is the smooth function S that depends on three
variables: an initial position qg, a final position ¢, and a given time ¢. If the time 0 < || < € is
sufficiently small, it is understood that there is a unique path ~ : ] — €, e[— @ which satisfies the
Euler-Lagrange equations and is such that v(0) = go and (¢) = ¢. The latter condition indeed
fixes the initial velocity vp, and hence initial momentum pgy. Since the Legendre transform is
non degenerate, there is a one-to-one correspondence between Ty, @ and Ty @, i.e. between
initial velocity and initial momentum. Thus there is a unique initial momentum pg such that
¥(0) = qo, ¥(t) = ¢q, and 7 — Z(y(7),75(7)) satisfies Hamilton’s equations of motion (B.17).
The final momentum is moreover uniquely defined, as it corresponds to £ (y(t),5(t)).

Changing the initial position qg, the final position ¢, and the time ¢, defines another unique
initial momentum pg and another unique final momentum p. Moreover, since the path v and
the Legendre transform are smooth, a smooth change in the position data ¢y and ¢ induce a
smooth change in the momentum data pg and p. We then have, for each fixed time ¢, initial
position and final position, a diffeomorphism ¢; sending the pair (go, po) to the pair (g, p), and
this family (¢); of diffeomorphisms is smoothly varying over ¢. By construction this family of
diffeomorphisms is the flow of the vector field X _g. The diffeomorphisms generated by the flow
of a Hamiltonian vector field form a particular class of symplectomorphisms, called the Hamil-
tonian symplectomorphisms. Then the family (¢;); thus forms a family of symplectomorphisms
¢¢ sending a pair of initial data (qo,po) to a pair of final data (g, p) at time ¢, reached through
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an integral curve of X_g, so every point on the curve satisfies Hamilton’s equations of motion.
This implies that the family of diffeomorphisms (¢;); preserves those equations, hence forming
a canonical transformation.

The relationship between hamiltonian vector fields and canonical transformations is not
innocent: actually every canonical transformation is locally the flow of a Hamiltonian vector
field. This comes from the fact that any symplectic vector field — in particular the one induced
by a canonical transformation — is locally a hamiltonian vector field. In the present example
we have taken as this function precisely the Hamiltonian H, so that it will turn out that the
generating function (of the first kind) corresponding to the canonical transformation ¢ is the
Hamilton principal function, which is defined as:

Sila.0) = [ L) A()dr (B.32

where v in the integrand is the unique path v :] — €, e[— @ which satisfies the Euler-Lagrange
equations and is such that v(0) = go and y(t) = q. We then see that the generating function is
the action of the system. For each t the graph of the canonical transformation ¢ is diffeomorphic
to the image of the differential dS;. In particular in that context, Equations (B.28) and (B.29)
become:

0S5
On the other hand, the particularity of the Hamilton principal function is that Equation (B.30)
reduces to:

S,
agh

and (pO)z’ = (B33)

08, 08,
L4+ H <q, =t
ot oq’
where the time-dependence is optional but we have included it in order to be complete. Indeed,
the very definition of Hamilton’s principal function, Equation (B.32), implies that L(q,¢,t) =

dd%t = % + g—gfq'i. However, since the Legendre transform is bijective, one can write the

Hamiltonian in terms of the Lagrangian: H(q,p,t) = pi¢° — L(q,q,t), where the couple (g, )
is understood to be £~ !(q,p). By Equation (B.33), one can replace p; by the derivative of S;
with respect to ¢*. Replacing the Lagrangian as well, one obtains:

o 8St . aSt aSt . o _@
H=51 (at+aqiq>_ ot

dqi,t> =0 (B.34)

thus giving back Equation (B.34).

The particularity of the generating function S; and the corresponding family of canonical
transformations ¢, is then that the resulting new coordinates are such that the ‘Kamiltonian’ K
in this system is zero. Let us explain in more details what is happening: since every point on the
integral curve of H passing through the initial data (qo, po) are the image of (qo, po) through ¢,
for some t, the coordinate functions q(i), Po,; are constant of motion (which is expected as an initial
data is constant along the flow of time). Then it is not surprising that both left-hand sides of
Equations (B.18) — once one has realized that Q° = qé and P; = pg; — are zero. This is possible
only if K; = 0 for all ¢, which is precisely the meaning of Equation (B.34). To summarize, we
do not lose information between Equations (B.17) and (B.18) because on the one-hand, either
we have an Hamiltonian and Hamilton’s equations (B.17) on the usual coordinates (q’,p;),
or we have the initial data (go,po) and the flow ¢; of the Hamiltonian, but no hamiltonian
and differential equations. These two sets of data are equivalent, because obtaining the flow is
equivalent to solving Hamilton’s equations of motion. As a final remark, this example has shown
that whereas the Hamiltonian describes the infinitesimal form of the canonical transformation
generated by the motion in phase space, the time integral of the Lagrangian — Hamilton’s
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principal function, Equation (B.32) — describes the finite form of this canonical transformation.
This reciprocal relationship has an analogy in quantum mechanics as well, and is most clearly
seen in the formulation due to Feynman.

B.4 Canonical formalism in field theories

Contrary to classical physical systems with a finite number of degrees of freedom, field theories
are considered to have an infinite number of such degrees of freedom. Indeed, while in the former
case the physical variables are smooth functions denoted ¢* and p; and labelled by a finite index,
in the latter case the physical variables are fields and the corresponding index which labels them
is often understood as a continuous index symbolized by the physical position x in space-time at
a given time. More precisely, a field ¢ evaluated at the position x at time ¢t should be considered
a different object than the same field evaluated at a2’ at time ¢ (even if they respective values
coincide at both points). In that context the position x is used as an infinite, continuous index
which labels the fields, as was the case for the index i with the coordinate functions ¢' and
p;. The generalization from a finite set of indices to an uncountable infinite set is due to the
fact that the canonical Hamiltonian formalism in field theory treats space and time variables
differently and describes classical fields as infinite-dimensional systems evolving in time. A
thorough treatment of the field theoretic aspects of canonical Hamiltonian formalism can be

found in | , , . A
more covariant approach, treating space and time on an equal footing, is the De Donder-Weyl
theory | ], and relies on multisymplectic or polysymplectic geometry.

To illustrate how Bergmann-Dirac algorithm and canonical Hamiltonian formalism apply to
field theory, this subsection is entirely dedicated to one example: that of free Maxwell’s theory of
electromagnetism in flat space-time | , ]. Additionally,
this theory is a gauge theory so we should see many things appear that we studied earlier. Let
M = R* with metric 7 of signature (3,1) i.e. (—,+,+,+) in physical language. The action of
Maxwell’s electromagnetism in the void is:

1
S=-7 /M d*z F*"F,, (B.35)

Here, as explained in the discussion below Equations (1.38)-(1.41), F = 1F,,da" A dz" is a
differential 2-form on M, and is such that F' = dA, where A = A,dx* is the gauge field or
connection 1-form associated to the covariant derivative D = d 4+ A, needed to enforce the
gauge symmetry of Maxwell’s electromagnetism. In physical terms, A is the wvector potential.
The upper indices in Equation (B.35) are obtained through the procedure of raising indices via
inverting the metric as was discussed in Section A.2. In particular, one has: F* = ptonh Fugp,
where 7#* denotes the (i, @) component of the matrix n~! but luckily in the case of Minkowski
space, it coincides with the original metric n=! = 7.

To proceed further, we need to distinguish space and time*®: space position will be used
as a continuous index, while time will be used as the variable of integration, parametrizing the
evolution of the fields, so that S = [ Ldt. Thus, we denote by ¢ = z° the time coordinate, will
x!, 22, 23 will correspond to the space coordinates. Accordingly, we can split the vector potential
into a time component Ay and space components Ay, Ay, A3 (or A, Ay, A, as in Equation (1.49)).

Using the definition of the rule that raises and lowers the indices in non-euclidean space time,

4Notice that this splitting into space and time coordinates breaks space-time covariance. This is an inherent
problem of canonical Hamiltonian formalism and explains why it has not been quite met acclaim among the
community of physicists, compared to e.g. the path-integral approach which preserves covariance.
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the Lagrangian of Maxwell’s electromagnetism can be written as:
1 1
— B ZFF —
L= ijgl ) 3/11%3 d’x QFOZFgl 4FZ]FZJ (B.36)

where the formula for the components of the field strength F' can be found in Formula (1.44).

In Maxwell’s electromagnetism, we take the A, as the fields playing the roles of the "generalized

coordinates”, to which we can associate the velocities V,, = dpA,. From Equation (B.36), and

knowing that Fo; = V; — 0;Ag, we then deduce the conjugate momenta associated to the A,:
oL 6L

IT'(z) = Vilo) = Fui(z) = —E;(x) while (z) = Vol@)

=0 (B.37)

Notice how the space position x emerges in the present context: since the Lagrangian of
Maxwell’s theory is a integral of a lagrangian density, the correct way to compute a "partial
derivative” of the Lagrangian is to use the variation with respect to a field, at a given position x.

From the first of Equations (B.37) and the Minkowski metric on space coordinates, we deduce

that IT; = II° is minus the i-th component of the differential one-form E = E ’ representing the
clectric field E (see Equations (1.42) and (1.43)). In other words, in physical terms, the conjugate
momenta of the vector potential is (minus) the electric field. On the other hand, the right-hand
side of the second equation in (B.37) is automatically zero because L does not contain any term

Vp. Thus, this gives us an infinite set of constraints on the last conjugate momenta ITy = —II°:
Gz = *Ho(ﬂf)

We chose to take —IIy as the constraint because the momenta associated to Ag is IIY = —II,

because of the Minkowski metric g9 = —1. Notice that these primary constraints are labelled

by the continuous index x € R? — thus illustrating the specificity of field theories — while before
we had only a finite set of constraints. This constraint means that the velocity Vy cannot be
solved with respect to the conjugate momenta II,,. The fact that the Lagrangian density does
not depend on Vj reflects a degeneracy (related to gauge invariance) and means that Ay does
not really represent a dynamical variable. We will see later that it could be used as a gauge
parameter.

By using the definition of F' from both Formula (1.44) and Equation (1.48), we deduce that
Fo;00A; = FoiFo; + Fo;0;Ag, so that the Hamiltonian density is:

H(z) = " (2)0p A, () — L(z)

= —IIp(z)0pAo(x) + Foi(x)0oAi(z) — %FOi(JJ)Fm(x) + %E‘j(ﬂf)ﬂj(@
= %FOi(x)FOi(x) + Foi(2)0;Ao(x) — Ilo(2)do Ao () + iFZ](‘T)F”(l‘)

where the Lagrangian density is the integrand in Equation (B.36) and summation on repeated
indices is implicit. Then, by replacing Fp; by —F; and iFijFij by %BiBi (summation implied),
the canonical Hamiltonian is:

H. = '_% ye B %Ei(a;)Ei(a;) + %Bi(x)Bi(x) — Eji(2)0;Ao(z) — Io(z)do Ao()

-2 =2
We recognize the first two terms as the density of electromagnetic energy %(E + B") while
the third term can be integrated by part so that:

/ B — E;0;Ap = —/ d3x 6Z(E1A0) +/ A3z A0, E;
R3 R3 R3

271



Under appropriate physical assumptions — e.g. that the fields vanish at infinity — the first term
on the right-hand side vanishes and we finally get, for the total Hamiltonian:

Hy = /R ' % (E*(2) + B () + Ao(x) div(E) () + u(x) s

We explicitly wrote —IIy(x) under the constraint symbol ¢, and 9yAg(z) as a smooth parameter
of time u(z) for each position = because in the total Hamiltonian we let the coefficient JyAo
multiplying the constraint to be arbitrary. As of now this is a formal parameter to simplify the
expressions we manipulate and we will come back later to its meaning.

Let us now construct the persistence equations associated to the set of primary (also first-

stage) constraints ¢, = ¢§1). The Poisson bracket between the canonical variables is:
{AH(ZL‘), Hl/(x,)} = nuué(x - fL'/) (B.38)

where on the right-hand side we have the Minkoswki metric for the discrete index, and a Dirac
delta for the continuous index. We moreover set that the Poisson bracket {II,(z), A, (z)} is
—nuwd(x — ). Since ¢, = —Ig(z), the only variable it can interact with via the Poisson
bracket (B.38) is Ag(z). There are a priori two terms in Agp: one multiplying div(E) while the
other could be in u(z) when u(z) = JpAp(z). But in the latter case, we have:

{¢2, u(@') o } = {%,U(x’)}@JrU(fU') {¢c, 00} = 0

~0 =0

Hence, the Poisson bracket of ¢, with u(x’)¢, is zero, whatever value u(z’) takes (be it 9pAp
or totally free). The persistence equations of ¢, are then given as follows:

{62, H(2')} = {~To(2), Ag(a') div(E)(2') } = oo (z — 2') div(E) (2/) = ~div(E) ()
We then have an infinite set of new constraints, which are the second-stage constraints:
o) = —div(E)(x)

Mathematically, we should rigorously write d)Sf) = > iz1.2,30illi(z) but physically, we would
prefer to write div(E) = 0, since this constraint corresponds to the Gauss law (1.38) (in the
absence of matter).

Now, we will see that the persistence equation for the second-stage constraints do not give
any new constraints. First, the bracket of II; = —F; with H can be computed thanks for the
following observation: the only term in the Hamiltonian density with which it will interact is
1F;;F;j (summation implied). Indeed, this quadratic term can be written as £9;(A;)F;; which
yields, upon integration by part:

1 1 1 1
[ da BBy = /R B SOy = /R A% oA Fy) - /R PrSAQF;  (B3Y)

where as usual the summation and the presence of = is implied. The first term on the right-hand
side vanishes under appropriate physical assumptions. Now, since div(E) = Y, 9;E; the bracket

of (minus) d);(f) with H(z') yields (summation implied):

{0:B(@), 1)} = o ({Ei@), 1) }) = {Eilz), 0m(') } (B.40)
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The first term on the right-hand side being exact, it will disappear upon integration. However
in 0;H only Bi(iijij) —ie. —%&(A;.caijk)(x’) using Equation (B.39) — will interact with E;
in the Poisson bracket. So the last term of the right-hand side of Equation (B.40) reads:

~{B@). 00} = {B2), 30,000, (0 } = { Bi@), 5 4000, F) @) } = 500, Fi(a)

The summation over 7,5 and k is implicit through the computation. There is no minus sign
in the last term because we use {E;(z), Ag(2')} = {—ILi(x), Ax(2")} = nrid(z — 2’). Since Fj;
is antisymmetric in ¢, 7 while the double derivative is symmetric, this term vanishes. Thus, we
have the following automatically satisfied equation:

{¢x7 }_O

There are no third-stage constraints and the secondary constraints are uniquely the second-stage
ones.

We immediately see that they are first class because they only involve the electric field.
The persistence equations do not enforce any restrictions on u(z), and additionally the scalar
potential —Ag(z) can be somehow considered as a free parameter v(z) as well, but in that case
we obtain the extended hamiltonian:

fp= [ a L (B @)+ B @) + @ + o)
R3 2

The extended Hamiltonian differs from the total Hamiltonian in that v is considered a free
parameter in the former while it supposedly coincides with —Ag in the latter. This is the most
general form the Hamiltonian can take, but then the solutions of the equations of motions it
generates are much more wider than those generated by the total Hamiltonian (where v = Ay).

The gauge transformations are generated by the constraints gbél) and qs(ﬁ), that is to say:
5A0 = {u(z)p) + v(x) )} = —u(z (B.41)
= {u(z)o" + v(z )cbz Ai(x } = Ov( :E) (B.42)

The sign in the first line comes from the fact that {—IIy(z), Ao(2’)} = nood(x — 2’) while on the
second line we implicitly proceeded to an integration by part and developed the Poisson bracket:
the only valuable part in {v(z)(—0;E;(x)), Ai(z")} is Ojv(x){Ej(x), Ai(z")} = 0jv(x)nij6(x—a').

Notice that at first sight Equations (B.41) and (B.42) do not precisely correspond to what
we know about gauge transformations in four-dimensional electromagnetism, since in the latter
case 0A, = O, A where X is the gauge parameter. If we follow our intuition it would mean that
u = —Jgv, and this is precisely the case since we originally have used u to denote Jy Ay, while we
later used v to denote —Ay. So, implicitly, we always had u = —0dpv without saying. So when
v =—Ap and u = 9pAp we indeed have dA, = 0, A, with A\ = —Ay. However if one consider u
and v as free parameters the relationship u = —0yv does not necessarily holds, but Matschull
explains that this is not too worrisome at the bottom of page 24 in [ ], so we
obtain the same gauge transformations.

Eventually, notice that an adapted set of gauge fixing conditions single out one transversal
to the gauge orbits (each set of gauge fixing conditions defines a different transversal) which, in
geometric terms, represents the reduced phase space X, inside the constraint surface X. Since
we have two first-class constraints ¢, = —IIp(z) and ¢§f) = —div(E‘) (z) = 212103 0illi(), we
need two gauge fixing conditions so that the four functions form a pure second-class system. For

example, in subsection 9.3.1 in | |, the Coulomb gauge fixing condition is
enforced via the addition of the following two gauge ﬁxing conditions:
Ciz = Ap(z) and Cop = d1v Z ;1L (
1=1,2,3
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The second one being the proper Coulomb gauge condition. These gauge fixing conditions define
an (infinite dimensional) submanifold N in the constraint surface 3, which is transversal to the
gauge orbits and would be a representent of the reduced phase space ¥,.

The Poisson brackets are {¢z, C1 »»} = —d(x—2') and {¢;2), Co v} = —Azd(x—1'); the other
Poisson brackets being zero. Then, the 2 x 2-matrix of Poisson bracket is invertible and defines
a Dirac bracket on the transversal N, that we denote with a small asterisk (see subsection 9.3.1
in | | for the computation):

{Ai(2), T(2")}" = (77ij - 8;8;) o(x —a')

The other brackets being zero — even {Ag(z),IIo(2’)}*. Then, canonical quantization of this
second-class system could be performed straightforwardly by adding iA on the right-hand side,
and changing the Poisson bracket into the commutator of operators on the left-hand side. How-
ever, as shown in these lecture notes, the Coulomb gauge has the disadvantage of breaking
locality — the fact the Lagrangian or Hamiltonian can be expressed with only a finite sum of the
fields and their derivatives — because the Green function of the Laplacian is not local. Moreover,
the Coulomb gauge gives rise to so called Gribov ambiguities: the fact that the transversal to the
gauge orbits crosses them several times, so there is no unique gauge fixing in some configuration
(see p. 576 of [ ]). See [ | for a philosophical
interpretation of the Coulomb gauge; more generally, Gomes’ work is worth looking for anyone
interested in interpretations of gauge theories | .

This closes the treatment of electromagnetism in the canonical Hamiltonian formalism, but
other field theories than electromagnetism have been also treated along these lines, among which
many examples were done by Alberto Escalante (see his work on ArXiv).
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